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TUTORS in Tas UNIVERSITIES, 
MASTERS os ACADEMIES, 


AND OTHER 


TEACHERS or GEOMETRY, 
In GREA T-BRITAIN. 


GENTLEMEN, 
1 is probable that many of you, as well as myſelf, 


have found it frequently difficult to initiate young 


7 . Gentlemen into a neceſſary Acquaintance with Geo- 
* metry by the Elements of Euclid, and therefore 
have wiſhed for a more eaſy Introduction to that 
valuable Science, which, at the ſame time as it fa- 
cilitated the Attainment of Geometry, might not 
depart (as many do) too much from the geometrical 
Spirit of the Ancients, which is ſo neceſſary for ac- 
quiring a Habit of reaſoning with Propriety and 
Judgement. | | 15 
Such a Treatiſe, with its Application to Trigono- 
metry, I have now attempted, and beg Leave to 
offer to the Public, under your Protection; and, if 
it ſhould be ſo far approved of, by you, as to be put 
into the Hands of your Pupils, I flatter myſelf you 
will find the Science will be acquired by them in 


much leſs Time than is uſual, and with greater Eaſe 


to yourſelves, If this meets with your Encourage- 
ment, it will induce me to purſue my original Deſign, 
of preſenting the Public with other Eſſays, for ren- 
dering the owe Branches of mathematical Litera- 
ture, both ancient and modern, more pleaſant in the 
Study, and more eaſily to be attained, than by any 
other Courſe, hitherto publiſhed, in our Language. 


Jan, Gentlemen, 


Kingſton, near Taunton, 


July 5, 177 5. = our humble Servant, 
| B. DO N N, 
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acquainted with our Deſign o 


I CKEN ILSS E 
1 Pp R E F ACE. 


N the ntl Preface to the Eſſays on ae, 
publiſhed in the Year 1 1758, the Public were 
T them with 

Learning, a Thing 


a new Courſe of mathematica 


generally allowed to be much wanted : * For the 


great and numerous Improvements, which have been 
made ſince any Courſe has been publiſhed in the 
Engliſh Language, make a new Courſe abſolutely 
neceſſary. For, as thoſe Sciences, with their Im- 
provements, are diſperſed in a Multitude of Authors, 
the young Student knows not how to proceed; and, 
even to a Maſter, it is no eaſy Taſk to direct: 
Whereas, if theſe Sciences are brought into a regu- 
lar Courſe, as they depend on each other, the Stu- 
dent will learn with more Eaſe, Pleaſure, and 
Diſpatch, 


As 


5 0 Mathewaricat bath; during the laſt and preſent 
* Centuries, has made a moſt ſurprizing Progreſs ; and Truth, 
** afſiſfted by the uncontroverted Principles of this Science, has 
** baniſhed hypothetical Chicanery from the Regions of Philo- 
* ſophy. It is, therefore, no Wonder that a great Variety of 


Authors, deſirous of extending ſo valuable a Branch of Sci- 


„ ence, ſhould have written on every Part of mathematical 
„Learning. But {till a Courſe of Mathematics and Natural- 
= Philoſophy, tracing the Science from its firſt Principles, and 
5 exhibiting the Demonſtrations on which each Rule or Problem 
2. founded, is ſtill wanting; there being none, in our own 
60 Language, that can, with any Show of Juſtice, be called a 
„ Courſe of Mathematics and Natural-Philoſophy, according 
o wy the modern Improvements, and properly adapted to Learn- 
f This Defect Mr. Donn has undertaken 40 ſupply.” 
a Review lerer, 1758. | 
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RET UN. 
As this, if well executed, is evidently a Work of 
public Utility, it is hoped all mathematical Maſters 
and Lovers of thoſe Stiefices will promote it in ſuch 
a Degree as its Uſefulneſs deſerves, In Proſecution 
of which Deſign; this Volume is offered for public 
Acceptance, containing Eſſays on Logarithms, Plane 
Geometry and Trigonometry. | | 
It may, perhaps, be objected, by ſome, that, 'fikce 
the firſt Edition of this Volume was printed, ſeveral 
Volumes of a Courſe have been publiſhed, by, an in- 
genious Gentleman, and that therefore a new Courſe 
of the Mathematics is not now neceſſary. But 1 
beg Leave to obſcrve, that the Maſters of Acadethies, 
440 other Teachers, muſt be ſenſible that (hat Courſeè 
is not drawn up in a Manner proper to introduce 
Learners to thoſe difficult Sciences, as, in ſeveral of 
the Volumes, the difficult Parts of the Subjects ate 
treated of before the more eaſy, &c, Of this the 
learned Author was ſo ſenſible, that, on my at- 
quainting him (when I had the Pleafure of ſee- 
ing him in London) that IT obtained my firft 
Knowledge of Pluxions from his excellent Ttea- 
tiſe, without the Aſſiſtance of a Maſter, when 1 
was about 18 Years of Age; he anſwered, with a 
Kind of Surprize, © From my Fluxions! My Trea- 
« tiſe was intended for Maſters, not for Learners." 
J have not made this Remark either out of any high. 
Opinion I entertain of my own Abilities or to depre- 
ciate his Works, but only to give his own Idea of his 
Publications. I eſteem him as an excellent Mathe- 
matician, and ſhall therefore only obſerve farther, 
that, though it would perhaps be thought Preſump- 
tion in me to promiſe to treat of the ſame Subjects in 
a more maſterly Manner, yet, I may venture to ſay, 
I hope to give them on a much more enlarged Plan, 
with reſpect to practical Mathematics, and more caly 
to be underſtood by young Mathematicians. 
os Notwithſtanding 


Fa 


Notwithſtanding it is intended to treat of the ſeve» 


ral Sciences in ſucceſſiye Order, as they aught to be 


ſtudied, to form 2 regular Courſe, far the Sake of 
ſuch Readers as are deſſrous af acquiring a general 
Knowledge therein; yet, at the ſame Time, on Ace- 
count of Others, who may only be inclined to ſtudy 
ſuch Parts as may be more particularly uſeful to them, 
we ſhall endeavour to make each Subject diſtinct and 
entire by itſelf, ſo that every Perſon may have it at 
his own Choice to read what Subjects he pleaſes. 
As this Work is written as a Courſe, the Reader 
of any Eſſay is ſuppoſed to know no more of the 
Mathematics than is contained in the preceding Eſ- 
ſays, and therefore muſt not expect any Theorems, 
G. which cannot be demenftrated by the foregoing: 
ſo that if he hap to find any valuable Things 
omitted, in any Eſſay of ours, which he has ſeen in 
any other Work, we would not have him think we 
have forgot to inſert it, but that we refer it to a more 
proven Place, in a future Efay, For Inſtance, in 
Logarithms, we have omitted the Inveſtigation of 
Series, becauſe it depend on the higher Parts of the 
Mathematics, and muſt therefore be omitted until - 
thoſe Parts are explained. | | 
Eſſays on Circulating-Decimals and Book-Keeping 
were prefixed to the firſt Edition of our Geometrician, 
and publiſhed under the Title of The Accountant and 
Geometrician; but, as they have no Connection with 
Geometry, it was thought beſt to omit them in this 
Edition: And, ag the Eſſays on Book-Keeping have 
been enlarged in Number, by the Addition of The 
Shopkeeper's, Stewand 's, and Fattor's, Companion, it was 
thought beſt to, publiſh them in a Volume. by, them- 
ſelves, entitled, Fhe Arcountant; and, inſtead of 
them, in this Volume, to give the Elements Þ of Plane 
©  Trigopometry, 
To oblige the Purchaſers of the firſt Edition of our Geometry, 
we have ptinted a larger Number of the Triganametry, that 
may not be put to the Expence of purchaſing. the whole Volume 
a ſecond Time; but it will only be fold ſeparate to thoſe who 


have already the hcl} Edition, 


PREFACE. 


7 rigonometry, with their Application to Altimetry and | 
Longimetry. For a more circumſtantial Account of | 
the Contents of this Volume, we beg Leave to refer 


the Reader to the Titles and Prefaces to the ſeveral 
Eſſays. 


B. DON N. 


Ju, publiſhed, 
(From the AUTHOR's Manvscz1er,) 
A f 0 N. 


Preached at the Funeral of Mr. ABRAHAM Donn, 
By the late pious and ingenious 


JAMES HERVEY, M. A. 


Rector of Wefton-Favel, in Northamptonſhire, and Author of the 
MeviTtaTions and ConTEMPLATIONS, 


Printed for B. LAW, in Ave-Mazia-Lane; 
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LOGARITHMS. 


By BENJAMIN DONN. | . 


Si numeris in ratione geometrica 
Subſcribantur totidem ahi æqui eren 
cuntur hi illorum Lo arms 


PN. EFT N 


HE Invention of Logarithms is univer- 

fally allowed to be one of the moſt uſe- 
ful Diſcoveries in the Art of Numbers: For, as 
Dr. Keil juſtly obſerves, © It is by their Means 
« that Numbers almoſt infinite, and ſuch. as 
are otherwiſe impracticable, are manage 
« with eaſe and expedition. By their Aſſiſtance 
„ the Mariner ſteers his Veſſel, the Geometri- 
« cian inveſtigates the Nature of the higher 
« Curves, the Aſtronomer determines 150 Pla- 
« ces of the Stars, and the Philoſopher accounts 
« for other Phenomena of Nature; and laſtly, 
the Ulurer computes the Intereſt of his Mo- 
«ce nev 

The Honour of the Invention of tags 
is ſufficiently ſecured to Lord John Neper, Ba- 
ron of Merchifton in Scotland, by the Teſtimo- 
nies of all who have treated on the Subject, as 
well Foreigners, as Inhabitants of Britain. 
| In 1614, Lord Neper publiſhed at Edinburgh 

a Canon of Logarithms, in which o is taken 
for the Logarithm of Radius (or 10000000000, ) 
and the Logarithms of the Sines are affirma- 
tive. 

This Book being in Latin, was nne in 
to Engliſh by Mr. Edward Wrigbt, and after 
his Deceaſe publiſhed by his Son Samuel, in 
the Year 1716. 
| The great Uſefulneſs of Logarithms was im- 

mediately perceived by the learned Mathema- 
ticlans of the Age; and amongſt them Mr. 
4 Brig | 


ne. 


Brigg, (then Profeſſor of Geometry at Greſpan 
College, London, was fo charmed with the 
noble Invention, that he went to Scotland on 
Purpoſe to conſult with the Inventor, and aſſiſt 
him in perfeQing his Deſign: The Reſult of 
their 5 e was, that the Inventor a 
Mr. Briggs agreed to change the Form of the 
Logarithms i into a more compendious one; in 
which the Logarithm of 1 was to be o; and 
5 000000, Cc. the Logarithm of Radius. 

In the Year 1619, the noble Inventor being 
dead, his Son Lord Robert publiſhed the Con- 
ſtruction of the admirable Canon; in the Preface 
to which he takes Occaſion to mention the great 
Friendſhip his Father had for Mr. Briggs; on 
whom now the whole Labour of calculating 
Tables entirely devolved. This did not dit | 
courage Mr. Briggs, for applying himſelf to 
the Work with a Degree of Induſtry that ſur- 
prized the whole World, he publiſned at Lon- 
gon, in 1624, his Arithmetica Logarithmita, 

agreeable to the new Form, for the firft 20 
6 iliads of Logatithms, (or from 1 to 2:000,) 
and for 11 Chiliads more, wz. from go00:. to 
 To1000, calculated to 14 Places of Fi- 

| gures. He alſo gave Directions for ſupplying 
the intermediate Chiliads. 

In the Year 1627, Adrian Vlac (or Fact} 
publiſhed a Canon to 10 Places of Figures, in 
which the intermediate Chiliads were filled Up, 
according to Mr. Briggs's Ditection 5 
Ia 1633, Vlac publiſhed Brizg's Logarithitiy 
of Sines and Tangents to every, 10 Seconds, and 
of Numbers from 1 to 200000. un 


PiRE.FLATCIET . 1 
In the Year 1658. Dr. Jobn Nrwton pub- 

1 ſhed at Landon Trigonometria Britannica, in 

which are Tables of Logarithms of Numbers 

from 1 to 100000, and alſo the Logarithms of 

Sines and Daene to 15% Farts of every De- 
tree. 
* The Eanzons of the Tables af Logarithms 
no moſt eſteemed are Sberuin's, containing 
5 the Logarithms taken from Dr. John Neutan; 

and Gardener's,, containing the Logarithms of 
„ Numbers taken alſo from Dr. vobn Newton, 
- and the Logarithms of Sines and Tangents to 
every 10 Seconds, taken from Vlac's Canon © 
Magnus. | 

We muſt not however Wer Mr. Dodſor's 
Antilogarithmic Canon, publiſhed i in the Year 
1742 ; being a Table of Numbers, conſiſting . 
of 11, Places of Figures, correſponding to all 
Logarithms under 100000; which indeed is a 
laborious and ingenious Work. 

Other Authors who have laboured in com- 
pleating Tables, &c. are, in the Year 1619, 
Speidell and Urp inus; in 1620, Gunter; in 
1624, Wingate ; in 1625, Urfinus again, and 
Kepler; in 1626, Henrion; in 1027) Speidell, 
and Kepler again in his Rudo/phine Tablet; allo 
ſometime before this, Gellibrand, as in Vlac's 


27 Trigonametrin Art Hclalis, publiſhed this Year, 
in the explanatory Part is an Abridgement of Gel- 
2p. grands Trigonometry. In the Year 1631, 


Norwood ; in 1632, Cavalerius; in 1633. 
Rowe ; in 1634, Frobenius; in 1670, Cara- 
muel : Since which Time, Dr. Gregory, Mer- 
cator, Sir Tſaac Newton, Dr. Halley, William 
Jones, Eſq. and a Number of other learned 


Men, 
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PREFACE. 
Men, have publiſhed infinite converging Se- 


-ries, for computing Logarithms more expedi- 


tiouſly ; ſome of which we may have Occaſion 
to explain hereaf er. 
It would be endleſs to give a Liſt of all the 


Authors who have touched on Logarithms ; 


| becauſe, almoſt all who have treated on Trigo- 


nometry, on Navigation, Sc. have given com- 


pendious Tables of Logarithms, &c. 


By this compendious Ess Av, it is hoped the 
Learner may attain as clear Ideas of the Nature 
and Application of Logarithms, as he could 
by much larger ITrcatiſes. 

Proper Tables of Logarithms will be given 
in the Eſſay on Triponometry, or Navigation, 
as they will there be of more e Uſe, 
Sc. as the Tables of Sincs, Tangents, c. 


could not with any Propriety he en in this 


Mace. 


Baleford, February 7, | 
1759. _h B. DONN. 
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Logarithmical Arithmetick. 


„ 


Of Drrixirioxs, and the Nature and Inveſtigation - 

of LOGARITHMS. 

7; OGARITHMS (Myes and deines) are 
Numbers ſo contrived and adapted to 
other Numbers, that by their Addition, 
or Subtraction, the Product, or Quo- 

fient, ot the Numbers to which they are adapted, 
may be found. 

ibis Definition expreſſes the principal Deſiga and 

de of thoſe artificial Numbers, which Mathemati- 

cians diſtinguiſh by the Name of Logarithms. But 

here, (as it frequently happens in other Sciences,) a 

; clear, accurate, etymological Senſe, cannot be under- 

ſtood, till we have made a particular Enquiry into 

the Principles of the Science itſelf. 

2. To proceed then, let us conſider the Nature of 

J 2 geometrical Progreſſion, with the Indices ſet over 
the reſpective Terms. 
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NATURE or LOGARITHMS. 
| For Example: 

98. WW ˙·Ü re. 

Tens . i. + $8.40: 22- 06 .. 

Here it is evident, that if we add any two Indices 
together, their Sum will be the Index of that Num- 
ber, which is equal to the Product of the Numbers 
whoſe Indices are added together: T hus, e. g. The 
Indices 2 and 3 added together are = 5; the Num- 
bers anſwering to the Indices 2 and 3, are 4 and 8; 
and 4x 8= 42 = the Number anſwering to the In- 
dex 5. 

It alſo follows from the Nature of ſuch 1 
ſions, that it we ſubtract one Index from another, 

their Difference will be the Index of that Number 

or Term, which is equal to the Quotient of the 
two Numbers or Terms, correſponding to the Indi- 
ces whoſe Differences we found: e. g. The Indices 
6—4=2,; the Numbers correſponding to theſe 
Indices are 64 and 16, and 64 — 16 = 4 = the 
Number correſponding to the Index 2. 

3. Hence it follows, thar (by Art. 1.) the Indices 
of a Series of Numbers in geometrical Progreſſion, 
are Logarithms of the Lerms in that Progreſſion. 

4. Hence, by the Nature of geometrical Progreſ- 
ſions, it follows, that, if the Logaruhm of any 
Number be multiplied by the Index of the Power, 
the Product will be equal to the Logarithm of the 
Root when involved to the Height denoted by the 
Index. Thus, for Inſtance : The Index or Loga- i 
rithm of 4 in che above Series 2, being multiplied 
by 3 = 6 = the Index or Logarithm of 64 and : 
64 = 4 cubed = 4 X 4 X 4- 4 
5. From hence alſo it follows, that the Index or 
Logarithm of any Number being divided by 2, the 
Quotient will be the Index or Logarithm of the 
ſquare Root; but if divided by 3, the Index or Lo- 
garithm ot the cube Root; if divided by 4, the 
Quotient will be the Index or Logarithm of the 
Ath Power, Nc. 1 


125 Example. I 


mpl 7. 


Indiees or Logarithms o. 1. a! 1:91 „ 800 2 


NATURE or LOGARIT HMS. 


Erample. The Logarithm of 64 in the above Se- 


ries is 6, which being divided by 3, the Quotient, i is 
2, the Index or Logarithm of 4, which is the cube 
Root of 64; for 4 X 4 X 4 =. 64, 

6. It follows, from the Nature of geomettical 
Progreſſions, that the Ratio of the firſt, and any 
other Term, is compoſed o ſo many equal Ratios, 
as are expreſſed by the Index of that other Lerm: 

e. g. In the above Series, the Ratio of the firſt and 


7th Term is made up of 6 equal Ratios, for the Ra- 
tio of the iſt to the 2d Term is as 1 to 2, and of 


the 2d to the 3d as 1 to 2, and of the gd to the 4th 
as 1 to 2, of the 4th to the gth as 1 to 2, of the 
5th to the 6th as 1 to 2, and of the 6th to the 7th. 
as 1 to 2; * the Ratio of the iſt to the 7th is com- 


poſed of IxNcIXIX IXI to 2X2X2X2X2X2, 31. f: 


as 1 to 64. Hence plainly appears the Propriety of 


the Term Logarithms, it ſignitying, according to its 
Etymology, a Number of Ratios. 


7. Logarithms may be of various Kinds; . in- 
ſtead of the Series 1, 2, 4, Cc. aboye, we, may 
ſubſtitute any other; thus e.g. if we write the geo- 


metrical Series 1, 10, 10 Sc. Aese of 1, 23, No 


Sc. it will ſtand chus 25; - 


D „ ie, 


Terms or natural N, 1. 10. 100. 1000. 10000, Fc. 


© This is the Form of Brigs's Logarithms; which 
are thoſe we ſhall now make it our Buſineſs to diſs 
courſe on. 

The greateft Difficulty now remaining; is to explain 
the Method made Uſe of by Mr. Bregs, for finding 
the Logarichms of the intermediate Terms, becaule 
the natural Numbers, 1, 2, 3, 4, 5» 6, 7, 8, 9, 
10, 11, Sc. are not in a geometrical Progreſſion. 

8. Before we proceed any farther, it may be pro- 


per to obſerve, that, if we ſuppoſe a geometrical Se- 


ries beginning from Unity, whole common Multi- 


; | Plier is 1 + n, the Series will be 1, 1 ++ m, 


1+ F+, + +l 1 + 1+ in, c. Now if mbe ſup- 
2: poled 
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INVESTIGATION or LOGARITHMS. 
poſed indefinitely little, it is evident that ſome of the 
Terms will approach indefinitely near to the natural 
Numbers 2, 3, 4, 5, Cc. and, conſequently, it is 
poſſible to find the natural Number anſwering to any 
Logarithm, very nearly, though not exactly true. 
9. The Method of doing which may be thus ex- 
plained. —— By the Definition of Logarithms, if «- 
and y repreſent any two Numbers, the Logarithm of 


x xy = the Logarithm of x + the Logarithm of ; 

and therefore, ( by Art. 5.) the Logarithm of 
VIE — the Log. * + Log. y, 

2 , * 

metical Mean of any two Logarithms is equal to the 
Logarithm of the geometrical Mean of the two natu- 
ral Numbers; conſequently, the Logarithm of any 
intermediate Number may be found, by finding the 
geometrical Mean between the two given Numbers, 
(whoſe Logarithms are given,) and the Logarithm 
anſwering thereto, (viz. the arithmetical Mean of 
the two given Logarithms :) Then, the geometrical 
Mean between the geometrical Mean juſt found and 
the neareſt Extreme, and the Logarithm anſwering 
thereto, After this Manner we proceed, till we find 
a geometrical Mean ſo very nearly equal to the Num- 
ber whoſe Logarithm we want, as we ſhall think 
ſufficiently near the Truth; then the Logarichm of 
that geometrical Mean is ſufficiently near the Loga- 8 
rithm required. | 

10. To illuſtrate this, let it be required to find the 
Logarithm of 9. Here we have the Logarithms of 
1 and 10 given. | _ 


Hence, the *arith- 


Half the Sum of any two N ambers is called an evithoutical $3 


called the geometrical Meas. 


7 1 


| Mean, and the ſquare Root of the ProdyRt of two Numbers is F 


INVESTIGATION- or LOGARTrHMS. 
(1.) The Log. ofs =40; won ved SE 
Log. of 10 = £ And YTXx10 
7 3.1622 
1 en 777. the Log. 


Arithmetical Mean 0.5 4 is = 


(2.) Hence we have the nan of 3: 1622779 


and 10 given. 


Log of io 1. 
Lo of 3 1622777 = 0.5. Hence the Log of 
| To Xx 31022777, 


I. * vix. orgs 0734132 1s 
” —— 0.75. | 


| 0.75 | 
9s We have now the Logzrichms| of 10 0 


5.6234132 8 
Numbers 


4295. 5:08 1 — 1. 5 
* 36234135 - is Log. = 0.75 | 


1.75 


_ — — 


V 10X5: 523772 = 7. 8 its 1 20.876 


(4.) Here we have the N of ro and 7. 4989421 


given. Th 
eir I. 


2 — 


V T0X7-4989421 = 8.659643) in Log. = 0.9375 


= (5.) Hence we have the Lammes, ol 10 and 
A 8. 6596431 _ | 


Their 1h ] 
wee {2 8.6596431 $ Logarithms “ 0 9375 


oh 9375 


* 10x8. 1 = 9.305704 its Log. =0,9687s 
(6 


* 


INVESTIGATION or LOGARITHMS. 
(6.) We have now the Log. of 8.6596431 and 

9. 3057204 given. 

2 3057204 Their ws .96875 
8.6596431 hens. 0.9375 


ag 
V9.3 3097204 K F. 5396431 its hog: o. 953125 
And proceeding after this Manner, after 25 Ex- 


tractions the Logarithm of 8.999999 will:be found 


to be 0.9542425, Which we take for the Logarithm 
of 9, becauſe 8.9999998 differs but +5-52%554 Or 
Torts from 9. By the ſame Method the Lo- 
garithms of the prime Numbers were found. 

11. The Logarithms of the prime Numbers being 
found, the Logarithms of the Numbers compoſed 
of them are ſound by adding the Logarichms of the 
component Parts; the Reaſon of which is evident 
from the Definition, in Art. 4. 1. Take an Example. 


Given the e eee of 2 = 0.30103, and the 


Logarithm of 3 = o. en to find the pe 


rithm of 2 x 3 or 6. 


The Log. of 2 2 0.30103 | 
Log. of 3 = < 04771212. 


E Bf __ 


Log. of 6 77112 


12. The Logarithm of auy Number being given, 
the Logarithm of any Number equal to the Square, |} 
or Cube, Sc. of that Number, may be found, by 
multiplying the Logarithm of the Root by 2, 3, Cc. 


_ reſpectively, according as the Power, whole Loga- 


rithm is to be found, 1s; mine or Cube, &c. 
This is manifeſt by Art. 4. | 

13. Laſtly, the Logarithm of any Power eine 
given, the Logarithm of its Root is found by divi- 
ding that Logarithm by the Index of the given Pow- 
er: By Art. g. 

14. After the Method juſt now deſcribed the Ta- 
bles of Logarithms were- 580 firſt made. And if we | 
conſider 


"oy n 


Or LOGARITHMS or FRACTIONS, 
conſider the great Labour and Patience neceſſary to 
the Accompliſhment of ſo great a Work, how much 
are we beholden to Lord Neper and Mr. Brigs ? Cer- 
rainly their Names will, and ought to be perpetuated 
from one Age to another, even to the End of the 
World! | | Gs 

There have lately been invented much. eaſier Me- 
thods of conſtructing Logarithms than the above 
but as they depend on Fluxions, Conic Sections, 
Sc. they cannot be underſtood in this Place. And 
it is ſufficient to have ſhewn the Method by which 
the Tables were made, as we have now no Occaſion 
to conſtruct new ones. = | 

15. Having explained the Nature of making a Ta- 
ble of Logarithms of Numbers gener than Unity, 
the next Thing to be done is to ſhew how the Loga- 
rithms of fractional Numbers may be found. In 


Order to which let it be obſerved, that, as we have 
hitherto ſuppoled a geometrical Series to increaſe  , 


from an Unit on the right Hand, we may now ſup- 
Thi it to decreaſe from. an Unit towards the left 
and, as here annexed. 


Log. —3. —2. —I. o. +1. +2. +3, Se. 
. A. | B. 

Numbers v. bv. 1. I. 10. 100, 1000, Ge. 

Here the Series from the Point A, or Unity, increa- 


ſes towards B, and decreaſes towards C. : 
It is evident by a bare Inſpection, that, if the 


Numbers are both Fractions, the Sum of their Loga- 


rithms is equal to the Logarithm of their Product. 
But if one Number is en the Right-hand of the Point 


A, and the other on the Left of it; that is, if one 


Number is greater than an Unit, and the other a 


Fraction, then the Difference of their Logarithms 


will be equal to the Logarithm of their Product ; and 
the Logarithm of the Product will be on the ſame 
Side of the Point A, as is the greater of the two 
Logarithms. | 35 , 

16. 
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Or LOGARITHMS or FRACTIONS. 

16. In Order to make a proper Diſtinction, we may 
denote the Logarithm of any Number. greater than 
an Unit by the Sign +, for they may by reckoned 
affirmative ; and then the fractional Quantities muſt 
be conſidered as negative. og 

17. It is allo evident from Inſpection of the above 
Series, that if a Number, having an affirmative Lo- 
garithm, is divided by another aber whoſe Loga- 
rithm is a greater affirmative Number, the Difference 
of their Logarithms taken negatively will be the 
Logarithm of their Quotient. Thus, e. g. the Lo- 
garithm of 100 = 2, and the Logarithm of 1000 = 
3; their Difference taken negatively is — 1 = the 
Logarithm of , the Quotient of 100 — 1000. 
This might have been deduced from the Na- 
ture of Fractions. For the Numerator of any Frac- 
tion may be eſteemed as a Dividend, and the Deno- 


minator as a Diviſor: Therefore, by the Nature of 


Logarithms, (Art. 1.) the Logarithm of the Nume- 
rator minus the Logarithm of the Denominator is 


equal to the Logarithm of the Fraction: But ſince | 


the Denominator of a proper Fraction is always 
greater than the Numerator, its Logarithm will be 
greater than that of the Numerator, and conſequently 
it will be impoſſible to take the Logarithm of the 
Denominator from that of the Numerator ; there- 
fore, we are obliged to take the Logarithm of the 
Numerator from that of tne Denominator, and ex- 


preſs the Difference negatively, for the Logarithm of 


the Fraction. 

18. The Logarithm of 1, 10, 100, 1000, Y. 
being o, 1, 2, 3, Sc. reſpectively, it is manitelt, 
that the Logarithms of the intermediate Terms may 


be conſidered as a mixed Number, made up of an 


Integer and decimal Fraction; and that the integral 
Part, called by fome Writers the Index, (Lat.) by 
Others the Exponent, (from expono, Las.) and by 
Others the Chara#eriftick, (from CharaFer, Lat.) is 
one leſs than the Number which expreſſes how many 


Figures the natural Number conſiſts of; e. g. if the 


natural 


| | + 3.894923, 


Or LOGARITHMS. or FRACTIONS. 


natural Number has 4 Places, the Characteriſlick of 


the Logarithm will be 3; it of 3 Places, 2; if of 


2 Places, 1, Sc. 


19. Diviſion being performed by Subtraction of 
the Logarithms, and the Logarithm of 10 being 1, 


it follows, that the Logarithm of , of any Number, 
muſt be one leſs than the Logarithm of that Num- 


ber. Thus, e. g. the Logarithm of 9851 being 


bay = 185.1 (+ 2.894925 | 


e 8 25 
THEE. 2 — 
I = 78.51 + 1.894925 7 8.5 

2 1 „ 
8 78.51 — + 0.894925 * a 
bn 10 : — 5 
S 4 7.851 \ is « | 
| £2 =,7851 — 0.105075 | - 
8 N 8 5 
—.— =.078;z1 | | — 1.105075 3.2 
| 34 
— = . 007851 — 2.105078 
| . 5 [| 
1 Sc. | 


The above affirmative Logarith ms were found by 
fucceſſively ſubtracting the Logarithm of 10, viz. 
+ 1 from the preceding Logarithm; then, to find 


| the firſt negative Logarithm, + 1 (the Log. of 10) 


was to be taken from the Logarithm + 0.894925 z 
out as the Log. to be ſubtracted is greater than that 
from which it was to be taken, we are obliged to 


ſubtract the leſſer 0.894925 from the greater 1, and 


expreſs their Difference negatively, for the required 
Logarithm, (as directed in Art. 17,) which gives 
— 0.105075, Then to find the other negative Lo- 
ee e the Logarithm + 1 being to be ſubtracted 
rom a negative Logarithm, we have only to add 1 
ſucceſſively, and expreſs the Sum negatively ; for by 
Art. 46, Eſſay on Litbenilelt to ſubtract an Affir- 
mative is the ſame as to add a Negative. 2 
| 20. 
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2. E. P. 


Or BINOMIAL LOGARITHMS. _ 
20. The Logarithms of Fractions may be ex- 


preſſed in ſuch a Manner, that the fractional Part may 


be affirmative, and the Characteriſtick negative, 
Logarithms thus expreſſed are called binomial! Loga- 


rithms (trom binomius, Lat.) and are better adapted 


for Practice than the negative ones. 
21. To find the binomial Logarichm of a proper 
Fraction, | 5 
From the Logarithm of the Numerator ſubtract 
that of the Denominator; remembering, that when 
we come to the Characteriſticks, the Character iſtic k 
of the Numerator is to be taken from that of the 
Denominator ; (after having added the one that was 
borrowed, if any, to the Characteriſtick of the De- 
nominator. ) 


* That the binomial Logarithms found by this Rule, are, in 
Effect, the ſame as the negative Logarithms alorc deſcribed, may 


be thas ſhewn, Let — be any proper Fraftion ; then, putting c 


for the —_ and r for the fraftional Part, of the Logarithm 


of 1; we have c + r = Logarithm of 2; and putting ? for the 
Characleritick, and a = the decimal Part of the Logarithmn of 4, 
then 7 + a = the Logarithm of 4. Hence, by Art. 17, 


fa Ms = — —7 taken negatively, (that is, 
changing the Signs,) 4iz. —t—a+c+r= the Logwithm 


FR 
of 7. wes 

But for the binomial Logarithm we have two Caſes. 1ſt, When 
r is greater than a, then / — 0 taken negatively is — / T 
the binomial Logarithm, according to this Rule, is — / + c+r 
— 4, Which may ſtand thus, — tt —a T e, which i» the 
ſame as the above Expreſſion for the negative Logaiithm. 2dly, 


When r is leſs thing Fiſtc Fr = —-1 + i +r = the Log. 
of „; now ſubiracting a from 1 + yr, there remains 147 —a; 
and taking c— 1 from r. (according to this Rule, ) or, which is 
the ſame Thing. c from 1, there remains * + 1 — , which 


taken negatively is — 7— 1 + for the Characteriſtick ; *.* — . 


— 1 +c + (the decimal Part of the Logarithm) i Fr — a the 
binomial Logarithm = —tÞ+c+Fr —@a = —: —a+c+r, 
the ſame Expreſſion as that above, for the negative Logarithm. 


| | Example. 


Or BINOMIAL LOGARITHMS. 


Example. The binomial Logirth of 7 25 


— 
"On 


= =1 + 894925. 
For the Logar.thin of 7. $2, 2 =D; 994925 by Art. 19. 
The Le e ot 10 '="1 1.000000 | 


1 
The Log. of h 0 by thisRule 1. ＋ 894925. 


But this te ATE, is more commodiouſly wrote 


thus, 1. 1.8942925, the Daſh over the Characteriſtick 
1 it is a negative Quantity, 185 the remaining 
Part affirmative. 


Hence the Log. of 4 155 =. 7651 2 =. 1.894925. 


of 2 =-07851 = 


of 07831 
TI 


=.007851 is =3.894925. 
Wes c. 

Hence it is evident, that the decimal Part of the 
binomial Logarithm of a decimal Fraction, is the 
ſame as that of an integral Number of the ſame Fi- 
gures; and it is alſo manifeſt, that if the ſignificant 
Figure of the decimal Number is in the firſt Place, 
the Characteriſtick is — 1 ; if the ſignificant Figure 
be in the ſecond Place, the integral Part of the Loga- 
rithm is —2, Se. And this is the Kind (of Loga- 
ihm) we ſhall make Uſe of in the remaining Part 


XZ of this EVA, to expreſs fraftional Quantities, 
22. In taking out of a Table the Logarithm of 


any Integer not exceeding 10000, e have the frac- 
tional Pait by Inſpection; to which we r. for a 
Characteriſtick 3, if the Number conſiſts of 4 Fi- 
gures; 2, if of 3 Figures, Sc. that is, the: Cha- 
racteriſtick muſt be one leſs than the Number of Pla- 
ces: But if the Number, whoſe Logarithm is re- 
quired, be above 10000; then, find the Logarithm 
of the two neareſt N umbers to it that can be found 

| C 2 55 | Nein 


11 


2 
r mm 
n — — N 2 9 n 


12 


Their Dif. 100 & of Log. .CO1 19 


the 


or BINOMIAL LOGARITHMS. 
in the Table, and ſay, As their Difference: the 
Difference of their Logarithms :: the Difference 


between the neareſt Number and that whoſe Loga- a 


rithm is required : the Difference of their Loga- 
rithms nearly ; which being either added to, or ſub- 


tracted from, the neareſt Logarithm, according as it 


is greater or leſs than the required one, will give 
nearly the Legarithm required. Take an Example. 
be. it be required to find the Logarithm of 
367182. "7 | 
The fractional Part of the Logarithm of 3671 is 
by the Table .564784, and of 3672. is .564903, *.' 
The 5 367100 is 5.564784 Neareſt Ne. 367200 
Log. of L 367200 is 5.564903 The Ne. 367182 


. As 100 : . 00119 :: 18 : ,00021 nearly; 


5.564903 — .00021 = 5.564882 nearly = the Lo- 


garithm of 367182. 


This Method being grounded on Suppoſition, 
that the Logarithms of Numbers between 367100 
and 367200 increaſe or decreaſe equally, according to 


their Diſtance from 36; 100 or 367200, is not ſtrictly 


true, but nearly ſo; and the greater any Numbers 
are with Reſpect to their Difference, the nearer will 
thoſe Differences be proportional : And therefore, 


Pee this will not give the exact Logarithm, yet 
be nearly ſo, and ſufficiently near the Truth 


It WI 
for moſt Purpoſes either of Buſineſs or Pleaſure, 

If the Number does conſiſt of both Integers and 
Fractions, find the fractional Part of the Logarithm 
as if all its Figures were Integers, and to that frac- 
tional Part prefix the Index belonging to the integral 
Part; viz. make the Characteriſtick one leſs than 
the Number of integral Figures, and you will have 

arithm ſought. | 5 5 

Laſtly, if the Number whoſe Logarithm is re- 
quired, be entirely fractional; find the fractional 
Part of the Logarithm, as if it was a whole Number, 

5 5 N and 


e it. 
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To add Logarithms.” 


Figure to the left Hand be Tenths ; but, if the firſt 
| Figure be in the ſecond Place, or Place of Hundreds, 
the Characteriſtick muſt be —2, Gc. | | 

23. When two or more Logarithms are to be ad- 


ded together, they may be added by the Rules for 
| adding affirmative and negative Quantities in Alge- 
bra, That is, 1. If they are all affirmative, add 
them as in common Addition, and the Sum will be 
the affirmative Logarithm . N 
234. Caſe 2, If the Characteriſticks of the Loga- 
' Þ rithms to be added are all negative, add the decimal 
Parts together by common Addition; and if there 
is any Thing to be carried from the decimal Part to 
- the integral Parts, it is affirmaizve, (by the Nature of 
3 > binomial Logarithms,) which reſerve : Then find the 
- = Sum of the negative Charaderiſticks ; which, being 
* = negative, the Difference betwixt this Sum, and the 
- Carriage (above reſerved,) with the Sign of the 


greater, will be the Characteriſtick required. 
1, * 25. Caſe 3. When the Characteriſticks of the Lo- 
Oo garithms to be added, are ſome affirmative others ne- 
O ative. — Add the fractional Parts as uſual, only 

the Carriage from the decimal Part to the integral 
rs being affirmative, muſt be added to affirmative Cha- 
ili! racteriſticks; whoſe Sum, inclucing the Carriage, 
c, being found, and alſo the Sum of the negative Cha- 
et racteriſticks, find the Difference of theſe Sums, and 

to it prefix the Sign of the greater, for the required 
= Characteriſtick, | 


nd FF 26. When one Logarithm is to be ſubtracted from 
im another, the Work may be done as in Subtraction of 
c- Algebra; by having due Regard to the affirmative 


ral and negative Quantities. But to be more particular. 


lan Caſe 1. To ſubtract a lels affirmative, from a 
we greater affirmative Logarithm; find their Difference, 
as in common Arithmetick. Y | 
re- | 27. Caſe 2. When it is required to ſubtract a 
nal greater affirmative, from a leſs affirmative Loga- 

er, 


rithm; it is the ſame as to find the Logarithm of a 


and to it prefix the Characteriſtick — 1, if the firſt 


proper 


** 2 
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To find the Differmnce wy any two Loparithms, 
proper Faction, and therefore ER be ldd as di- 
rected in Article 21. Ka 

28. Caſe 3 When a dinomal ener is to be 


ſubtracted from an affirmative Logarithm, iſ the de- 


cimal Part of the affirmative Logarithm is greater 
than that of the Binomial, ſubtract the decimal Parr 
of the Binomial from the decimal Part of: the Affir- 
mative; and prefix the Sum of their Characteriſticks, 


with the affirmative Sign. But if the fraiomal Part 
of the binomial Logarithm be greater than that of 


the Affirrhative, add, or ſuppoſe in your Mind 1 to 
to be added to the fradtional Part of the Afﬀirmative; 


then ſubtract the fractional Part of tha Binomial from 
that Sum ; (but, becauſe we added 1 for Convenien- 


cy, we muſt alſo to continue the Equality: add +'1 


to the binomial Characteriſtick; hut the Chatacte- 


riſtick of the binomial Logarithm being negative, 
the addin * 1 to it is diminiſhing the negative Cha- 
racteriſtick by Unity; which Characteriſtick ſo di- 


miniſhed, being added to the affirmative Characte- 


riſtick, will give the affirmative Characteriſtick of the 


required Logarithm. 


Caſe 4. When an affirmative Logarithm is to 
oe ubtracted from a Binomial; if the fractional Part 
of the Binomial be greater than that of the affirmative 
Logarithm; to the Difference of their fractional 


Parts, place for a Characteriſticx the Som of their 
Characteriſticks with the negative Sign: Bur if the 
decimal Part of the Binomial is leſs than that of the 


affirmative Logarithm, add 1 (or ſuppoſe it to be i 


added in your Mind) to the fraftional Part of th: 


Binomial ; and then ſubtract the decimal Part of the 
Affirmative from that Sum, and (to continue the 


Equality) add 1 to the Characteriſtick of the affirma- 


tive Logarithm ; then the Sum of this, and the Cha- 


racteriſtick of the Binomial, will, with the negative 


Sign, be the Characteriſtick of the required Loga- Hh 


rithm. 


30. Caſe g. When a binomial Logarithm is to be 


ſubtracted from a Binomial; if the fractienal Part of EP 


that 


How to ſubtrud Logarithms, 

that to be ſubtracted is leſs than that from which it is 
co be taken, find the Difference of their fractional 

Parts, to which prefix the Difference of their Cha- 

racteriſticks, with the affirmative Sign, if the Cha- 
rtacteriſtick of the Logarithm to be ſubtracted is the 

2H greater; otherwiſe ic muſt have a negative Sign. 
But if the fraftional Part of the Logarithm to be 
Z ſubtracted, be greater than the fra#tonal Part of the 
Z Logarithm from which it is to be taken, add 1 to the 
Z fractional Part of this laſt, that Subtraction may be 
Z made; and then, (to continue the Equality, add 1 
to the Characteriſtick of the Minorand, which Cha- 
= radcteriſtick being negat've, is done by Subtraction, 
2 v:z. ſubtract i from the Charafteriſtick of the Mino- 
Z rand; then the Difference between the Characteriſtick 
= of the Minorand ſo diminiſhed, and the Characte- 
2 riitick of the Subducend, will give the required Cha- 
racleciſtick; which muſt be affirmative, if the Cha- 
racteriſtich of the Minorand, after being diminiſhed 


Z Otherwite negative. e 
31. Before we proceed to the Application of Lo- 


by Help of a Table of Logarithms. And as this 
is only che Reverſe of Article 22, it will be ſufficient 
nal Ito hint, iſt, That the Index, or Characteriſtick, of 
the Logarithm, if affirmative, will ſhew how many 


R12ative, in what Place of Decimals the firſt, or ſig- 
cant Figure, ſtands. Hence, if the Logarithm 
3 an be found in the Lable, the anſwering Number is 
found by a bare Inſpection: But if it cannot be ex- 
Bly found, find the next greater, and next lefler, 
Ind lay, As che Difference of theſe two Logarichms 
the Difference of the anſwering Numbers :: the 
Difference between the given Logarithm and the 
jeareſt tabular Logarithm : a fourth Number; 


Number anſwering to the neareſt tabular Logarithm, 
1 | (according 


as above, is greater than that of the Subducend : 


Z garichms, it will be proper to ſhew how to find the 
natural Number anſwering to any given Logarithm, 


Jiategral Places are in the required Number: And if 


hich added to, or ſubtracted from, the natural 
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Multiplication by Logarithms. 
(according as that Logarithm was leſs or greater thart 
the given one,) will give the required Number very 
near the Truth. 19 „ 
Example. Let it be required to find the natural 
Number anſwering to the Logarithm 5.564882. 
This in the Tables: gives the next leſſer and 
greater 35672577 The 1 367100 
Logarithms, 2 f. 5649038 Numbers 1 367200 


— — 


Their Diff. — 9 SH 100 


And 5.564903 — 5.564882 = .000021. Hence, 
As .000119 :. 100 :: .000021; or, which is the 
lame in Effect, As 119: 100 :: 21 : 17.7 nearly. 
Hence, 367200 — 17.7 = 367182.3, nearly = the 
required Number. 


"CHAP: i 95 
MUTTIPLICATION by LOGARITHMS. 


32. 


tiplication by them; which is done by adding the 


Logarithms of the Factors together, as directed in 


Art. 23, 24, and 25. 


33. Example 1. Multiply 14 by 4. 


14 is 1.1461280 
Log. of : 4 is o. 6020600 


Their Sum 1.74818880 anſwers in 2 


the Table to 56, the required Product. 


E now eome to ſhew the Application of 
Logarithms, having explained their The- 
ory at large; and the firſt Thing is to perform Mul- 


TFT 
* 7% Os ban EDI oo het 7 Cane oh} 


N 


* Moutiplicoion by Togarithns, | 
34. Example 2. 203 dy o 0.2 2 
Log. of 203 is 2.307496 . 8 


Log. of o. 25 18 33979490 ; ON » 


This Log 1. 7054360 anfrers in the Table to 
— — bers. 
35. — 3 Multiply 5; 677 by 3. 
'T To Log. of 7.6 112 
— Add Log. of 5 = — S 


—— COAT 


From 1,5841615, "210 I 
| Subtract Log. of 8 = 9.9030g00 | 


6 Gives Log. of 4.798 nearly, 0.6810715— — 
S Or thus: Put +. into Deeimals, viz. 4 = .625. 
— ; Then 128. 3970 Nd 2 
1 Lo of x ; or of .625 = 1.7958800 , | 
Tit 8. 9 e nope 1.7958800 | eb 
aan een wh Sum ls 6, 68 7675 a above. 
1 „ boohiv cl e Waocadiul Ai mon 
E | 2% 25:11 1. 91 d notrvitd ao 230 (IINI2.600, 4 
ws 7 36. Example. Maltply 0455 by og. d * 
10lj- Log 55 WT! T14636z4 180 
1 in 3 | 3 Log. 0231 is 30 Lk A . oh 
3 F „ 0. 93 
Log of 01265 D 
—_ —ê 
37. Example 4. Multipiy 80 by. oog. 
| Log. 80 eee A ra 


ON 0% 044 >, 


| Tops ©00Z,513- 4771289 
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Multiplication by Logarithms. 
38. Example 6. Multiply: 0er 50. 72. 5. . 
and . 12, together. 


Log. 10 = 1.0000000 1 Log, +5 b 


Log. * 1. 9030894 Log. 4 = 1. 6020600 


Log. 72 = 1.8573325 Log. . 12 = 1.0791812 


10 4:76942 27 


—— 
© 


2.3802112. 


— ͤ uD—— 9 ; 
* . * - oy 
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Add 238021 12 op . 4 5. — 4 


: — ͤ O:ſ‚—— 


This Log: 3 14063 31 anſwers in the Table to 


— — {1382.4 nearly. 


Call... - | 
DIVISION by LOGARITHMS 


39-0 E SubtraQion of Logarithms anſwering 


_.to-the- Diviſion of the natural Numbers, 


from the -Logurithm of the Dividend ſubtra&t the 
Logarithm of the Diviſor, by the Rules in Art. 2b, 


27, * 29, 30 and the Remainder will be the 
thm of the required Quotient. 


o. Euer 1, Divide 56 by 4. 
4 Log. 56 1.481880 


Log: 4 = .6020600 


mts. 


Rs a> Les 1 21. 1.146 1280 


3 


41. Example 2. Divide 5 by 8. 
Log. 5 = 0.6989700 
Log: 8 = = 0.9030900 


N Nog * „  ouracr "a +» A, 


Log. 625 1.7958800 


1 
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Diviſion by Logarilluus. 19 
42. Example 3. Divide 50.75 by. 23. 


Log: of .25 = 1.3979400 


— 1 CF: 7”; 


Log. of 203 = 2.3074960 


Example 4. Divide 4.718 by .625. 
Log. of 4.718 = © 6737579 
Log. of .625 = 1.7958800 d 


Log. of 7.549 ferè o. 8778779 


| dit 


8 

— "a 8. * by 

Fg OT 1 
n 


Example 5. Divide .75 by 100. 


Log. of .75 = 1.870613 
3 Log, of 100 = 2.0000000 


ff > J 
Iota We "> by OR FO 
OS In N n 


25 8 TF 881 
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Wakes, 8 5 3 
2 a 5 N 
TTV 


ing 
ers, 3 . p 
the Log. of .0075 = 38750613 | 
26, 3 | 1 n 245 of 

| 45. Example 6. Divide .24 by 80. , D 


Y Log. of 24 = 13802112 | 
= Log. of 80 = 1.9030900' ek 


3 ali. a. £2. at 4 


*— 


ry 
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Log. of .003 = 3:4771212 
| > +. : 


Example 7. Divide, 75 by 2 1 
Log. of. 76 1.870513 
Log. of .25 = 1.3979400 


Log. of 3 = 0.4771213 
Da 47: 


Logarithm of £0.75 — 1.704360 | : : : 


Diuiſim ly Logurithms. 

47. Example 8. Divide .01265 by .55. 
Log. of 01265 = — 2. 1020909 

Log. of. 55 = 1.740362 


CHAP. IV: 


Of the APPLICATION of LOGARITHMS # 


CIRCULATING DECIMALS. 


8. 8 in ſome Calculations, in which we propoſe. | 
to be very accurate, we may have Occaſion 
to find the Logarithms of circulating Decimals; we 
ſhall explain the Method by which they may be found, 

as follows. 

The Rul z. Firſt turn the circulating Decimal in- 
to its equivalent vulgar Fraction, (as ſhewn in The- 
orems 4, 5, 6, ard 7, in Articles 13, 14, 13, 16, 
17, 18, 19, 20, and21, of the Eſſay on 3 
Decimals,) and then find the Logarithm of that 


vulgar Fraction, by Art. 21 of this Ess Av. 
49. Example 1. What is the Logarithm of . 4? 


+ 


By Art. 14. of the Eſoy on Circulating Decimals, © 


4 = 4: 


Hence from Log, of 4 = 6. 358080 
Subtnet Log: ** — 


Gies + Log-of$orof 4 =: 46 1 


w— » <5 ©.a EW 4 
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Decimals, 3. 5 = Ip." 


1.ogarithms of Circulating Decimals. 
50. Example 2. What is the Logarithm of 3.5 2. 
Solution. By Art. 16 of the Eſſay on Circulating 


From Log. af 50. * 3 
Subtract Log. of 99 = 1.996352 


Gives . of „ 0.484328 


2 — n 


« 


51. Example 3. What i is the Logarithm of .2 y ? 


Solution. 


| Dacimals, 2 3 = 


From Log. of 21 = 3 
Subtract Log. of 90 = 1.9542425 


Gives Log. of 2333 


Sglution. | 


| Decimals, 26353. 4 * 8 


| The Remainder is the Log. of 


939 
A 
J 
1 eÞ# 
8 57 


= 53. The Logarithms of; 8 W be- 

43 ing tound by the above Method; Multiplication, and 
Diviſion, are performed by them, after the ſame Man- 

ner as is ſhe wn of finite Ne in a Olen. 2. and 3. 


of this Ess Av. 


| - — 
Ne 


1.367976 


52. Example 4. What is the Log. of 263 5 3-5! 
By Art. 20 of the Eſſay on Circulating 


| Therefore, from Log. of 4609680 5 = 6.416474 
Subtract the Log. of 99 = = 1-99 56 352 


4. —.— 


1 
14% 
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By Art. 18 of the E Eſſay 0 on — 


« #5 
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CHAP. V. 
Th: GOLDEN RULE +4 LOGARITHMS. 


54. ROM che Nature of the Golden Rule, and 
Logarithms, we have this Rule. Add the 
Logarithms of the ſecond and third Terms together; 


from their Sum ſubtract che Logarithm of the firſt 


Term; and the Remainder will be the Logarithm of 
the fourth, or required Term. 
1 86 Suppoſe in the Rule of Three Direct we have 
this Stating, As 44 Dp : a fourth Num- 
ber. | 

To the L og. of 5 = o. 6989700 
Add the Log. of 65 = = 1.81291 34 


2, 5116834 
Sub. Log. of 4.1 = 9.612783 


Log, of 79. 26 nearly 1.890996 
35. If from the Logarichm of 1 be ſubtracted the 


 Logarithm of any Number, the Remainder is called 


the Arithmetical Complement of that Logarithm. 
Hence, the Arithmetical Complement of the L ogarithm 
of any Number, is equal to the Logarithm ot the 
Quotient of 1 divided by that Number. 

56. When. it is re N to divide one Number by 
another. it is in Effect the ſame, if we divide 1 by 
the Diviſor, and 3 that Quotient by the given 


Dividend. (For * — — 5 * a.) Which is done by 


Logarithms, by addiag © the Logarithm of the Divi- 
dend to the Arithmetical Complement of the Loga- 
rithm of the Diviſor. 

57. Hence, the Operation of the Example in 


Art. 55, may ſtand thus: os 


From 


A 7 s 3.3 
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- baits by Latta 


From Log. of 1 = 0.0000000 
Sub. Log. of 4-1 = 0.6127839 


1.3872 161 
. 0.6989700 


Gives Arith. Comp. = 1. ae en: 18129134 


Gives s Log: a as above 1.899095 


CEE 


— _ — — 
- — _ N * : > 


CHAP. * e 
INVOLUTION by LOGARITHMS. 


58. 0 raiſe any Number to a given Power 

Logarithms, multiply the Log 0 &* 
the Root by the Index of the given Power. Thus, 
for Inſtance, if we are to ſquare any Number, we 
muſt multiply its Logarithm by 2; if to cube a 
Number, by 3, &c. and the Product (by Art. 4.) 
will be the. Logarithm of the required Power. 


Note, If the Root be a Fraction, its Logarithm 


will be a Binomial; in ſuch Caſe, the Carriage from 
the decimal Part in multiplying being affirmative, 
and the Product of the Characteriſtick negative, the 
Carriage muſt be ſubtracted from that negative Pro- 
duct, for the required negative Characteriſtick. 


59. Example 1. What is the Square of 15 ? 
| TP of 15 = 1. 1 


1 of 8 5 Lee 


60. Example 2. Cube 55. 


Log * 1.740362 
E 


n _— 


Log. FT ac = 1.2210881 
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3 CHAP; Vn. 
enen ren eee 


the Cube Root, by 3, Sc. See Art. 5 


Note. In extracting the Root of a fractional Num- I 


ber, if we cannot divide the Characteriſtick exactly 
by the Index of the Power, it will be proper to in- 


creaſe the Cbaracteriſtick by the Addition of ſuch 'a 


Number as will make it exactly diviſible by the Index 


LO extract the Root of any Number, divide 3 
2 the Logarithm of the Power by its Index, 
viæx. Io extract the ſquare Root, divide by 2 ; for 


of the Power, and then divide the Characteriſtick fo I 


inęreaſed; but (ſince increaſing the negative Cha- 


racteriſtick hy any Number is really diminiching the 


Logarithm by that Number, we muſt, in Order to 
| continue the, Equality, add it to the Logarithm 3 


again; therefore, the next Place of the Logarithm 
being Tentþs, each Unit in the Characteriſtick is 


equal to Ten in the Place of Tenchs; therefore,) for 7 
every Toit which we added to the Characteriſtick 
we muſt now add 107“s to the Place of Tentbhs; and 


7 


divide as uſual. 8 
62. Example 1. Extract the ſquare Root of 225. 


Log. of 225 is = 2.3521825 - 


Log. of 15 — 1.17609 12 


63. Example 2. Extract the Cube Root of 


166375. 1 
Log. of 166375. 1.221088 
1 4 « ; ——y WE - + 1 | 
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3 Log. of 55 17403627 


4 FEM ” 
Dire 
4 # 1 q ) » * * 
* 


* — 


* 
4 
— 


the — — —— 


3 S 

ern 3 27 wt RE "+4 » 

WEE, 1 3 
J > Fon Jae oe VERA ae LO 


_—— 
5 £8 
1 

"©, 808 

© x 

28 

* RE 

8 

: 


Fu x 1 2 7 8 N 5 I Oey S 7 3 
888 bo . . MDT + $4 FI JESS; 1 
5 $5, FO NEST 1 8 hg 2 es OE oe. . r 8 8 
hh r 2 r ht IO IA / ( oe S r Fe, ed” 


N 
3 


BY * l 


. 
* 3 CEN 


55 WT, 4x 
NOT TEL SEA 8 
S ag Un {1p 


Fellowſhip by Ligaritbms 
ere, to the Characteriſtick 1 1, to make! it divi- 
3 - ble by 3, we add 2, and the Sum is 1 ; + of which 


is 1, for the Characteriſtick of the Log. of the Root: 

Then, to continue the Equality, we add 2 to the 
Place of Tenths, which makes how many Times 3 
in 2.2, which gives. To Sc. 


5 oa * 4 
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2 * The APPLICATION of LOGARITHMS 70 
ex 1 FELLOWSHIP, 
o 64. S in Fellowſhip, the firſt and ſecond Terms 
24 continue the ſame in all the Statings : 
Z From the Logarithm of the ſecond Perm ſubtract 
tw the Logarithm of the firſt Term, and call the Re- 
im mainder the reſerved Logaritbm: Then, this reſerved 
*Z Logarithm being added to the Logarithm of the 
third Term of each reſpeCtive Stating, will give the 
Logarithm of the fourth, or required Term of that 
= Stating. The Reaſon of this is \manifeſt from the 
nd Nature of Logarithms, and Chap. VIII. of the Se- 
ond of the Mathematical Ear. 
= 65. Example. Suppoſe 4 Men, A, B 3B, C, and D, 
trade in Company; A put in 301. B, 160 C, 26 J. 
and D, 18 l. 105. they gained 201. 1 5% What Was 
each Man' s Part? 65 
Here the Statings would be, 8 E | 


As 109.5 : 20.75 : 5 oe: Share. 
109.5 : 20.75 18 * B's Share. 
109.8: 20% : 25 Es Sliare. 
109.5: 20.75 :: 16 5 D's Share. 
The Operation by Logarithms will be as follows, 
From Log. of J. 20.75 1.317011 


Sub. Log. of 109.5. 2. 0394147.” * 
The Reſerved Log. = 1 1.2776040 
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26 Fellowſhip by Logarithms. 
| Log. 50 = 1.6989706 


RS Log. = 1.2770040 


1 Sum 0.9755 che Log, 
of A's Part anſwering in the 1 able to g. 47485 1. 


91111 Log. of 16 1. 2041200 
Reſerved Log. = 1. 2776040 


© me 


g. of B's = = 9.4817249 anſwers 
| {ro £. 3.031952. 

Log 25 = 1.3979400 

AST fr Reſerved Log. = 1.2776040 


15. Log of is Part = 0.67 55440 anſwering | 
77 1 1 K 7425. 
86 Li of 18.5 = 1.2671717 


Reſerved Log, 25 1.27 70049 


1 em: Log. of bo Part = = 0.54477 55 anſwering 
e 1 "fro 3 5955945: 


„ — 


OR; c 11 A p. Fong 5 
SIMPLE INTEREST by LOGARITHMS. 
66. 


— \ a. ud. 46 — 


DD the Logarithms of tlie PrincipsI, 
Time. and Rate, togetlier; the Sum will 
be the Logarithm of the Interelt. 
67. Ex mple. What | is the Intereſt of 410, 105, 
for 1 Year and 40 Days, at 5 uhr Cent. per Annum? . 
The Tis i. XE. 40 S. e . Flence, 
The Logarithm of the Time. is P.0454 622 (| 
Log. of 410, 5 the Principal > 2: 6133432 


Log. of og the Rate = 2:6989-00 


Sun ee the Log. 
of 22.7743“. 22 C153. 43 4 for the Intereſt. 
Q "one | 1 CHAP. 


15 * 3 2 
SK 
3 INTEREST by LOGARITHMS. 


(HE Rur. Multjply the Logarithm of 
the Amount of 1/7. for one Year, by the 
Time; and to the Product add the Logarithm of the 
Principgl ; the Sam will be the Lasern of the 
Amount. 
69. Example. What will 2100. 75. 6d. amount = 
to in 3 Years, at 5 per Cent. per Annum ? = 
Solution. Firſt, 2101. 75. 6d. = 210: 375 4: es = 
the Amount! of '17. for one Year at 5 per 2 per 
Annum = 1.05. 
Hence multiply the Log, of 1.05 = 0. 021 1893 
By the Time = = = 


- dT 3 ik —— — 


T5 2 
Add Log. of 210. 375 = 2.3229940 


Log. of Amount 243. 5353 l. DS Þ 3865619 | \ : 


; 
Hence the Amount. i 15:24 34, 103. 8g. 4 nearly. | : 
70. Scbotium, Mr. T. only, and a few — * in- .\ 

ſtead of the negative Charger ks write their arith- — 
metical Complements : Thus, fot-the Log: of. og, 


they would write 8. 6989700, and for the Log. of 


005 place down 7. 7.69897 oo, Sc. Aud the Rule for 
adding ſuch Logarithms is, If your Characteriſticks 
be negative, add them as in common Arithmetiek, 
only noting, that it the Sum of the Characteriſticks 
be leſs than 10, add 10; it juſt 10, add Unity; if 
more than 10, caſt 10 away, the Sum, or Re- 
mainder, will be the required Logarithm, according 

| to their Method. But if the Charact-riſticks are of 

| different Names, viz. one affirmative, the other ne- 
Zative, add them together as in common Addition 
but it the Sum be 10, or more than 10, caſt 10 a- ; 
way, the Remainder will be afirmauve 3 but if leſs 
than 10, negative. 


Example. 


28 


Of Mr. Townley's Indices. 
Example. Multiply 203 by 25. 
Log. of 203 is 2. 23074960 


Their Log. of 2 5 is 9. 3979400 


* TT oo 


Log. of 50.55, =, 4. 7954369 | 
Ag fs Diviſion by Log ü they pexſorm it 
after this Manner, viz. If one or both de negative, 
and the Characteriſtick of the Dividend is leaſt, add 
ro to it; but if the Characteriſtick of the Dividend 
be the greater, ſubtract as uſual, and the Charac- 
teriſtick of the Remainder in the firſt Caſe will be 


affirmative, in the latter, negative. 


PO Divide 01265 by 55. 
Log. of 01265 with their Index S. 102090 
zh ; Log. of 55 with their Index 9.74627 


Lg of -023 with their Index 8. 3677278 _ 


1 hou as this laſt Method, of writing the arichibetical 
Complements for the negative Charackeriſticks, ma 
be — ſooner learnt, by ſuch Perſons as are 
ignorant of the Nature of affirmative and negative 
Quantities: Yet we would recommend the former 
Method as the moſt rational, and worthy the Notice 
of the more ingenious Reader. 

Thus much is ſufficient at preſent concerning 
Logarithms. More expeditious Ways of conſtr udting 
r Wer will be ſhewn' hereafter. 
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PLANE GEOMETRY. 


In which the moſt ufeful Propoſitions of the 
celebrated Geometricians, both ancient and 
modern, are clearly demonſtrated ; and the 
Conſtructions and Uſes of the neceſſary In- 
ſtruments explained. | 


By BENJAMIN DONN. 


'O Org ach YiWuiTeHn, PLATO. 
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Pp R E F A 


EOME TRM and Arithmetich, as Plato 
juſtly called them, are * the two Los. 
by which the Minds of Men mount up to 
7 dg ;” that is, by which they contemplate 
and diſcover the Motions and Properties of the 
eczlcſtial Bodies. 

It is an Obſervation of Plutarch, that © Gop 
adorneth and layeth out all the Parts of the 
World according to Quantity, Proportion, and 
Similitude:“ Or, in Solomon s Words, G05 

diſpoſes all Things by Number, Weight, and 
Meaſure.” Hence Plato, with Reaſon, faid, 
z Obs ds) yrupiren, GOD e acts according to 
Geometry.) 

Geometry taken in its greateſt Extent, i 
cludes almoſt every Branch of the Mathema- 
ticks; in which extenſive View, what we have 
ſaid of Mathematicks in general, in our Preface 
to the Mathematical Eſſays, is applicable to 
this. But even taken in the narrow Limits to 
which it is confined in this Eſſay, it is a ne- 
ceſſary Introduction to almoſt all the Mathe- 
maticks, and the practical Sciences depending 
thereon; for the Architect, Dialliſt, Gauger, 
Engineer, &c. could do nothing without 
Geometry, it being as it were the Spring 
which ſets them all at Work. 

A „ Beſides 
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PREFACE. 
* Beſides the Aids which every Branch 
of the Mathematics derives from Geometry, 
the Study of this Science is of infinite Ad- 
vantage in the Uſes of Life. It is always 
good to think and reaſon right; and it has 
been juſtly ſaid, that there is no better 
practical Logic than Geometry”, It will 
ſerve as the ſureſt Means to give our Rea- 
ſon the firſt Habitude and Bent of Truth;“ 


and will “ teach us to operate upon Truths, 
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metry, collected from Lock and others. 


to trace the chain of them, ſubtle and al- 
moſt imperceptible as it frequently is, and 
to follow them to the utmoſt Extent. of 
which they are capable. | 
« The geometrical Spirit is not ſo much 
confined to Geometry, that it cannot be 
taken off from it, and transferred to other 
Branches of Knowledge. Works of moral 
Philoſophy, Politics, Criticiſm, and even 
Eloquence, ceteris paribus, would have 
additional Beauties if compoſed by Geome- 


 tricians, It fo ſtrengthens and enlarges the 
cc 


Mind, that, if we believe Qyintilian, it 
helps to make an Orator. The Order, Per- 
ſpicuity, Diſtinction, and Exactneſs, which 
have prevailed in good Books for ſome Time 
paſt, may very probably derive themſelves 
from this geometrical Spirit, which ſpreads 
more than ever, and in ſome Sort commu- 
nicates itſelf from Author to Author, even 
to thoſe who know nothing of Geometry. 


As 


supplement to Dr. Harris Lexicon, under the Article Ce 


p R E F A C E. 


As to the Hiſtory of this ineſtimable Sci- 


ence, we ſhall for the moſt Part give it in the 
Words of Mr. Thomas Lediard. 
| This Science 1s ſaid to have been invented 
by the Egyptiaus, on Account of the Inun- 
dations of the Nile. This Reaſon might have 
induced them to cultivate Geometry with a 
greater Degree of Care and Attention, for 
diſtinguiſhing again each Man's Property of 
Land, after the Overflowings of the Ne; but 


Mr. Rolhn thinks its Origin is undoubtedly of 


more ancient Date. If we may credit Jeſe- 
bus, (of which Opinion were alſo Pliny, Dio- 
dorus Siculus, and Cicero, the Afſyrians and 
Chaldeans were the firſt after the Flood who 
applied themſelves to the Study and PraQtice 
of the Mathematics. From the Afyrians and 
Chaldeans it was transferred into Egypt by A- 
braham, who, by the Command of Goo, 
left his native Country, and coming thither, 
found the Egyptians to be of a remarkable 
Diſpoſition for learning mathematical Arts ; 
he therefore communicated to them Arh- 
metick, Geometry, and Aſtronomy. The E- 
gyptians, flouriſhing very much in theſe Sci- 
ences, gave Occaſion to Ariſtotlè to ſay, that 
the Egyptian Prieſts were the firſt Inventors of 
the Mathematical Arts, who, by Reaſon of 
their Employments, had ſufhcient Time upon 


their Hands for making Diſcoveries in thoſe _ 


Arts. From hence theſe Sciences were carried 

to Greece by Thales of Miletus, who travelled 

into Egypt for the Improvement of himſelf in 

Learning. He is ſaid to have found out the 

5th, 15th, and 26th Propoſitions of _ 
| Boo 
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ßlöͤ,̃, ! 
Book of Euclid, as alſo the 2d, hy 4th, 
and 5th of the fourth Book. He began to 


obſerve the Equinoxes and Solſtices, and was 


the firſt who foretold ati Eclipſe of the Sun, 
and alſo one of the Moon to Kitig Cyrus; he 
is therefore juſtly accounted, and ought to be 
looked upon, as the firſt Founder of the Ma- 
thematics in Greece. He flouriſtied 584 Years 
before Chrift. (Vide Stanley's Lives of the Phi- 
loſophers.) . | 
Thales was ſucceeded by Pythagoras, a Phi- 
loſopher of Samos, who greatly improved and 
adorned the Mathematics. He found out the 
32d, 44th, 47th, and 48th Propofitions of 
the firſt Book of Euclid, but is eſpecially cele- 
brated for the Invention of the 32d and 47th; 


for which (as Apoll:dorus fays) he ſacrificed a 


* Hecatomb to the Gods, He firſt laid open 
the Doctrine of Incommenſurables and the five 
regular Bodies. He was the firſt (that we read 
of) who opened a School wherein Youth 
might learn thofe ſublime Arts and Sciences, 
Pythagoras was ſucceeded by Anaxagoras of 
Clazomena and Oenopides of Chios; theſe were 
mentioned by Plato: and Ariſtotle affirins 
that Anaxagoras wrote a Treatiſe of Geometry, 
and Proclus afcribes the 12th and 23d Pro- 


poſitions of the firſt Book of Euclid to Oenopi- 


des. After theſe came Briſs, Antipho, and 
| 2 \ Hippocrates, 
* Thintomb (in from iy2vov a hundred, and 5; Oxen) 


was a Sacrifice of an hundred Oxen. Strabo ſays this Cuſtom 
came from the Lacedemonians ; who having 100 Cities in their 


Country, each City uſed to Sacrifice a Bullock every Year. 


Some derive the Word from «ary and Ti; a Foot, and nerce 
conclude that a Hecatomb conſiſted only of 25 four-footed BGH. 


wo Month in which this Sacrifice was made is called Hecatom- 
tolls | | 
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Hippocrates, who are all celebrated by Arif- 


fotle, for attempting the Quadrature of the 
Circle ; but of theſe Hippocrates was by far 


the moſt famous ; from a Merchant he be- 
came a Philoſopher and Geometrician ; he firſt 
attempted the doubling of the Cube by two 
mean Proportionals, and (as Proclus obſerves) 


was the firſt who wrote Elements, and digeſted 
into Order what Diſcoveries had yet been made 
both by himſelf and others. Democritus was 


admirable in Philoſophy and Mathematics, 
but his Writings were all deſtroyed, (as ſome 


Authors think) by Ariſtotl's ambitious Deſire 


of having no other Writings but his own read. 


Plato (who is reported to have been a Scholar 
to Theodorus Cyrenæus added great Luſtre to 


the mathematical Sciences: He vaſtly enlarged 
Geometry with great and noble Additions ; 
he illuſtrated and ſet off his Books of Philo- 
ſophy in a mathematical Way, and encouraged 
whatſoever was admirable either in Mathema- 
tics or Philoſophy. Over the Door of his A- 
cademy was this Inſcription in Greek, ** Let 
no one ignorant of Geometry enter here.” 

Out of Plato's Academy proceeded a Num- 
ber of Mathematicians ; hence proceeded Leo- 
damus the Thracian, who practiſing the Ana- 
lyſis received from Plato, found out many uſe- 
ful Things by the Help of it; Theetetus the 
Athenian, who is rendered famous as well by 


* 


Plato's Encomiums (who inſcribed a Dialogue 


to his Name, ) as by his own Inventions ; twas 


he that wrote the Elements and the Inſcription. 


of the regular Bodies: Archytas allo wrote 
Elements, and his doubling the Cube is men- 


tioned 


4 


FT 
tioned by Eutocius ; he has alſo the Honour of 
being the firſt who applied Mathematics to Uſe 
in Life. Gellius reports, that by his Contri- 
vance a wooden Pigeon was made to fly ; he 


being followed therein by Daedalus and others, 


yielded Matter to the Poets for Fables. Mes- 
clides is famous on Account of his Scholar 
Leon, who wrote Elements of the Mathema- 
tics, improved them, and made them more 
fit for the Uſes in Life. Fudoxus was not in- 
ferior to Leon, for to him we are indebted (as 
ſome Authors affirm,) for the whole gth and 


the principal Propoſitions of th: 2th Book of 


Euclid. He firſt framed the at], Hy- 
potheſis, and following Archytas, derived down 
the Springs of Geometry to Mechanics, Amy- 
clas the Heracleot, Menechmus, his Brother 
Dinoſiratus, and Helicon of Cyzium, all much 
unproved and augmented Geometry. Theu- 
dius and Hermotinus rendered the Elements 
more perfect and full, Xenocrates, the Maſ- 
ter of Ariflotle, was a Man famous for the 
Mathematics: A Perſon ignorant of Geometry 
being deſirous to be his Auditor, he anſwered 
him thus, © Go thy Way, for thou wanteſt 
the Handles of Philoſophy.” Theſe were all 
Platoniſis. | FER 

Ariſtotle's Books are all full of mathematical 
Arguments: Two of his Scholars are eſpecially 
celebrated ; Eudemus, who compoſed a mathe- 
matical Hiſtory, and Theophraſius, who wrote 
two Books of Numbers, four of Geometry, 
and one of Indiviſibles. To Arifteus, I/idore, 
and Hypficles we are indebted for the Book of 
Solids, Laſtly, Euchd of Alexandria, gather- 


ing 
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ing together the Inventions. of others, diſpoſed 


them into Order, improved and demonſtrated 
them more accurately, and left us thoſe Ele- 


ments which lay a ſolid Foundation for all the 


Branches of mathematical, Knowledge. He 
taught in the Reign of Ptolemy Lagus, A. R. 
454. The two laſt Books are attributed to 
Hypficles, and not to him. He died A. A. C. 
284. He was followed, about 100 Years af- 
ter, by Eratoſthenes and Archimedes : The 


Name of the former was very famous, but his 


Writings are loſt. We have many Remains 


of Archimedes, but more are ſuppoſed to' be 
tolt. Polybius, Plutarch, and others have de- 


livered us his Inventions. From him proceed- 
ed that Saying, AS; 79 d u Thy IV ¶α,ñu, i. E. Let 
me have where to ſtund, and I will move the 


Earth which Way I pleaſe. Conon was cotem- 


porary to him: He was a Geometrician and 
Aſtronomer, and his Death is lamented by Ar- 
chimedes in his Book of the Quadrature of the 
Parabola. Theſe were followed by Apollonius 
of Perga, who was called the 9 Geome= 
trician on Account of his Conics, of which 
there are now extant ſeven Books. To him 


are alfo aſcribed the fourteenth and fifteenth. 


Books of Euclid, which were contracted by 
Hypjicles. Hipparchus wrote twelve, and Me- 


nelaus ſix Books of Subteaſes in a Circle; there 


are alſo extant three Books of the latter con- 
cerning ſpherical Triangles. Theodo/ius wrote 
three Books: of ſpherical Friangles, which are 
pretty well known. 


In the Year of Chrift 70 flouriſhed Claudius 


Ptolemy : He was not ons famous in Aſtro- 
2 nomy, 
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PREFACE. 
nomy, but in Geometry alſo; which (beſides 
other Things written by him) his Books of 


Subtenſes do eſpecially teſtify. He contracted 
the fix Books of Menelaus and twelve of Hip- 
parchus into five Theorems. 

Plutarch's mathematical Problems are till 


extant; and many are to this Day ſenſible of 
the learned Commentaries of Eutoctus on Ar- 


chimedes. 


The Inventions of Philo, Diocles, Nicomedes, 
Fora and Heron, concerning doubling the 
ube are recited by him. The Genius of the 
latter was excellent both for Mechanics and 


Geometry ; his doubling the Cube is likewiſe 


recommended by Pappus before all others. 
The Works 'f Cteſibius, to whom we owe 
the Invention of Pumps, are. celebrated by 


Proclus, Pliny. and Ath-naus. The Name of 
Geminus is not in the loweſt Place among Ma- 


thematicians : Nicomachus was famous for 


arithmetical, geometrical, and muſical Monu- 


ments; and Serenus well known for his two 


Books concerning the Section of a Cylin- 
der. 

Proclus, Pappus, and Theon are alſo cele= 
brated among the Ancients: The learned Com- 


mentaries upon Euchd by Proclus ſhew what 


a Geometrician he was: The Praiſes of Theon 
alſo are deſervedly great; but I ſhall conclude 


with Pappus, the laſt in Time among the 


Ancients, who in Reputation ought to be 


reckoned the firſt : He was of Alexandria, the 


moſt fruitful City of great Men, and lived in 
the Year of Chriſt 400: The two firſt of the 
ſeven Books of his mathematical Collections 
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PREFACE. 0 
are loſt; the other five abound with ſo many 
various and moſt noble Inventions in many 
Parts ot the Mathematics, that they are eſ- 
teemed among the chief Monuments of the 
Ancients which have come down to us. 

To particularize the Works of all who have 
written on Geometry would require a Volume; 
we ſhall therefore only give a Liſt of as many 
Authors as we can recolle& ; viz. Contractus 
in the Year 1000. Cauſanus 1440. Regiomon- 
tau ius 1464. Wernerus 1480. Barbarus 1490. 
1 urerus i co. Fineus 1540. Billingſiy 1570. 
Caudaila 1578. Keckermannus 1603. Clavius 
1604. Severus 1630. Cavallerius 1635, Ramus 
1656. Ghetaldus 1640. Torricellius 1644. P. 
Gregory 647. Leotandus 1654. Fournier, 
Wallis 165 5. S. Angelus 1658. Carragius 16 59. 
Fabry 1669. Paraie 1671. Guarinus 1671. 
Malmſburienſi 167 3. Bartholinus 1674. De- 
chales 1674. Ceva 1678. Barrow 1678. Hen- 
rion 168 3. D. Gregory 1684. Scotus 1688. 
Sturmius 1689. Leybourn 1690. Oughtred 
1693. Hugonus 1698. Gottignies 1699. Gui- 
donus, Vivianus 1701. Tacquet by Whiſton 
1703. Harris 1705. Ward 1706. Meſſieurs 
de Port-Royal 1711. Keil 1728. Stone 1731. 
Molſius 1732. Martin 1739. Clareaut 1741. 
Le Clerc 1742. Simpſon 1747. Muller 1748. 


Halfpenny 1753. Cowley, “ Simſon 1756. 


a 2 e 


12 is with Pleaſure we acknowledge our Obligations to this 
great Reſtorer of Euclid, (Profeſſor Simſon of Glaſzonv, ) for ſeve- 
ral valuable Remarks: And therefore the Theorems, c. which 


are taken from Euclid, are frequently given in the Words of his 
correct Tranſlation, | | | 
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PREFACE. 


What we have chiefly endeavoured in this 
Ess Av, has been to give clear Demonſtrations 
of the moſt valuable Propoſitions of Euclid and 


other celebrated Authors, both ancient and 


modern; that the Reader might acquire a com- 
petent Degree of Knowledge in Geometry, for 
an Introduction to the numerous Branches of 
Mathematics and Philoſophy, at a moderate 
Expence of Time and Application. 

It is common indeed for Profcilors to recom- 
mend Euclid to their Pupils ; but though it 
muſt be allowed that the Demonſtrations of 
Euclid are in general both elegant and accu- 
rate, yet if it be conſidered, that at the Time 
Euclid wrote, it was thought ſufficient to un- 


derſtand his Elements to be a celebrated Ma- 


thematician ; whereas they are now only an 


Introduction to other Arts : It would not, we 
think, be right to adviſe young Men to ſtudy 


Euclid thoroughly, as it would take up more 


Time than they can conveniently ſpare. Of 
this the learned and Reverend Mr. Bedwell was 
ſo ſenſible, that he ſays, In what Time, 


« think _ may a Man learn all Euchd, and 
* ſo im be made ſkilful in this Art ? By 


And with the Help of another, although 
very expert, I will not promiſe him that bh 
% ſhall attain to Perfection in many Years. -— 


% Ramus, my Author, in reading him, con- 
« feſſeth himſelf often to have been at a Stand; 


* often to Fave loſt himſelf; often to have hit - 


L on 


In bi Preface to his Tranſlation of Ramus's Geometry, 
printed | in the Year 1636. | | 


himſelf I know not whether ever or never: 
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„ on a Rock, when he thought he had 


« touched Land.” He ſoon after adviſes 
his Reader by no Means to refuſe the Aſ- 
ſiſtance of a Teacher, if he can get one, be- 
cauſe if he be not of a great Genius, he can- 
not otherwiſe attain unto any great Perfection, 
without much Labour and Loſs of precious 
Time. 1 He ? | 
The Method of Demonſtration we have 


Choſen to make uſe of in this Ess Ax, is the 


ſynthetick, that it might be underſtood inde- 
pendent of Algebra, and make the Reader ac- 
quainted with the ancient Method of Reaſon- 
ing, which hath been always juſtly admired for 
its Accuracy. As Euchd's Demonſtrations 
(except a few which were corrupted by Theor 


and ſome others,) have ſtood the Teſt of more 


than 2000 Years, we have endeavoured to fol- 


low him as nearly as might be conſiſtent with 


our Plan; and if we are not miſtaken, the 
Reader will here find all that is“ neceſſary by 
Way of Elements, and may acquire a compe- 
tent Degree of Knowledge in much leſs Time, 
and with greater Eaſe, than could be done by 
M Elements of that juſtly celebrated Au- 
thor. „ | 


, However, perhaps ſome Readers may find ſeveral Propo- 
fitions in ſome modern Authors not taken Notice of in this Eſſay, 


Which they may think too valuable to be pailed by in Silence: If 


ſo, we would only hint, that being deſirous of having the Ele- 
ments as ſhort as could be conveniently done, for the Eaſe of the 
young Student: We muſt beg Leave to refer ſuch Readers to the 
End of our intended Eſſay on Trigonometry, for a Number of 
other geometrical Propoſitions, as we intend in that Place to give 
a Collection of many, by Way of Exerciſe in Geometry, Trigo- 
nometry, and Algebra. | ; | 
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PREFACE. 


Tt is probable this Work will meet with Cen- 
ſures of oppoſite Kinds ; ſome who are bigotted 


to Antiquity may perhaps condemn it, be- 


cauſe we have taken the Liberty to alter the 
Order and Demonſtrations of ſome of the Pro- 
poſitions; whilſt others who look upon the 


Ancients with too little Veneration, may blame 


us for not having taken greater Liberties : But 
as we have endeavoured to keep clear of each 
Extreme, the Cenſures of both theſe Sorts of 
Perſons will give us no Concern. 


Bideford, Auguſt 15, | tO 12 
1759. B. DONN, 


7 of Problems, including the Conſtructions and 
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BOOK I. 
7e INT RODUET ION. 
EO MET RT originally according to 


its Etimology ſignified the Art of 
meaſuring Land; but now is the Sci- 


and Magnitude of Bodies in general. 
2. Geometry is either Theoretical, or Practical. 


Theoretical Geometry is the Science of Quantity, 


Extenſion, or Magnitude, abſtractedly conſidered: 
And is what we ſhall principally treat of in this 
Eſſay. 

Practical Geometry is the Application of 
Theoretical Geometry to the Conventences of Life 
and Commerce, Sc. which make up the principal 


Bulk of the Mathematicks. We ſhall therefore only 


juſt touch on this Part in this Eſſay ; intending to 

treat of its ſeveral Branches in ſome future Eſſays. 
4. Geometry may alſo be divided into Plaue and 
Solid. Plane Geometry treats of the Properties of 
B Lines 


ence which e ee the Extenſion 


CE Definitions. 


Lines and Superficies and is what we ſhall confine 
ourſelves to in this Eſſay. 

5. Solid Geometry conſiders the Properties of 
Bodies, with Regard to their Length, Breadth and 
Thickneſs, Of which hereafter. . 

6. Euclid's firſt Definition is, | 
A Point is that which hath no Parts, or which 
hach no Magnitude. 


Zo 
7: A Line is Length OO Breadth. 


8. The Ends, . or Extremes of a Line 
are called Points.“ 


4. 

9. A right Lint, or „ Wratgbe Line, i is that which 
ies evenly between its Points ; or which is the ſhort- 
eſt Diſtance from its extreme Points. Anda Line, 
which lies unevenly between its extreme Points, is 
called a curve Line. 


10. A Superficies, or 2 is that which hath 
only Length and Breadth. 
6. 
11. A Surface is bounded or terminated by Lines, 
or the Extremes of a Superficies are Lines. 


12. A plane Super ficies is that which lieth evenly 
between its Bounds z or that in which a right Line 
joining any two Points taken any where in it will be 

wholly 1 in that Supcricies. 
| 8. 

Is els, and therefore omitted, 


A redtilineal Angie is the Inclination of two- 
8 Lines to one another, caveting in a Point; 


which 


* As ſome have objected to the firſt Definition, it may not be 

' improper to remark, that hence it follows, a Geometrical Point. 

is not a Quantity, but the End, Term, or Bound of a Quantity ;. 

and therefore indivifible ; and conſequently Zuclid's Definition. 
that a Point hath no Parts, or Magnitude, is very juſt, 


| Definitions. . 
which Point is called the angular Point or Vertex. 7 
, Or it is the Opening of two right Lines, which 

meet in a Point. 

Note. When there are two or more Angles at the / 

ſame Point, it is common to expreſs the Angle by. 

three Letters, of which the middle- one is at the Ver- 

tex, and the other two at the Lines forming the | 
Angle. Thus DBC or CBD, Plate 1. Fig. 1. ſig- _ 
nifies the Angle at B, formed by the Inclination of | 
the Lines DB and CB. And ABD, or DBA the 

Angle at B, formed by the Meeting of the Lines 

AB, DB. But it there is but one Angle at a Point, 

it is generally 7 by the _ Letter at that 

Point. 

| 10. : 

14. When a right Line, ſtanding on another EF Plate 1. 
Line, makes the Angles on either Side of it equal to Fig. 2. 1 
each other; each of theſe Angles is called a right ' = 
Angle. And the right Line which ſtands on the 
other is called a Perpendicular to that other. 

Tho 2: 
. 5. An obtuſe Angle is that which is 1 than a Fig. 3. 
right Angle. 

| If. 

16, An acute Angle is that which is leſs than a Fig. 4. 

right Angle. 

ni 3 
Is uſeleſs and therefore ory 


17. A Herre is that which i is inc by one or 
more Boundaries. 
18. * 

18 A Circle is a plane Figure, contained by one Fig. 5. 
Line, called the Circumference ; to which all right 
Lines drawn trom a certain Point within the Figure, 
are equal to each other. Which right Lines are 
called the Radi. h 


Definition.. 
E 
19. Ad that Point within the Figure from 
which the equal Lines are drawn, is called me 2 
ter. 

T "ps 7s | 
20. A Diameter of a Circle is a right Line drawn 
through the Center, and terminated on both Sides 

by the Circumference. 

21. Scholium. At the End of this Definition moſt 
Copies add, © which divides the Circle into two 
4 equal Parts.” But this is not properly a Part of 
the Definition, but a Corollary following from it ; 
the Truth of which plainly appears by ſuppoſing one 
of the Parts into which the Circle js divided to be 
laid on the other ; for it is manifeſt in ſuch Caſe 
they will both coincide, otherwiſe the right Lines 
. from the Center to the Circumference could 
not be equal; and if they coincide, they muſt be 
equal, by Axiom 8. 

18. 

22. A Semicircle is a Figure contained by a 
Diameter, and that Part of the Circumference of a 
Circle cut off by the Diameter. | 

I 

23. A begment of a Circle is a Fi igure contained by 
a right Line and the Circumference cut off by it, 
(This is not uſed in the Elements.) 

289 

24. Retrilincal Figures are e ſuch as are contained by 
right Lines. 

21. 

25. 7 rilateral Figures, or T; riangles, by three gh 
Lines, 

22. 

26. Quadrilateral Figures are contained by four 
right ] Lines, 


23, 
27, Multilateral Figures, or Polygons, by more 
than four Tight Lines. 


241 
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28. An Equilateral 2 N is that which has Fig 6, 
three equal Sides. | 


25. : 
29. An n 7 riangle is that which has only Fig. 7. 
two Sides equal, 4 | 

2 


30. A Scalene 7 rjangle is that which hes three Fig. 8, 
unequal Sides, 


27. 
31. A right angled Triangle is that which has one 


of its Angles a right Angle. 
28. 


32. An obtuſe angled Trigngle is that which hath Fig. 8, 
an obtuſe Angle. 


Fig. 9. 


29- 
33- An acute ak T; riange is that which has pi 
BY... acute Angles. * 
34. A Square is a four ded Figure, whoſe Sides Fig. 16, 
are all equal, and Angles all right Angles. | 
31. 
33. An oblong, refangle, or right angled Parallels. 
gram, is that four ſided Figure which has all its An- 
gles right Angles, but not all its Sides equal. | 


32. 
36. A Rbombus is that which hath four equal Sides, 
but its Angles not right Angles. 


33. 
37. A Rhomboides is that which has its oppoſite 
Sides equal to one another, but all its Sides are not 
equal, nor its Angles right ones. 
Note. For a Definition of a Parallelogram, ſee Art. 


97. 

38. Scholium. In moſt Copies of Euclid, there is 
another Condition added, viz. ©* that its oppoſite 
„ Angles are equal,” But this is not neceſſary, 
for we ſhall demonſtrate hereafter, that all quadri- 
lateral Figures whoſe oppoſite Sides are equal, have 


alſo their oppoſite Angles equal, (See Art. 98. ) 
34 


Poſtalares. 


34. 
39. AN other quadrilateral Figures beſides theſ 
are called 7 Taperiums. 


| 35. 

1 40. If two Tf AB, ©, meet any other Line 
1B '4* BD, ſo as to make the Angles 4 and 6, at the ſame 
Side e ual, they are called parallel Lines. 

N. B. We have here given a different Definition 
5 Euclid, becauſe it will render ſome of our De- 
monſtrations more compendious, Fc. However its 
Agreement with Euclid's, that two parallel Lines 


it nfinitely produced could never meet, is demon- 
{trated in Article 96, 


| N 


41. Let it be granted "IR a right Line may be 
drawn from any one Point to another. 
{FE | 
42. That a finite right Line may be produced to 
any Length in a right Line. 


3- 
43. And that a Circle may be deſcribed from any 
Center, at any Diſtance from that Center. 
| Scholium. And that Diſtance is called the Radius. 


GL 

44. That from a given Point and right Line may 

be drawn, either parallel to another right Line; or 

fo as to make any given Angie with that other 

right Line. | 

N. B. In demonſtrating the following Theorems 

we (hall not refer to theſe Poſtulates; becauſe the 
Learner will readily ſee where they are ſuppoſed. 


AX10MS$, 


Axioms. 


 Ax1oms. 


45. . Things equal to fs and, the ſame' Thing, or 
to equal Things, are equal to each other, 
*. 
46. If to equal Things, equal Things be added, 
the Whole will be equal. 


3. 
47. If from equal Things, equal Things be taken 
away, the Remainders my be equal, 


48. If equal Things be: added to voequal Things 
the Wholes will be daun. 


' 
49. If equal Things be taken from unequal 
Things, the Remainders will be unequal. 
6, 
50. Things which are double to one and the ſame 
Thing, are equal to one another. 


7˙ 
51, Things which are Rae of the ſame or equal 
Things, are equal to one another. 
8. 
52. Magnitudes which coincide, that is, which 
exactly fill the ſame Space, are equal to one ano- 
ther. 


„ 

53. The Whole is greater than its Part. 

10. 
54. Two right Lines cannot incloſe a Space 
| 11. 
55. Albright Angles are equal to one another. 
12. 

56. This ſeems to be improperly * amongſt 
the Axioms, and has been the Cauſe of much Debate 
amongſt both the ancient and modern Geometricians; 
for which Reaſon it is here omitted, and a more uſe- 
ful one inſerted, vix. 
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8 Characters. 5 
All the Parts taken together are equal to the 


Whole. Note. This is not in Euclid, though that 
illuſtrious Author frequently makes Uſe of it. 


Characters. 
wy, For Brevity the following Signs are made uſe 
Signiſication. | 
ſ Plus, or more, or and, or to be added. 


| is to be ſubtracted, or taken from another. 
« | A Rettangle, thus ABXBD denotes the 
Rectangle contained under the Length and 
Breadth denoted by the Lines AB and BD. 
Bur we generally expreſs a Square by putting 
| the Figure 2 over the Letter, or Letters, re- 
| preſenting its Side, Thus, AB* ſignifies the 
| Square whoſe Side is AB, or which is the 

ſame the Rectangle ABX AB. 

: | Is to, or to, ) When four Quantities A, B, 
= p09. Je D, are proportional, that 


+ 
— | Minus, or leſs, or that the Quantity following 
X 


, when as A AistoBloisCtoD; we gene- 


nere them n C:D. 
But when three Quantities A, B, C, are pro- 
portional the ſecond is repeated thus, as 
: 5 Bi we | 

qual to. | . 
The Greek Letter Gamma denotes greater 
than. 

A | The Greek Letter Lambda in a vertical Po- 
ſition ſignifics 4% than ; but, | 

£ | TInanhorizontal Poſition ſignifies Angle; and 
with the Addition of the Letter s, as Z's de- 


I notes Angles. 


l In a vertical Poſition ſignifies Parallel. 
AO Signifies Triangle, and with the Addition 
of the Letter 3, as A's, is for Triangles. 


| R | Radius. 


Rt. 


E. 
. 


OBſervations. 


25 Right. Thus, Rt. L. is for Right Angle. 


| Denotes a Perpendicular. 


When a Number is prefixed to any Quantity; 
it ſhews how many Times that Quantity is to be 
taken or repeated: Thus, 6 A, denotes ſix Times 
the Quantity ſignified by A. 

In the following Propofitions, for Right Line, we 
ſhall ory: write,” Zine. 

Though we ſhall make Uſe of the algebraic Signs 
as above explained, yet we ſhall give Demonſtrations 


purely geometrical ; for, to uſe the Words of“ Mr. 


©mpſon, (who is juſtly celebrated for his great Skill 


in mathematical Learning,) * It is not the Uſe of 


Symbols, (which ſome more ſcrupulous than diſ- 
« cerning have condemned, ) but the Ideas annexed 
* to them, that render the Conſiderations geomerri- 
% cal or ungeometrical, In pure Geometry Regard 
„is always had to the abſolute Quantity of ſome 
* one. of the three Kinds of Extenſion, abſtractedly 
*« conſidered ; and whatever Symbols are uſed here, 
“ are to be conſidered as expreſſive of the Quanti- 


_ « ties themſelves, and not as any Meaſures, or nu- 
„ merical Values of them. Thus, by A x B, ta- 


« ken in a geometrical Senſe, we have an Idea, not 


of the Product of two Numbers, (as in the al- 


« gebraic Notation,) but of a real, rectangular 
«© Space, contained under two Right Lines, repre- 
ſented by A and B, and two others equal to them. 


f „„ | | 
„ So likewiſe, Dis not to be underſtood here 


160 


in the Light of an algebraic Fraction, but as a 


* 


Right Line, which is a fourth Proportional to 
three Right Lines repreſented by A, B, and C.— 
Theſe Diſtinctions are abſolutely neceſſary to thoſe 
** who would have an accurate Idea of the Sub- 


0 


«6 ont.” | 
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Theorems, Book I. 


58. THEOREM 1. If two 8 ABC, DEF, 
7 Kg two Sides of the one, AB, AC, equal 10 two 
Sides of the other, Dh, DF, each to each, viz. 
AB equal to DE, and AC equal to DF, and the 
Angles contained between thuſe equal Sides equal, VIZ. 
the Angle A equal to the Angle D; they ſhall have 
the other Side BC equa! to the 5 Side EF, the 
Triangle ABC equal to the Triangle DEF, and the 
other Angles in one 4riangle ſhall be equal to their 
correſponding ones in the other Triangle, each to each, 
viz. thoſe to which the equal Sides are oppoſite ; that 
is, the Angle B equal to the Avgle E, and the Angle 
C equal to the Angle L. 


For if the > ABC be applicd to DEF, ſo that 
the Point A may coincide with D, and the Line AB 
with DE, the Point B will coincide with E, be- 
cauſe AB= DE; and the Side AC will coincide | 
with DF, becauſe C Ag LD; and AC being = DF, | 
the Point C will fall upon the Point F. Hence 
the Points, B and C, coinciding reſpectively with 
the Points E and F, the Baſe BU muſt be = the 
Baſe EF, otherwiſe two Lines would contain a 
Space, which is“ ablurd. . the Side BC coincides 
and is = the Side EF; . the whole A ABC co- 
incides and is = A DEF; . L B coincides and is 
Ei aad 4 Cwithand = F. Q. E. D. 


59. TH:zoREM 2. The Angles B, C, at the Baſe | 
of an Iſoſceles Triangle ABC, and oppoſite to the equal 
Sides AC, AB, are equal to each other; and a Line 
AD biſetting the Angle BAC, divides the Baſe into 
two equal Parts, and is perpendicular thereto. 


For becauſe the Line AD biſects the C A, that is, 
makes the 4. BAD = 4 CAD, and Side AB is = 
AC, and AD common to both, the A ABD = 
. AACD; EB= Ct 1 „bc; 
i AD Lto BC. Q. E. D. 


60. 
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Theorems, Book I. 
60. Conoliany. Hence every equilateral Triangle 
is alſo equiangular. 


For the Sides AB, AC, being equal, from 
above, Z B = LC; and it the A be equilateral, 
the Side CA = CB, and . by this Theorem, 
the oppoſite 4s are equal, viz. LA = AB 
ZAB Ze. Q-E: ©, 


61. ScyoLium., This Theorem is the fifth Propo- 
fition of the firſt Book of Euclid, and is by many 
called the Aſſes Bridge, becauſe thoſe who are not 
capable of learning that Book, generally ſtop at 
this Place; but as Euclid's Demonitration is cer- 
tainly ſomething too difficult to be ſo ſoon entered 
on, we have taken the Liberty to give a different, 
and it is ſuppoſed, a much eaſier Demonſtration, 


62. ThroreM 3. If two Angles B, C, of a Tri- Pl. 1. FI. 


angle ABC, be equal, then the Sides AB, AC, ſub- 
tending the equal Angles, will be equal between them- 
ſelves. 


| For, if AB be not — AC, one of them is T the 


other, Let AB be the greater, and let DB be = 
AC. Then, becauſe in the As DBC, ACB, we 
have DB = AC, BC common to both, and the 
contained Es equal, viz. ZB = EC, the A DBC 


will in every Reſpect be g A ACB, the leſs = the 


greater, Which is abſurd. AB is not unequal to 
Ac, . AB muſtbe = AC. Q. E. D. 


63. CoroLLaky, Hence every equiangular A is 


alſo equilateral. 


For, by this Theorem, the Z2 B being = 
C, the Side AB will be = AC; and in an equi- 
angular A, the 4 A = £4 C, . the oppolite 

A Sides, 


b 1 Ax. 


ade x lb bon 21s) cor RL er DEAREST nnen TRETCINETCY 


6 . 


Sides, BC, AB, are equal. AC = BC = AB, by 
Axiom 1ſt, Q. — D. 


Pl. 1. FI 8. 64. TEORENH 4. A Line AB landing on another 
Li ine DC, making with it Angles, ABD, ABC, 


thoſe Angles taken Gees: are equal to two Right 
Augles. 


5 


For, let EB be a L to DC; then * Z's, E89, 

. EBC, are * Right Angles. But z ABD=" EBD 

„ . EBA; and Z EBA Z ABC = EBC; that is, 
the L ABD=a Rt. £ + EBA. and EBA * 
BCA a Rt. . 


by adding thoſe equal Things together, vix. 
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=_ he Antecedents to the Antecedents, and the Con- 
=_ lequents tothe Conſequents, we have 4 ABD+ 4 EBA 
ll 46. +4 ABC <= 2 Rt. 45+ 4 EBA ; and by taking 
MK away the EBA, common to both Sides of the 
W 145. 2 we find L ABD + L ABC'=2 Rt. £8. 
—_— 65. CoroLLARY I. Hence 7 one of . J be a 
4 Rt. one, the other is alſo a Rt. ; and if one of 


+ them, ABC, is acute, the other, ABD, is obtuſe, 
cet contra. : . | 
66. CoROLL. 2. tuo or more Lines ſtand on 

the ſame Line at the ſame Point, the Angles which 
they make, taken together, will be = 2 Kt. Ls; for 

all the Parts are equal to the Whole. 


67. CoroLL. 3. Two Rt. Lines croſſing each 
other, make 4 Ls, which taken together are = 4 Rt. Ls. 


= 68. CorROLL. 4. All the Ls made about a Peint 
= N. £45, 2 Coroll. 2. 


Pl. 1. F. 19. 69. Theorem g. If two Right Lines, AB, CD, in- 
terſecs each other, the oppoſite Angles are gqual, viz. 
SAEC = 4 BED, and Z CEB = £ AED. 

7 For 


RIES 


Theorems, Book l. | 13 


For AEC + 4CEB = *2Rr. £5, and CEB. 6. 
4+ 4 BED =2Rr. 4s; *- 4 AEC T 
CEB + L BED; from which taking away the 45. 
CEB, common to both, there remains Z AEC = 
BED. After the ſame Way it may be ſhewn « 47. 
that CEB = L AED. Hence the oppoſite Cs are 


equal, Q. E. | = BY 


70. Trrorem 6. Am two Sides of a Triangle are 
ether greater than than the third Side. 


For the neareſt Diſtance to any two Points being pl. 1. F. 1 5. 
* a Rt. Line, BA + AC muſt be T BC. Q. E. D. 9. 


71. Scholium. The Epicureans, as Proclus ob- 
ſerves, derided this Theorem, it being manifeſt to 
the weakeſt Capacity, and *.* required no Demon- 
ſtration : However, as the Number of Axioms 
ought not to increaſed without a Kind of Neceſlity, ; 
Euclid, who is ſcrupulouſly exact, thought proper =} 
to give a formal Demonſtration of it. What we 
have ſaid above is ſufficient. 


; 72. THEOREM 7. If a Line EF, croſſes two pa- Pl. i. F 20, 
= rallel Lines, AB, CD, the alternate Angles, AGH, 

= GHD, are equal to each other ;, and the two interior 

. Angles, BGH, GHD, «pon the ſame Side, taken to- 
gelber are equal to two Right Angles. 


For, the Lines AB, CD, being II, the AGH 
CHF; and . GHD: = AHF, AGE * 
LHD. (After the ſame Manner it might be = 
= ſhewn that 4 CHG = 4 HGB.) Again, it has | 
been juſt ſhewn that 4 AGH = 4 GHD, 
= £4 BGH + £4 AGH* = BGH + 4 GHD. But 4 46. 
EB 4 BGH + z AGHe = 2 Rt. Ss. 4 BGH + 64. 

-£ GHD*=2 Rt. 4% ORE | 


73. 


ww; <6 7 
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„ Tazorrn 8. If a Line EF, felling upon two 
aber. Lines, AB, CD, makes the alternate Angles 
AGH, GHD, equal to each other, the Lines AB, CD, 
will be parallel, 


-PLr.F. 20, 


For the 4 AGH deinge hs = LD by the Suppo- 
* 659. ſition, and £ AGH * = EGB, the Z EGB = 


U 
70. Ho; — CD. Q. E. 


PI F. 21. 74. THEOREM 9. If two Lines AB, CD, be each 4 
of them parallel to another Iune EF, thoſe Lines AB, 


CD, are parallel to each other. jg 
_ For AB being || to EF, the Z AGH *= EHI, 
—_ 0 and the Line CD being [| to EF, the Z EHI! = WR 
4 45 CIK; 12 AGH * CIK ; * AS is 5 11 1 
= +. i 5: 
—_ 76. Scholium. From the bare Definition of paral- Wl 


5 jel Lines, plainly follows this CoroLLagy, that if 
A a Line is L to another Line, it is aiſo L to all the 
: Parallels of that other Line. — See Art. 96. 


"SP 76. Turok EM 10. If any Side BCof a AA RC be 
1 produced, the external Angle ACD will be equal to the 
We | 10 internal and oppoſite Anzles A and B. 
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= : For let the Line CE befj|to BA; then the 
. 41 D B; and, as the Line AC croſſes two 
= -2, || Lines BA, CE, the alternate As are d equal, viz. 
$6.1 ACR = . A. ECD + 2 ACE <£ = 
$9.1 = B4-Z A. But . ECD+ ACE *= E. ACD, 


„„ = B+ ia QE. D. 


SS @ % & b 


77. Corotlarny. Hence the external Angle ACD 

10% greater than either of the internal and oppoſite 

| Angles A, or B; becauſe it is, by this, equal to 
both. 1 ä 


78. 
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78. THEOREM II. The three (interior) Angles of pl. F. 22. 


every Triangle are equal to two Right Angles. 8 1 


For, the 2 A+ £ B = £ ACP, and to theſe 
equals adding 4 ACB, we have C A + 4 B+ 4 
ACB = +; ACD+ 1 ACB: But ACD £4 ACB 
© =. 2 Rt. 485 *-* 46A +4B+4 AGB SZ 2h 
£8 Q 6D. 98 | 


79. COROLLARY I. The three Angles of any Tri- 
angle, taken together, are equal do the three Angles of 
any other Triangle taken together, 8 


80. CoroLL. 2. If in one Triangle, two of its 
Angles, taken together, are equal to two Angles of ano- 


ther Triangle taken together, in ſuch Caſe the remaining 


Angle in one is equal to the remaining Angle in the other 


Triangle. 


81. CoroLlL. 3. If two Triangles have one Angle 
of the one equal to one Angle of the other, then the Sum 
of the two remaining Angles of one Triangle is. equal to 
the Sum of the two remaining Angles of the other. 


82. ConoLL. 4. If in any Triangle one of its Ang- 
les is a Kight Angle, the Sum of the other two is a 
light Angle. | x 


83. CoroLLi. 5. Hence, if in a right-angled Tri- 


angle one of the acute Angles is given, the other is alſo 


known, it being the Difference between the given Angle 
and a Right Angle. 


84. CoroLt. 6. When the Angle contained be- 


tween the Sides of an Iſoſceles Triangle is a Right Angle, 


g 76. 


46. 
64. 


4 45+ 


C 


the other two Angles are each of them half a Right 


Angle. 


For 


Theorems, Book 1 


For one of the Angles being a Rt. 4 by the 
Suppoſition, the Sum of the other two is * = Rt. . 
But the 2.5 at the Baſe of an Hoſceles A are equal; 
each of them muſt de a Kt. , both being 
equal to a Rt. 4, as hath been juſt ſhewn. 


* $2, 
» 59. 


8. Cokol L. 7. An equilateral 1 riangle being * e- 
quiangular, each Angle muſt be equal to one Third of 19 
1 Kt. Angles, or, which is equrvalent, two Thirds of 
4 one Right Angle. 

TE 


1 5 
31 4 6 


86. Conor. 8. If in any Triangle, one of its Angles 
is either a right or an obtuſe Angle, lle other two will 
be each of them acute. 


tilineal Figure, together with four Right Angles, are 
equal to twice as ma,) Right Angles as the Figure has 
Sides. 8 


Pl. 1. F. 23. For any reQilineat Figure, ABCDE, can be di- 
vided into as many T riangles as the Figure has Sides, 

by drawing Lines from any Point F within the Fi- 

. Angles of theſe Triangles are = twice as many Rt. 

| Ls as there are Triangles, that i: dis, as the Figure has 
Sides. And the ſame s are = the As of the Fi- 
gure, together with the Ls at the Point F, which 
is the common Vertex of the Triangles; that is,“ to- 


18 true. 
d 68. 88. CoroLL. 10. All the exterior Angles of any 
reltilineal Figure are together 4qual to TO” Right 
Ales. 


pl. i. F. 24. Becauſe every interior L ABC, with its adjacent 


are 


87. CoroLL. 9. All the interior Angles of am rec- 


gure, to each of its angular Points. And all the 


_ gether with four Rt. £5. 'F herefore this Corollary | 


ag exterior ABD, is =2 Rt. ZS; . all the interior 
together, with all the exterior Ls of any Figure, 
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ate = twice as many Rt. Ls as the Figure has Sides, 
that is, by the laſt Corollary, they are = all the 
interior Ls of the Figure, together with four Rt. 
1s. *.* all the exterior Zs are = 4 Rt. Cs. 


89. ThezorReM 12. The greater Side of every Tri- py | > * 
angle is oppoſite 10 the greater Angle: That is, in 5 
| AABC, let the Side AC be greater than AB, then, 5 
| 1 ſay, the Angle B is greater than the Angle C. | | F 


For AC being r AB by the Suppoſition, let D be 
4 Point in the Side AC, ſo that AD be = AB; and 
ſuppoſe B, D, joined. Then, 4 ADB being the 


exterior Z of A BDC, the 4 ADB*T the interior* 77. . 2 
and oppoſite C: But AD being = AB, the . 
{ ADB® = ABD; . as it has been juſt ſhewn* 59. 7 


that L ADB is T LC, its equal £ ABD mult alſo 
be I Z C, and much more muſt the whole Z B 
(which is TZ ABD) be FZ C. Q. E. D. 


90. CoroLtLarky. Hence, in every Triangle, the 
greater Angle is ſubtended by (that is, is oppoſite to,) þ 
the greater Side. - 


For by the laſt Article, the greater Side is oppo- = 
ſite to the greater Angle; conſequently, the greater 4 
Lis oppoſite to the greater Side. For if any Thing, 7 
A, is oppoſite to another Thing, B, it is manifeſt 
that the Thing B muſt be oppoſite to the Thing A. 
Here again we have taken the Liberty to de- 
viate from Euclid's formal Demonſtration. 


91. Tyrorem 13. If two Triangles, ABC, DBC, p1...p.z6; 
have the ſame common Baſe, the two Sides BD, DC, 
of the inſcribed Triangle, taken together, will be leſs 
than the two Sides BA, AC, of the circumſcribing Tri- * 
angle: But the vertical Angle BDC of the inſcribed = 
Triangle will be greater than the vertical Angle A of 1 
the circumſcribing Triangle. a | 
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As the Sides: BD, DC, are contained within the 
Sides BA, AC, it is manifeſt the Sum of the cir- 


cumſcribing Sides BA + AC mult be F thoſe which 


they circumſcribe, viz. F BD + DC : For whatever 
i hing includes another, muſt itſelf be T that other. 
This is 1o plain, that Monſieur Clairault, a celebra- 
ted [French Geometrician, cenſures Euclid for taking 


the Pains to demonſtrate it. But if a Demonſtra- 
tion be required, as th: Number of Axioms ought 


not to be increaled without a Kind of Neceſſity, it 
may be done thus. Suppoſe BD produced to meet 
the Side AC in E. Then in A ABE we have BA + 
AE* T BE, and to cach of theſe adding EC, we 
find that BA + AE +ECis F BE + FC, but AE 
+ EC = AC, ©. BA +&ACT BE + EC. Again, 
in A E.DC we know that CE + ED * T. DC, and 
to each of theſe adding DB, we find that CE * 


ED + DB T DC + DB; but ED + DB = BE. 


CE + BET DC + DB. But it has been proved 
that BA + ACT CE + BE, much more then is it 
FDC +-DB.: Q. E. D. 


2, That the Z BDC 1s I 2 A may be thus ſhewn. 
The exterior Z BDC of the ACDE is r the interior 
and oppoſite CED; and the exterior 4 CEB of 


of the A ABL is T the interior and oppolite C A. 


Hence we have proved that the 4 BDC is r CEO, 
(or, which is the ſame, CEB, ) which is T CA; 
much more then muſt BDC be T A. 6 


92. TuronruM 14, If two Triangles ABC, DEF, 
have two Sides of the one equal to two Sides of the other, 
each to each, viz. AB=DE, and AC DF; but the 


contained Angle of one greater than the contained Angle 


of the other, viz. the Angle A greater than the Angle 
DEF ; that which has the greateſt Angle between the 


equal Sides will have the N Baſe, viz, BC will 
be — than EF, 


Of 


ar 
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Of the two Sides DE, DF, let DE be that which 
is not T the other; and let DG be a Line = DF, 
making an Z EDG = A; and let the Points F 
and G be joined. Then the two Sides AB, AC, of 
the A ABC are reſpectively = the two Sides of the 
A DEG, and £4 BAC = 4 EDG, by the Suppo- 
fition 3 . the Baſe BC * = Baſe EG. And be- 
cauſe DG = DF, the DFG = DGF ; but the 
 DGF T EGF, and. z DFG is F 4 EGE, 
and much more ſhall the EFG ber 7 EGF. And 
the . EFG of the A EFG, being T 4 EGF, the 
| Side EG is T EF: But EG = BC, and +. BE. 

muſt ber EF. Q. E. D. : lope 


93. TaEeoREM 15. If two Triangles ABC, DEF, 
have two Sides of one, AB, AC, equal to two Sides of 
the other, DE, DF, each to each, viz. AB = DE, 
AC = DF; but the Baſe of one, BC, greater than 
the Baſe of the other , the Angle contained by the equal 
Sides of that which has the greater Baſe, ſhall be greater 
than the Angle contained by the equal Sides of the other; 
viz. the Angle A greater than the Angle D. 


This 1s manifeſt from the preceding Article, being 
only the Reverſe of that ; for if that which has the 
greateſt 2. will have the greateſt Baſe, conſequently 
the greateſt Baſe muſt have the greateſt Z. How- 
ever, Euclid has thought proper to demonſtrate it in 


5 | the following Manner, viz. If the 4 A be not 


„ D, it muſt be either = or A D: But it is not 
equal, for then the Baſe BC would be * = EF, but 
it is not; . 2 A is not = LD. Nor can the Z A 
be AL D; for then the Baſe BC would be A EF, 
but it is not; . £ A is not A Z D, and it has been 
ſhewn not to be S it; . 4 A muſt be T 4 D. 
DO ok | . 


94. THEOREM 16. If two Triangles have two Ang - 
les of one equal to two Angles of the other, each to 
| 2 each, 


N 


20 
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each, and one Side of one equal to one Side of the 


2 80. 


Pl. 2. Fig. 


Zo 


** the 7 Triangles are equal in all Rejpes. 


The two 4s of one being = two Ls of the other, 
each to each, the remaining 4 of one = the re- 
maining L of the other; and . the three Angles of 
one = the three Ls of the other, each to each, 
Let ABC, DEF, be the two As, in which Side BC 
= Bude BE, B= Buer EF, mdg A 


D. Then if the ADEF be ſuppoſed to be laid on 


P1.3.F.3. 


92. 
” os. 


AABC, ſo that Side EF agrees with its equal BC; 
then, ſince / B = LE, the Side ED will coincide 
with the Side BA, and . the Point D will be 
ſomewhere in Line BA; and 4 F being = = > 
Side DF will coincide with CA, and. Point D 
muſt be ſomewhere in Line CA; and conſequently, 
as the Point D is both in the Line BA and CA, it 
muſt be in the Point where they meet, viz. in the 


Point A, and ſo DE = BA, FD = CA, and the As 


in every Reſpect = each other. Q. E. D. 

Note. Euclid having demonſtrated this Propoſition, 
by proving the contrary to be abſurd, we imagined 
this would be more acceptable, as it is both direct 
and eaſy to be underſtood. 


95 Tuson zu. 17. If two Triangles have the three 
Sides of one equal to the three Sides of the other, each 
to each, the Angles of one will be equal to the Angles of 
the other, each io each: Or, the Triangles are ove in 
* Reſpelis. 


For AB being DE, no AC = DF, if the £45 
A, and D, be one T the other, the Baſes BC, EF, 
will be one T the other; but they are equal by the 
Suppoſition : *.* A mult be equal to CD, and 


the As ABC, DEF, are equal in all Relpects; 


and conſequently the LA = LD, 4B = ZE, and 


talen Notice of. 


LC=zF. Q. E. D. — This Demonſtration is 
alſo different from Euclid's, ad are ſome others not 


96. 
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96. TyzoOREM 18. Two parallel Lines AB, CD, 

though indefinitely continued, would never meet; or, in 

other Words, they continue to be at the ſame Diſtance 
from each other. 


Let GF be a Perpendicular to Kt: Line AB, 1 pl. 2. F. 4. 
HEL to CD, and ſuppoſe the Points F, E, joined; 
then the As EGF, FHE, have FE common, 
GEF = EFH. and 4s G, and H, each * Rt. , 7* 
2s; and *.* the As have 2 Ls and one Side of one + 
— 2 4s and one Side of the other, each to each; 
and *.* the ſaid As are equal in all Reſpects, and 94 
conſequently the Side GF = Side EH. Q. E. D. 


97. THzoREM 19. The oppoſite Sides and Angles of 
* Parallelograms are equal to each other, and the Dia- 
meter (or Diagonal) biſetis them, that is, divides 
them into two equal Parts, 


Let the Parallelogram ABCD de divided into two pl. 2. F. 5. 
Parts by the Diagonal BD; then, becauſe AB is {| 
DC, the £ ABD BDC; and becauſe AD is || BC, 


972. 
the alternate Ls are equal, viz. ADB = DBC; i 
„ the two As ABD, CBD, have two 28 ABD, 
ADB, in one, = two 45s BDC, DBC, of the other, 
each to each, and the Side BD common to both As; 8 
2 ABD, CDB are * equal in al] Reſpects, (and » 94. 


conſequently the Farallelogram is divided into two 
equal Parts: ). AB= DC, and BC = AD; ZA 
= { Co: and by adding equals, ABD + 2 DBC = i 
ADB L BDC, that is, 4ABC = CADE ; but 
it has been juſt ſhewn that 2 = & &s the op- 
poſite Sides, Se. as in the Theorem. "Q E. D. 


* A Pallas is a four. ſided Figure, whoſe oppolite Sides 
are parallel, And the Diameter, or Diagonal, is the Line join- 
ing two of its oppoſite Angles. And the Altitude is the perpen- 

dicular Diſtance "ber Wixt hee two oppoſite Sides, 


98. 


Þ 
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98. Tyzortm 20. All quadrilateral Figures, whoſe 


: oppoſite dides are egal, bave their oppoſite * 


. P-. 


95. 


5 equal. 


Let the four- ſided Figure ABCD be divided into 
two As by the Diagonal BD; then AB being = 
DC, BC = AD, ano BD common to both As, 
the As ABD, CDB, have the three Sides of 
one = the three Sides of the other, each to each; 
and . the As are in all Reſpects = each other: 
TEAS CC; CABD = TDBS 4 AxADB = z 
CBD, and conſequently, by adding Equais, 4 ABD 
+ Z CBD = 2; ADB-+ z CDB, that is, 4 ABC = 
ADC, but A has been juſt ſhewn to be= . C, 
ine oppoſire s are equal. Q. E. D. 


99. Tuzon zu 21. Parallelograms, or any other 
Figures between the ſame Te have equal A. 5 
tudes. 


This plaicly PITT Feb Article 96; for by 


that Article the Altitude or L Diſtance between two 


Lines, wherever taken, are equal. 


| 100. Turonzu 22, Rettangles contained under 
equal Sides are equal. 


For ſuppoſe the Diagonals BD, FH, to be elite: 


| Then, becauſe AD = EH, and AB = EF, by the 


Suppoſition, and the Angles A and E both * right 
£5; in the As ABD, EFH, are two Sides, AD, 
AB, and Z A of one = two Sides EH, EF, and 2. 


E of the other, each to each, and. the As ABD, 
EFH, are equal in all Reſpects. In the ſame 


Manner it may be ſhewn that the As BDC, FGH, 
are equal; and conſequently the whole Rectangle 
ABCD = the whole Rectangle EFGH. Q. E. D. 


101. 
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101. CoxolLAR V. Hence, if two Squares hade 
the Side of one equal to the Side of the other, | the Squares 


are equal fo each other. 


102. THEOREM 23. Parallelograms upon the ſame 
Baſe aud between the ſame Parallels are equal. | 


If the Sides AD, DF, of the Parallelograms Pl. a. F. 7. 
ABCD, DBC F, be terminated in one and the ſame 
Point D, it is plain that each of the Parallelograms 
is double of the ABD C, and conſequently they 
are equal to each other. Q. E. D). 

Bur, if the Sides AD, EF, oppoſite to the Baſe 
BC of the Parallelograms ABCD, EBCF, be not 
terminated in the ſame Point, then; becauſe ABCD | 
is a Parallelogram, AD is © = BC p byiche ha 
Reaſon EF = BC , . AD*=EF, and. by ad- 4 77 
ding for Fig. 8. and ſubtracting for Fig. 9. DE, 12 
which is common, we have (AD +DE*— EF + 
DE for Fig. 8. and AD—ED*'= EF —ED for , 
Fig. 9. that is,) AE = DF; ABisalſo* = DC, , = 
and £ A = L FDC, from the Nature .of * parallel 4 22. 

Lines; . As ABE, DCF, have two Sides of one 
AB, AE, and contained Z A two Sides DC, DF, 
and contained FDC of the other, and . the ſaid 
As areiegual in all Reſpects; . if each A be ta- 
ken from the whole Figure ABCF, there will re- 
main ABCD*=EBCF. Q. E. D. 


3 
97 
d a. 


5 1 03. CoxoLLARY I. Hence Parallelograms having 
be ſame Baſe and equal Altitudes, are equal, See 
= Art. 99. 


104. COROLLARY 2. Every Parallelogram is equat 
to a Rettangle baving the ſame Baſe and equal — 


tudes. 


10g. 
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tog. Conor. 3. Hence Parallelograms _— 
equal Baſes and equal Altitudes, are equal, 


106. THEOREM 24. I a T, riangle and Parallels 
gram ſ and upon the ſame Baſe, and are between the 
fame Parallels, the T . is half kh the Parallelo- 
gram. | 


PIl.2.F.;, For let BDC be the A, and let AB be I and = 

* 97. DC, and AD || and = BC, then is ABCD a * Pa- 

rallelogram, on the ſame Baſe and betwixt the ſame 

1 Now, one Side BD of the ABDC is 2 

Pop onal to the Parallelogram ABCD, and *.* the 

DC = + the Parallelogram ABCD: But the 

d roz. Parallclogram, ABCD is * = any other Parallelogram 

, upon the ſame Baſe and en the ſame Parallels, 

- *.* the ABDC< = I of any Parailelogram on the 
* ſame Baſe and between the ſame Parallels. QE. D. 


107, CoroLLARY 1. Hence, if a Parallelogram 
and Triangle have equal Baſes, and are between the 
ſame Parallels, or, which is the ſame * Thing, have 
- equal Altitudes, the Triangle ts oy of the Feralas, 


gram. 


108. Cool. 2. Fence, if SE ries and Reds. 
angle have cqual Baſes and apes; * Triangle is 
Half the Reftangle. 


109. Corort. 3. ence, if two Triangles hove 
equal Baſes and Altitudes, 2 are equal to each other, 


For the Triangles being the Halves of Parallelo- 
grams of equal Baſes and Altitudes, which Parallelo- 
grams are equal, it follows, that if the Wholes (viz. 
the Parallelograms) are equal, their Halves (viz. 
the As) mutt be equal alſo. 


110. 
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i 10. ScHoLIUuM . On theſe two laſt Theorems and 
their Corollaries are grounded the Methods of mea- 
ſuring, or finding the Areas, or ſuperficial Contents, 


of Parallelograms and Triangles. But in Order to 


this it mult be firſt ſhewn how to find the Area of a 


94 


Rectangle ; which may be thus illuſtrated. Let AB pl. 2. . ic⸗ 


be a Line which we ſuppoſe. to be moved towards 
DC, ſo as to continue always || to its firſt Poſition, 
viz. let the Point A be moved in the L Line AD, 


and the Point B in the L Line BC; then it is ma- 


nifeſt by ſuch Motion it will deſcribe a Rectangle. 
And if we imagine the Line AB to be divided into 
any Number of equal Parts, when the Line is gone 


in Length one ſuch Part towards D, viz. got into 


the Poſition a5, it will have deſcribed a Rectangle 
AabB, containing as many little Squares as AB was 
divided into Parts; and when it gets into the Poſi- 


tion dc, two ſuch Parts diſtant from its firſt Poſition, 


it will have deſcribed a Rectangle containing twice as 
many Squares as AB contains Parts: And ſo when 


it arrives at DC, it will have deſcribed the whole 


Rectangle AD CB = as many little 8 (each 
Side = one Part of AB) as there are Units ia the 
Product of the Number of Parts in AB multiplied 
by the Number of Parts in BC: And this is called 
| Meaſuring, or finding the Ares of ſuch 4 
Hence appears the Reaſon why the Produ#? of any 


two Numbers is by Geometricians called the Ret 


angle. 


SCHOLIUM 2,, Hence may be ſeen the Reaſon Why 


3X7 = 7 X 3, or generally AxB=Bx Az; 
which is demonſtrated algebraically in our Mathema- 
tical Eſſays. 


111, Hence, ſince any Parallelogram is equal to 


2 Rectangle of equal Baſe and Altitude, 10 8 
tiply the 


any Parallelogram we have this Rule. Mul 


Number of Parts into which the Baſe is ſuppoſed to be 


26 


Pl. 2 Wa 


3 WF 


b 47. 


Pl. 2. F. 12. 


97 
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divided, by the Number / like Paris contained in its 
Altitude, and the Produtt will be the Area required : 
Thus, for Example. If the Baſe of a 21 
be 6 Feet, and Altitude 2 Feet, then its Arca 1 = 
N S 12 ſquare Feet. 


112. As to Tria gles, every Triangle being half 
of a Parallelogram of equal Baſe and Altitude, No- 
thing further need be ſaid. | 


1 r13. ones cm 25, i of Paral.- 
 lelograms which are about the Diagonal of any Parat- 
Arran, are equal io each other. 


Let ABCD be a Parallelogram whoſe Diagonal is 
AC; and EH, FG, the Paralleiograms about AC, 
that i is, thro which 'AC paſſes; and BK, KD, che 
other Parallelograms, which make up the whole Fi- 


gure, and are therefore called Complements, Then 


will the Complement BK be = the Complement KD. 
For, becauſe ABCD is a Parallelogram, and AC 
its Diagonal, the A ABC = AADC; and be- 
cauſe EKH A is a Parallelogram whole Diagonal is 
AK, the A AEK = AAHK; and for the ſame 
Reaſon AKGC = AKEC, -.* if from the A ABC 
we take away the As AEK and KGC, and from 
the A ADC take away the As AHK and KFC, the 
remaining Quan: ities mult be dequal, viz. the Pa- 
rallelograin BK = che Parallclogram KD. Q.:E. D, 


114. "FOE 26. The Diagonals AC, DB, of 
any Parallelogram biſett each other. | 


For let the Point of cheir Interſection be denoted 
by E. Then, becauſe AD is * =, and BC, and 
the alternate Zs equal, viz. LACB = 4 DAC, 
and 4 CBD=ADB, the As AED, BEC, have two 
LS DAE, ADE, * one Side AD of one = two 
48s ECB, EBC, and one Side EC of the other, 


each to each; „ the As AED, BEC, are * equal 


in 
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in all Reſpects, and conſequently the Side AE = 
Side EC, and Side DE = Side BE, that is, the Dia- 
gonals divide each other into two equal Parts. 


Eno 


115. TazoreM 27. In any right angled Triangle 
the Square upon the Side, ſubtendmg the right Angle, 
is equal to both the Squares upon the Sides containing the 
right Angle. - | 


Let ABC be the A. If we ſuppoſe the Line CAI F. . 
produced to G, ſince £ CABisa Rt. L, the £ | 
BAG will be ſo too, and . one Side of the Square 65. 
upon BA will fall on the Line“ AG, and fo with the 

Line CA will make one Line CG. For the ſame 
Reaſon one Side of the Square on CA will with BA 
make one Line BH. Now, ſuppoſe the Squares de- 
ſcribed, and the Points F, C; B, K; A, D; A, E; » 34. 
joined by Lines; alſo AL || BD. Then becauſe the 
L DBC = L FBA, each being a right one, 
adding the common 4 ABC, we bave the whole | 
DBA © = the whole FBC; and the Side FB*= <© 46. 
BA, and BD = DC: Hence the As FBC, DBA, 
have two Sides of one, FB, BC, and contained 4 
FBC = two Sides BA, BD, and contained DBA, 
of the other, each to each, and. As FBC, DBA 
are“ = each other in all Reſpects: But FB, GC.! 58. 
are || by the Nature of Squares (for the FBA = | 
GAB, being eacha* Rt. , and. FB* || GC,) 40. 
',* the Square BG and A FBC are on the ſame Baſe, | 
and between the ſame Parallels, and. the Square | \ 
BG f= twice the AFBC; and BD, AL, being 106. | 
Parallels, the ParallelogramBL = twice the A DBA; 
but the As FBC, DBA, have been juſt ſhewn to be 
=each other, conſequently the Square BG * = Pa- * 45. 
rallelogram BL. After the ſame Manner it may be 
ſhewn that the Square CH = the Parallelogram CL; 
the Square BG + the Square CH = (the Pa- 46. 
rallelogram BL + the Parallelogram CL, that is =) 
the Square BE. Q. * 1 * 
is A 
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116, ScuoLIvM, This is one of the wat exten. 
ſive and valuable Theorems in Geometry. —— F 


one Example of its Uſe fee iſt. of the Matbematical 


Eſſays, Article 462. We ſhall give another, and 
eaſier Demonſtration after we have treated of ſimilar 
Triangles ; when it will alſo be ſhewn to be only a 
particular Caſe of a more general Theorem. 


1. 
DzriniTIONS. 2 
117. Def. 1. "A Very right-angled Plaillelogriin is 


ſaid to be contained by any two 
of the Lines wtiich contain one of the right Angles. 


118. Def. 2. In every Parallelogram either of tne 
Parallelograms about the Diameter, together with 


Pl.z. F.11, the two Complements, is called the Gnomon. Thus 


Pl.2.F.14. 


the Parallelogram EH, together with the Comple- 
ments BK, KD, is the Gnomon, which is more 
compendiouſiy expreſſed by the Letters BHF, or 
GED, which are at the oppoſite Angles of the Pa- 
ralleſograme which make the Gnomon. 


119. Tuzona EN 1. V @ Line AB 3 divided into 
any two Parts in C. the Square of the whole Line AB, 
viz. ABED, 7s equal to the Squares of the two Parts 


A, CB, together with twice the Reflangie contained 


oy the Parts AC, CB.“ 
Let 


It may be 8 algebraica)ly thus. Letr = AC, 
* = CB, then r + x = x = AB = AD, and. the Ares of the 


Pans, ;. Square ABED* F * FFT = (by 1ſt. of the Mathamat. 


Eſſays, Art. 455) 12 + ara + af, which is the ſame as the The- 
orem. Q. — Hence, if x= r, by F r for 1 


+ zrr + rr == 4rr, the . 


Let CF be AD or BE, and let AH be = CB; 
and let HK be a II to AB or DE. Then, becauſe 
AB. = AD, by takin away e uals CB, AH, 
there remains AC» = Dff. Becau HG, DF -ace 
Parallels, alſo HD | || GE, the oppoſite s of the. 
Figure HGFD are © equal to each other; but the 
{Dis a Rt. . the other 3 are Rt. Pa: and fo. 
HGF D is a! Square each Side AC. By the ſame 
Reaſon CBKG is a Square each Side = CB; and by 
the like Method of Reaſoning ACGH and KEF G are 

Rectangles whoſe Sides are 5, AC and CB. But the 
Squares DG, GB, and two Rectangles AG, GE, 
make up the whole Square ABED. Q. E. D. 127 


120. CoroLLaRy 1. Hence the Square of any Line 
is equal to four Times the Square of half that Line. 


121. THEOREM 2. A ReBangle made by the a 
and Difference of two right Lines is equal to the Dif- 
ference of the Squares of the ſaid Lines.* | 


Let AB, AC, repreſent the two Lines, and AK, 


AG, their F. Let HG be produced to HF, FI. 2, Fig. 
= AB, or, which is the lame, till HF = 
AC + AB. Let FE be || ro AH, and let IK be 


till GF = 


produced to meet FE in E. Then, becauſe HF = 
AC + AB, the Sum of the Lines, and IK = AH 


— A1 = E AC — AB = the Difference of the Lines, 


*tis plain the Rectangle HE is contained under the 
Sum HF, and Difference IK, of the Lines AT, 


8 AB; 


This Theorem may be eaſily demon- 
{trated algebraically. Let the greater Line 
be denoted by a, the leſſer by u, then a +m ©” 
= their Sum, and a — mz =-their Difference; 
then their eir Rectangle is per Art, 1112 


aFmXa—m 42 — * = 9 Orne is he CINE 
Margin, a* — u. . aan fl 
Theorem. Q. E. D. e 
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AB, which we are now to ſhew to be = the Gnomon 
HDB, the Difference of the' Squares AK, AG; 
which may be eaſily done, for G being = AB by 
the Suppoſition, = BK, and DG (= CG — CD 
=" AC — AB) = BC, the Rectangles BD, DF, 
are contained under equal Sides, and are *,* e wal 
to each other; to each adding the Rectangle HD 
common, we have BD + DH = DF + ' HD, 
that is, the Gnomon D 2 Ke Rectangle FER. 


E. D. 


122. Theſe two Theorems are ſufficient for our 
prefent Purpoſe; we ſhall therefore paſs on to the 
We intend hereafter to give alge- 
braic Demonſtrations to all the Theorems of this 


Book. 


BOOK III. 


123. Def. I, QUAL Circles are thoſe hols Di- 
ameters are equal, or from whoſe 
Cones the Lines to the Circumferences are equal : 


Or, in other Words, they are thoſe that IN equal 


Radu. | 


124. 1 This is not, frictly ſpeaking, a 
Definition, but a Theorem, whoſe Truth is mani- 
feſt ; for if the Circles are laid on one another ſo 


that their Centers may coincide, the Circumferences 


will alſo coincide, as the Radii are equal, and 
the Circles will exactly cores, and be.. = 3 
other. 


125. Definition 2. A Line is ſaid to touch a Cir- 
cle when it meets the Circle in one Point, and being 
produced does not touch it in any other Point: And 
ſuch Line is 8 a Tangent to the Circle. 


* 126. 


* 
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126. Definition 3. Circles are ſaid to touch one 
another, which meet, but do not cut each other. 


127. Definition 4. Lines are ſaid to be equally 


diſtant trom the Center of a Circle, when the Per- 


pendiculars drawn to them tom the Center are 
equal. | | 


128. Def. 5. But the Line on which the greater 
Perpendicular falls, is ſaid to be further from the 
Center. od 55 1 


129. Def. 6. A Segment of a Circle is the Fi- 
gure contained by a Line and the Circumference it 
cuts off, (ſee Pl. 2. F. 16.) and the Line is called 
the Chord. | | | 1 Tears 


130. Def. 7. The Angle in a Segment is that 
- which rs contained by two Lines drawn from any 
Poiat in the Circumference (or Arch) of the Seg- 
ment to the Extremities of the Chord Line, or Baſe 
of the Segment. See Pl. 2. F. 17. 


131, Def. 8. And an Angle is ſaid to ftand upon 
the Circumterence which the Lines that contain the 
Angle intercept between them. 


132. Def. 9. The Sector of a Circle is the Figure 
contained by two Lines drawn from the Center, and 
the Circumterence between them. See Pl. 2. Fig. 18. 


I 33. Def. 10. Similar Segments are thoſe in which 
the Angles are equal, or which contain equal Angles. 


134. THEOREM 1. If a Line CD, drawn through pl. 2. F. 9. 
the Center E of a Circle, biſett any Chord AB, it 
will cut it at right Anglts. And if the Diameter CD 
is at right Angles to the Chord AB, it will biſets it. 


For 
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For firſt, Let EA, Ez, be joined; then, becauſe 
AF = Fg by the Suppoſition, and AE * = EB being 
Radii, and FE common, the As AEF, BEF, have 


three Sides of one = the three Sides of the other, 

each to each, and. they are equal in all Reſpe&s ; 
conſequently the 4 AFE BFE, and. each = 

J Q. 4 Do e 


Secondly. But if CD is at Rt. 2s to AB, then, 


fince' AE = EB, the LEAF! EBF; but 


AFE = L BFE, each being a Rt. C per Art. 14. 


Hence, in the As AFE, BFE, are two s and 
one Side of one = two Ls and one Side of the 
other, each to each, and . the As are equal in all 
Reſpects : - Conſequently, 5 their Baſes FA, FB, are 


equal to each other. Q. E. D. 


| PL.z.F.zo, * 134; Tnzont 2. If any Point P, which is 


not the Center, be taken in 'the Diameter ADD of the 
Circle ABCD, whoſe Center is E; then, of all the 
Lines FB, FC, VG, &c. that can be drawn from F 
to the Circumference, that FA, in which the Center is, 
is the longeſt, and the other Part FD of that Diameter 


A is vhe leaſt; and of the others, that which is nearer 


to the Line FA is longer than one more diſtant ; thus, 
FB greater than VC, and FC greater than FG. And 


from the ſame Point FF there can be drawn lo the Cir- 


cumference only two Lines equal to each other, viz. one 
on one Side and the other on the other $*de of the Dia- 


meter AD, making equal Ls with it. 


For 1ſt. Let BE, CE, GE, be joined; then be- 
cauſe two Sides of any A are F the third, BE + 


J but BE =" AR, - AE + EF (< 


BE + EF, and.) IBF. Again, BE being* = 


CE, EF, common, and ZBEF TZ CEF, the Baſe 


© 92, 


BF of the ABEF is t the Baſe CF of the ACEF; 
and for the ſame Reaſon the Baſe CFT Baſe GF. 
Again, becauſe GF + FE is*T GE, and GE = 
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ED, GF + FE muſt be T ED, and taking away 


35 


- 


the Part FE common, GF muſt be FFD, Hence 


we have proved that AF T BF, BFT CF, CFT 
GF, and GFT FD: Which were to be demonſtrated. 
Secondly. Let DFH be an 4 = GED, then we 
affirm the Line FH is = FG, and that no other 
can be equal to it; for that FH = FG may be thus 


ſhewn. - Becauſe GE = » EH, EF common, and ' 


1 GED = DEF by the Suppoſition, the Baſe 
GF «= Baſe FH. Q. E. D. And that no other 
Line can be = FG, we thus prove. For if poſſible, 
let FK be a Line = FG; and FH has been juſt 
ſhewn to be = FG, and. FK would be © = FH, 
that is, the ewo Lines FK, FH, = each other, 
though one is more remote from the Line which 
paſſes through the Center than the other ; which 1s 
contrary to what has been proved above, and *.* 
FK is not = FH, and- *.* cannot be = to FG. 
& E.. | 


135. THrOREM 3. Let ABC be à Circle, and D 
any Point without it, from which Lines are drawn' to 
the Circumference. Then we affirm, that of thoſe 
which fall upon the concave Pars of the Circumference 
AEFC, the greateſt ſhall be DA, which paſſes thro? 
the Center M; and the nearer to it greater than the 
more remote, vir. DET DF, and DF F DC. But 
| of thoſe which fall on the convex Part of the Circum- 
ference, the leaſt is DG, which coincides with. the 
Diameter AG produced; and the nearer 10 it is al- 
ways leſſer than the more remote, viz. DK A DL, and 
DL A DH. And only two equal Lines can be drawn 
from the Point D te the Circumference, one upon each 
Side of the leaſt. 


For, iſt. Let the Points ME, MF, MC, MK, 
ML, MH, be joined; then AM = EM, . ad- 
ding MD common, EM +. MD (* = AM ＋ 
MD) = AD; but EM + MD ©T DE, -.* alſo 
DAT DE. Again, becauſe 4 EMD f zZ FMD, 


EM 
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HEMP = FM, and MD common to both Ag, 
__ EMD, FMD, the Baſe DE * r Baſe DF. By the 
ſame Method of Reaſoning DFI DC. Hence we 
have ſhewn that DAT DE, DET DF, and DF p 
DC. QE. D. | 


Second. Becauſe MK + KD*© I MD, taking away 
equals MK, MG, there will remain KD T DG, 
And becauſe the A MKD is within the A ML“, 
the two Sides MK, KD, taken together mult be A 
the two Sides ML, LD, which include them, (for 
it is manifeſt a Thing containing muſt be T the 

Thing contained ;) and taking away equals MK, 
* ML, the Remainder KD A the Remainder LD. 
In the ſame Manner DL is ADH; DG is the 
leaſt, DK A DL, and DL A DH. Q. E. D. 


Thirdly. Let the Z DMB = E DMK ; then we 
affirm that the Line DB = DK, and that no other 
Line DN can be = DK : For, that DB = DK, 
may be thus demonſtrated. Becauſe MK * == MB, 
MD common, and 4 DMB = 4 DMK. by the Sup- 
poſition, the Baſe DB = Baſe DK. Q. E. D. 
And that no other Line DN can be = DK, may 
be thus ſhewn: DK is = DB, as has been juſt 
proved; . it DN be alſo = DK, then will DN 
be = DB, that is, the nearer to the leaſt = the 
more remote, which is contrary to what has been Wi 
above demonſtrated, and conſequently impoſſible : Wi 
„Nis not = DB. Q. E. . | 


Pl. 3. F.2. 136. ThreoREM 4. If a Point D be taken within a 
Tp Circle, from which there fall more than two equal 
Lines to the Circumference, viz. DA, DB, DC, hat 

Paint D is the Center of the Circle, 


For if it is poſſible that D is not the Center, let 
any other Point E be the Center, in the Diameter 
FDEG. Then, if D be not the Center, DG is * che 
greateſt Line from it to the Circumference, 22 — 
_ g 
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r DB, and DBT DA; but they are alſo equal by 


the Suppolition, which is impoſſible : . E is not 
the Center of the Circle ABC, and in \ the fame 
Manner it may be demonſtrated that no other Point 
but D is the Center. Q. E. D. 


137. TazoreM 5. One Circle cannot cut another 
in more than two Points, BR 


For if it be poſſible, let the Circle ABC cut the 


Circle DEF in more than two Points, viz. in B, G, 
F; and let K de the Center of the Circle ABC, and 


BF, GK, FK, be joined; then, becauſe within the 


Circle DEF there is taken the Point K, from which 
to the Circumference DEF fall more than two equal 
Lines, KB, KG, KF, the Point K muſt be 
the ⸗ Center of the Circle DEF; but it is alſo the 
Center of the Circle ABC, and ſo the two Circles 
ABC, DEF, would have the ſame common Center 
and Radii, and confequently cannot cut each other, 
but would coincide, and . properly ſpeaking, 
would be but one Circle: *.* one Circle cannot cut 
another in three Points, Q. E. D. 


138. A Lemma, or THEOREM 6. If tuo right- 
angled Triangles have two Sides of one, AC, CB, 


] Nl equal to two Sides of the other, DF, FE, each to 


each (viz. AC = DF, CB = FE ;) the remaining 


Side of one AB, will be = the remaining Seo of the 
_ other DE. 


For AB + BC* * = AC?, and DP + EF* = 
DF* : But AC = DF by the Suppolition, *.* AC: 
= DF, AB + BC = DEP + EF*; bus 
BC = EF by the Suppoſition, and ſo BC. = EEE, 
© taking away theſe equals, there remains AB* © = 
DE*, and conſequently AB = DE. Q. E. Davos 
This Demonſtration proves the Theorem to be true, 

when the Side oppoſite to the Rr. , and one of the 
other Sides of one, are 12 * * to the Rt. 
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Land one of the other Sides of 45 other A. 
But it is equally true when the two Sides containing 
the Rt. 4 in one = the two Sides containing the 
Rt. . in the other: for it then becomes the ſame as 
Article 8. 


138. THEOREM 7. Equal Lines, AB, CD, in 
the Circle ABDC, are equally diſtant from the Center 
E; and thoſe AB, ECD, equally dijtant from che Cen- 
ter, are equal to each other. 


Firſt; that if AB = CD, they are equidiltant 


from the Center, may be thus demonſtrated. Let 


EF be L to AB, EG L to CD, and join AE and 
CE. Then the s AFE and CGE being Rt. 4s, 
the As AFE, CGE, are Rt. Z As; and AB, 
CD, are * biſected by the Lines EF, EG; and 
as their Wholes are. equal, their Halves muſt bs 
equal alſo, that is, AF = CG. Hence, in the two 
Rt. As AFE, CGE, are two Sides of one AE, 
AF, reſpectively = two Sides of the other CE, 7 
(for AE, CE, are Radii of the ſame Circle and 
equal,) the remaining Side FE. of one is © = the re- 
maining Side GE of the other; which is all that is 
meant by ſaying, the Lines AB, CD, are equidiſtant 
from the Center. Q. E. D. 


Secondly. If AB, CD, are equidiſtant from the 
Center, it may be eaſily demonſtrated that they are 
= each other. For AE being = CE, and EF = 
EG, by the Suppoſition, the Rt. 4 As AFE, 
CGE, have two Sides of one AE, EF, = two Sides 
of the other, CE, EG, and.. AFT = CG; but 
AF, CG, are the * Halves of their reſpective 
Wholes AB, CD; and as the Halves AF, CG, are 

roved to be equal to each other, their Wholes muſt 

: ſo too; that is, AB = CD. Q. E. D. 


139. THEOREM 8. The Duet AD is the grtat- 


et Line in a Circle ABCD ; and of any others BC, F bs 
bal 
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that BC which is nearer to the Center E, is always 
greater than that more remote FG. 


Ler EI, EH, be the Diſtances of BC, FG, from 
the Center E; and let BE, CE, FE, GE, be 
joined then, it is maniteſt that AF being * = BE, 
ED = = EC, AD is = BE + CE,; but BE + EC >» 
BC, Dr Be. the As BEC, FEG, 
ane tuo Sides BE, EC, of one = two Sides FE, 
GE, of the other; but the contained 7 of one BEC 

the contained Z of the other FEC. BC <P FG. 
Hoods we have proved that ABT BC, bets BCT FG; 
conſequently T any other Line at the ſame Diſtance 
from the Center (becauſe Lines at the ſame Diſtance 
from the Center are 4 each other.) Q. E D. 


140. Hence a Line greater than the Diameter, 
drawn from any Point within the Circle, muſt cut 
the Circumference ; and. any Line withiu a Circle, 
being produced both We: 95 indefinitely, muſt cut the 
| Circumference. 
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141. THEOREM 9. 4 Tine ED meeting the Circle Pl. z. F.7. 


ACG in the Point A, at right Angles to the Radius 
BA, is a Tangent to "the Circle at the Point A. And 
no Lin AK can be drawn from the ſaid Point A be- 
tween the Line ED and the Circumperence, which does 
not cut the Circle; or, which is the ſame Thing, no 
Line AK can make ſo great an acute Angle BAK with 
the Diameter CA, or Jo ſmall an Angle FAK with 
the Line AD, but that it ſhall cut the Circle. 


Firſt. That ED is a Tangent, may be thus de- 


monſtrated. Let any Line BF be drawn; then the 
ABAF being s Re. L A, BF * = BA. + AF", 
E Ba: * Bb T BA the Radius; wherever 


be Point F is 1 in the Line ED, and *-.* the 


Point F will fall without the e eee BF has 
been juſt ſhewn to be T the Radius BA, and con- 
* r its equal the Radius BL. ED 

touches 
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with the Diameter CA, 
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touches the Circle in no Point but A, and *.* it is 
a Tangent to the Circle at the Point A. Q. E. D. 


2dly. If poſſible, Jet the Line AK be drawn 
from A, between the Line ED and the Circumfe- 
rence; and let H be a Point taken in AK, ſo that 
BH may be at Rr. zs to AK, and let G be the 
Foint where the Line GH meets the Circumference. 
Then, becauſe BHA is a Rt. Z A, Rt. d at H, 
the 2 BHA * = Zz BAH + Z ABH, the Z. BHA 
rBAH, and. Side BA r Side BH; but BA = 
BG T BH, the leſs I the greater, which is 
abort * NO Lia AK can be drawn frum the 
Point A, between ED and the Circumference, 


which does nor cut the Circle ; or, in other Words, 
„ no Line AK can make ſo great an acute 2. BAK 
or ſo ſmall an Angle FAK 
with the Line AD, but that the Circumterence 
paſs between the Tangent AD and Line AK.” 
Q. E. D. And this is all that Euclid muſt be un- 
derſtood to mean when he ſays, (in the Greet Text, 
and alſo in moſt Tranſlations, that) the 4 of the 


Semicircle is r any rectilineal &, and the remaining 


4A any rectilineal Z. 


142. CorRoLLARY 1. Hence if a Line touches 2 
Circle in any Point, a righs Line drawn from the Cen 
ter io that e will be perpendicular to the touching 
Line. 


For if that Line be not perpendicular to che Ra- 
has at the Point of Contact, it will cut the Circle 
by this Propoſition. 


143. ' Conor. 2. If a Line touches a Circle, and 
from the Point of Cqutaf? a Line be drawn perpendi- 
cular to the touching Line, the Center of the er 
ſhall be in that Line, 
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144. Scholium. From the Manner in which this 
| Theorem is worded in ſeveral Copies of Euclid, 
| many ſtrange Paradoxes and Abſurdities have been 
deduced by ſome modern Mathematicians, which 
would not have been had they rightly conſidered 
what Euclid muſt mean, and not what the Words 
ſcem to import. 


145. THEOREM 10. The Angle BEC at the Cen- pl. In. 
ter of a Circle, is double of the Angle BAC at the Cir- Fig. 8 & 9. 
cumſerence, upon the ſame Baſe , that is, upon the 
ſame Part of the CONE BC. 


3 Berndt EA · = EB, the Angle EAB, = =£ «= 8. 
FBA. L EAB+ L EBA = 24 FAB; but 4 ® 59. 
FEB = £4 EAB+ EBA, . FEB. = 24 , 76 
FAB. After the ſame Manner may be ſhewn that #5* 
the Z FEC = 24, FAC; hence, adding in Figure 

8th, we have FEB + 2 FEC* =2ZFAB +2zZ « 46. 
FAC, that is, BEC = A BAC. E. DL Or 
ſubtraRting in Figure we find £ FEC — 
4 FEB E 22. FA 2 6 9AM chat is, = 


FAC -L FAB x 2=2 BAC. 1 


. 47- 


146. TruzorREM 11. The Angles in the ſame 8 
ment of a Circle are equal to one another. 


| 
2 


PFirſt then, let ABCDE be a Circle, and F the PI II. 


3 


Center; then, if the Segment BAED be T a Semi- F. 10. 
circle, as in Figure 1oth. the Zs BAD, BED, 
BED, ſtand upon the ſame Baſe BD, . the 4 
BAD - = + 4 BFD, and Z BED = #LBFD; * 6.24 
LBAD * = BED, wherever the Poin 7. E. are 4. 
taken in the Circumference BAED. Q. E. 


Secondly. But if the Segment BAED be A a Se- Fig. ir 
micircle, let F be the Center, and ſuppoſe Lines 
drawn as * in the Figure. Then the Seg- 

ment 


FE 
= 
= | 
1 

| 
1 

; 


quadrilateral Figure, ABCD, deſcribed in a Circle, 


＋ CAB + ABC; but the Z ACB + CAB + 


ABC, greater than a Semuctrele, is leſs than a right 
| Angle ; and the Angle in a Segment ADC, leſs ban a 


EDA, + 4 BCA; but, EFAC * „CBA + £ 
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ment BA EC being T a Semicircle, the Es in it upon 
the ſame Baſe BC are by the firſt Caſe equal to each 
other, that is, £4 BAC = 2BEC; and by the 
ſame Reaſon the Ls in the Segment CAED on the 
ſame Baſe CD are = each other, viz. CAD = 
CED; „ by adding equals, BAC + 4CAD 
= Z BEC ED, that's, BAD = BED. 


ED —_ : 
$47 TarortmM 12. The oppoſite . of any 


are together equal to two right Angles, 


Join AC, BD; then the CAB = £&C DB, 
being in the ſame Segment BADC, and upon the 
ſame Baſe BC; and the . ACB = L ADB, being 
in the ſame Segwent ADCB, and upon the ſame 
Baſe AB: * adding equais, the ADB + „ 
DB rr. ACB +. CAB, that is, L ADC = 
4 ACB+ (CAB; to each of theſe equals adding 
the ABC, we have ADC + ZAB = 2 ACB 


ABC: 2 Rt. L, 4A ADC: + £.ABC 1 = 
2 Rt. s. In the ſame Manner it may be ſhewn 
that the Z BAD + ZBED = 2 Rt. 28. Q. E. D. 


148. Tien 133 e in a Semieirile 
BAC is a right Angle; but the Angle in a Segment 


Semicircle, 10 ate than a right Angie. 


Let E be the Center, abd Lides be drawn as in 
5 e Figure. Then, AE being = EB, the Z EAB 
= ZEBA ; and EA being = EC, the EAC 
TCA. „ adding equals, 4 EAB + Z EAC 
A. ECA. . „ 


1 LBAC * = 4 FAC, . each of them 
| =o 


. georems, Boot = 41 
= 5 a 7 1. 1 the 4 BAC in a Semicirele.i is a Rt. „ 


i Q. E. B 


2dly. The ABAC ring been juſt wess to be 
N Rt. L d., vix. the 4 BAC a Right 2, the 4 ABC. 
| (in the Segment ABC) muſt be A a Rt. . yg, 
Q. E. D. 1 


3dly. The Figure BADC belle quadrilater, the 
ö ABC + L ADC = 2 Rt. 4s; but it has been 1 ,,,, 
a juſt ſhewn that Z ABC A a Rt. 4, cooleqyangy... 
ADC muſt be Ta Rt. 4. „. . 


ö 149. TaroREM 14. In an oblique Triangle id, Pl. III. 
iſcribed in a Circle, the vertical Angle ADC exceeds, F. 149. 1g. 
97s leſs than a right Argle, by the Angle CAB, made 

by the Baſe AC and the Diameter AB, drawn ' from 
either Extremity of the Baſe. | | 


Join DB; then, AB being a Waldes KB * 22, 
a Semicircle, and . C ADB = a Rt. 2, and > 148. 
5 , = CAB, (being in the ſame Ses f * 146, 
ment CDAB, and ſtanding on the fame Baſe BC ;) -. 
adding equals in Fig. 14. the Z ADB + L.CDB « . 18 
„ SAB; but ADB + CDDB 
the whole Z ADC, L ADC = a Rt. Z + £4 
CAB. Q. E., D. And in Fig. 15. ſubtracting 
equals, the 4 ADB — 4 CDB*=a Rt. 4 — 4 47. 
CAB; but Z. ADB = ZCDB= 4 ADC ˖ © 
ADC = a Rt. ECA A TTY 


wr WW izar ä N 


RR Yor 


150. THEOREM 15. In equal Circles, viz. Circles pl. III. 
which have equal Radii, the Angles A, G, at the Cir- F.16&17. 
cumferences, and ſtanding upon equal Chords BC, EF, 
are equal to each other. And if the Angles at the Cir- 
cumferences are equal, the Chords on which they ſtand 
will be equal alſo. 


Let D and H be the Centers, and let Lines be 
drawn as in the Figures. ny Then, BC being = . 
| 8 EF 


42 


296. 
145. 


® 145. 


* 95» 


Pl. IV. 
Fig. 1. 


7149. 


» 146: 
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EF by the Suppoſition, and BD = CD = FH = 


FH being equal Radii, the As BDC, EHF, have 
three Sides of one reſpectively = three Sides of the 


Lather, and, „ BDCT = Z7 ENF ; bur the zZ0 


A, and G, are“ Halves of the Zs BDC, EHF; 


and as the Wholes are equal to each other, tis ma. 
niſeſt their Halves muſt be fo too, that is, . BAC 
6. Q. E. D. 


2dly. If the {> = 4G; : as the 4s A and G, 


are the Halves * of the Zs BDC, CHF, reſpectively, 


and as the Hatves being equal, the Wholes muſt be 
Ao too, the 4 BDC mult be = 4 EHF. But BD= 
EH, DC = HF, being equal Radii, the As BDC, 


Elb, bave two Sides BD, CD, and . contained 


BDC of one = two Sides EH, FH, and Z. con- 


tained EHF of che other; and confequently the As 


themſelves * equal in all ReſpeCts ; . the Baſe BC = 
— QED... 


1761. THzon en 16. Let AB be the Diameter of 
"the Circle ADCB, and FF a Line perpendicular there- 
to, touching the Circle in the Point B; and BD a Line 
cutting the Circle; then I ſay, the Angles made by the 
touching Line LF and cutting Line BD, fhall be equal 


Fo the Angles in the alternate e Segments viz. 2 Ds 


= . DAB, and DBI L DCB, wherever the 
DCB. 


For the vertical DAB of the ADAB is Aa Rt. 


4 by the- Z DBA, made by the Baſe DB and Di- 


amerer BA; and as At. 2, Ne be 
. N. E. | 


Again, the vertical C DCB a the A DCB ex- 
ceeds a Rt. , by the ſaid Z DBA, and. as ABE 
a Ke. the £4 DCgmult be = {.£ ABE + £ 
ASD) = 4 DBE. "Z E.D... Agd the © - DAS 
continues the * ſame wherever the Point A 1s — 

the 


Points A auld ; are taken in the Segments, DAB, : 
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greater, exactly a certain Number of Times. Thus, 
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the Circumference DAB, as does the Z DCB where- 


ever the Point C 1s taken in the Circumference DCB. 
* +; bbix Theorem is true. 


3 BOOK W ‚ã Z. 


Of PrororTION, containing what Fe moſt valuabli 
in Euchd's 1 6th 2 oped 0 


152. De : 1. Leer Magnitude i is ſaid to tb] an 
| 225 aliquot Part of a greater: Magni- 
tude, DD * leſſer meaſures the greater, #. e. 


when the leſſer is contained a certain Number of 


Times exactly in the greater. T hus, 4 is an aliquot 
Part of 3a, a being contained in 3a, 3 Times. 


3. Def. 2. A greater Magnitude'is ſaid to be a 
1 n of a leſſer, when the leſſer meaſutes the 
greater, 1 e. when the leſſer is contained in the 


34 is a Multiple of a, à being contained in ga 3 
Times, and n Xx 618 a Aae of b, for #1 is con- 
tained 1 Times 1 in 7 * b. 


154. The 24 Definition, * „That Ratio is a mu- 


tual Relation of two Magnitudes of the ſame Kind 


to one another in Reſpect of Quantity,“ is rather 
metaphyſical than mathematical, and has been the 
Cauſe of much Controverſy amongſt the modern 
Mathematicians. Indeed it might well be omitted 
without any Loſs, and, as Mr. Simſon juſtly ob- 
ſerves, ſeems to be the Addition of me unſkiltul 
Editor. : „ 


a I55. Def. 4. Theſe b e a 
Ratio to one another, the leſſer of which can be 


multiplied ſo as to exceed he ibs 22 
156, 
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eee RS 5 E20. lte 31D =; 


5 p 4 # 


1 = Def. 5 'Fhe firſt if four Magnitbdes i is gad 
to have the ſame Ratio to the ſecond which the third 
has to the fourth, when any Equimultiples whatſo- 
ever of the firſt and third being taken, and any 
Equimultiples whatſoever of the ſecond and fourth: 
If the Multiple of the firſt be leſs than that of the 
ſecond, the Multiple of the third is alſo leſs than 


that of the fourth; or, if the Mulziple of the 
be equal to that of the ſecond, the Multiple of th 


third is alſo equal to that of the fourth ; or, if the 
Multiple of the firſt be $rencer: chanychaj of (the , ſe- 
cond,' the r the thigh is * greater t 1 


1 ; ved 4 ks 


4 


0 TJOCHIU TL CH, 


"0:2 57» Def. 6.. Magnitudes, 5 aid hade 1 7 
Ratio are called Propoxtionals,. 0 0 2 5 


10 44 
* 


17565 Def. 7. Of a greater. ang, leſs * * 
not zvſed--in wis) Eiſay, we have thought, proper to 
omitlit, as the Theorems which are obſcurely, (if not 
inadchrately) de monſtrated by, it, may be Fre 
ted more clearly hy other Means: 141 % 


GI .. 101 


159. The ſame may be ſaid of the 'ﬆth Debate, 


21 
& « 


viz. © That Analogy or Proportion is a Similitude 


of Ratios, us as ewa pyeeraing the 3d 
Definition. N „ J 25 , 1 


* F$]3 50 155 


160. Def. 9. Proportion code three Terms 
6 ow zm 11 Sosa * 161. 

N f LATEEYS 111 

* This is che true. Domwiral, Debit a of the Ancients ; 


however it may not be improper to give alſo the numerical or alge- | 


braical Definition, viz. Four Quantities are ſaid to be in direct 
Proportion to each other, when the Quotient of the firſt by the 
ſecond is equal to the Quotient of the third by the fourth: Which 


| Nahe, are called Ratios, Or in 'other Words, Ratio is the 


umber expreſſing how often the Conſequent is contained in the 
Antecedent; or by which the Conſequent being multiplied, the 


Produtt will be equal to the Antecedent. | 


_— Book IV. 


161. Def. 10. When e Magnitudes are * 
portionals, the firſt is ſaid to have to the third the 
duphhents Ratio of that which i it has to the ſecond. 


fin Def... 11. e ye Maggitudes are con- 


tinual Proportionals, the firſt is ſaid to have to the 


fourth the triplicate Ratio of: that which it has to che 


ſecond, and ſo forward quadruplicate, &c. increaſ- 


ing the Denomination each Time by Cory in . 


3 . £17 


| Number of ee ed 


163. Def. x25 of: apa Ratio. When there 
are any Number of Magnitudes of the ſame Kind, 
the firſt is ſaid to have to the laſt of them the Ratio 
compounded. of the Ratio which the firſt has to the 
ſecond, and of the Ratio which the ſecond has to 
the third; and of the Ratio which the third. has to 

the fourth, and ſo om Ant che. laſt Magn itude. 


*% +S* 


of the — Kind, the: Giſt, 1 15 « faid, to have to. the 


laſt D the Ratio com g Ne of the Ratio of A tp B, 
and of the Ratio af B to C, and ef the Ratio of 
C to D; or, the Ratio of A to D is ſaid to be cm- 


pounded of the Ratios of A to B. B to C dean to 


D. 5d yer 22 

And if A 4 to B the A Ratio which E Baa 1 to 
F; and B to C the ſame Ratio which G has to H; 
and C to D the ſame Ratio that K has to L.; then, 
by this Definition, A is ſaid to have to D the Ratio 
compounded of Ratios which are the ſame with the 
Ratios of Eto F, G to H, and K to L. And the 
ſame Thing is to be underſtood when it is more 
| briefly expreſſed by ſaying A has to D the Ratio 
compounded of the Ratios of E to F, G to H, and 
K to L. 


In like Manner, the fon Things being ſuppoſed, 


if M has to N the ſame Ratio which A has to D, 
then, for Shortneſs Sake, M is ſaid to e to N the 
Ratio 


45 


46 


Theorniis, Book v. 
Ratio compounded of the Ratios of E to F, G to H, 
mdKeL 1 2917 2 p oy 


164. Scholium. Nothing has been thought more 
difficult, or cauſed greater Diſputes in Geometry, 


than the Definition of compound Ratio given by 


Theon in the 5th Def. of che 6th Bonk of Euclid, 
9/2." A Ratio is ſaid to be compounded of Ratios 
when the Quantities of Ratios being multiplied by 
one another, makes a certain Ratio;“ which is 


faulty, for there can be no Moultiplication but by a 


Number, and ſo the Definition will be ungeometri- 


cal. As to the Uſe ot cumpound Ratio, it is intro- 


duced into Geometry only to reader ſome Nemons 
ſtrations mote conciſt,| or that ſome Propoſitions may 
be more compendiouſly enunciated. It may be fur, 
ther oblerved, „that in any Magnitudes Whatever, 
„ of the fame Kind, AgB, C, Di &ci the Ratio 
«<"compounded-'of the Ratios of che firſt to the ſe- 


4 cond, of the ſecond to, che third, and ſo on to 


«/the lafty is only a Name or Expreſſion, by which 


« the Ratio which the firſt A has to the aſt D is 


&* ſignilied, and by which at the ſame Time the 


4 


* 


„ Clto D, from tht firſt to the laſt, to one another, 


„ whether they be the ſame or be not the ſame, are 


'« jhdicated ; as in Magnitudes which are continual 


„ Proportionals, A, B, C, D, &c. the duplicate 


% Ratio of the firſt to the ſecond is only a Name, or 
« Expreſſion, by which the Ratio of the firſt A to 


the third C is ſignified, and by which, at the 
« {ame Time, is ſhewn that there are two Ratios 


& of the Magnitudes from the firſt to the laſt, viz. 


« of the firſt A to the fecond B, and of the ſecond 


4% B to the third or laſt C, which are the ſame to 


% one another; and the triplicate Ratio of the firſt 


4 to the ſecond is a Name, or Expreffidn, by which 
« the Ratio of the firſt A to the fourth D is ſignified, 
« and by which, at the ſame Time, is ſhewn that 


0 there are three Ratios of the Magnitudes from the 


« fit 


Ratios of all the Magnitudes, A to B, B to C, 
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firſt to the laſt, viz. of the firſt A to the ſecond 
« B, and of B to the third C, and of C to the fourth 
« or laſt D, which are all the ſame to one another; 
« and ſo in the Caſe of any other multiplicate Ra- 
« tios.“ And this is the right Meaning of theſe 
Ratios as uſed by Euclid, Archimedes, Apollonius, 
and other ancient Geometricians. However, that 
of Theon abovementioned is ſtill retained by moſt 


* 


Moderns, and indeed may be made Uſe of when we 


are diſcourſing of Numbers, or of Magnitudes as 
expreſſed by Numbers, though it would be i improper 
in this on Wewer | 


5 Def. 13. In perde thi antecedent 


Terms are called homologous to one another, as 


alſo the Conſequents to one another. | 

Note. Geometricians make Uſe of the following 
technical Words to ſignify certain Ways of changing 
either the Order or Magnitude of Proportionals, ſo as 
to continue (till. to be Proportionals. 


166. Def. 14. Permutando, or alternando, 
Permutation, or alternately: 'T his Word is uſed 
when there are four Proportionals, and it is inferred, 
that the firſt has the ſame Ratio to the third which 
the ſecond has to the fourth; or that the firſt is 
unto the third, as the ſecond. to the an 3 as is 
ſhewn in Article 599: 


167. Def. 15. Trveriendb, by Inverſion ; when 


there are four Proportionals, and it is inferred, that 


the ſecond is unto the firſt as the fourth to the third. 
See Art. 198, 


168. Def. 16. Componendo, 55 Compoſition - 3 


when there are four Proportionals, and it is inferred, 


that the firſt, together with the ſecond, is to the ſe- 
cond, as the third, together with the fourth, | is to 
the fourth. See Art. 200, 


169. 
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169. Def. 17. Dividends, by Diviſo on; when there 
are four Proportionals, and it is inferred, that the 
Exxceſs of the firſt above the ſecond is to the ſecond, 

as the Exceſs of the third above the ane is to the 
fourth. See Art. 201. 


170. Def. 18. Convertendo, by Conver/io on; M4 
there are four Proportionals, and it is inferred, that 
the firſt is to its Exceſs above the ſecond, as the 
third to its Exceſs above the fourth. See Art. 202. 


171. Def. 19. Ex æquali, (ſcil. Diſtantia, ) Or enaque, 
from Equality of Diſtance ; when there is any Number 
of Magnitudes more than two, and as many others 
ſo that they are Proportionals when taken two and 
two of each Rank, and it is inferred, that the firſt 
is to the laſt of the firſt Rank of Magnitudes, as the 
firſt is to the laſt of the others. Of this there 
are the two following Kinds, which ariſe from the 
different Orver'! in which the Magnitudes are taken 
two and uc. 


172, Def. 20. Ernie —— from Equality : This 
Term is uſed ſimply by ſelf, when the firſt Magni- 
rude is to the ſecond of the firſt Rank, as the firſt to 
the ſecond of the other Rank; and ande ſecond is 
to the third of the firſt Rank, ſo is the ſecond to the 
third of the other; and ſo forward in Order, and the 
Inference is as mentioned in the preceding Definition; ; 
whence (is 1 is called Ordinate Proportion. 


17. Def. 21 Ex equali, in proportione pertur- 
bata, ſeu inordinata, from Equality, in perturbate or 
diſorderly Proportion: This Term is uſed when the 
firſt Magnitude is to the ſecond of the firſt Rank, as 
the laſt but one is to the laſt of the ſecond Rank; 
and as the ſecond is to the third of the firſt Rank, 0 
is the laſt but two to the laſt but one of the ſecond 
Rank ; and as the third is to the fourth of 2 9 
an » 


B _ as Mud oY. "I 25 ——_—_ - - ag 
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Rank, ſo is the third from the laſt to the laſt but 
two of the ſecond Rank, and ſo forward in 4 croſs 
Order; and the Inference is as in the 19th Defi- 
nitlon. | | 


174. Def. 22. Similar refilineal Figures ate thoſe 


which have their ſeveral Angles equal, each to each, 


and the Sides about the equal Angles Proportionals. 


115; Def. 43: Two Magnitudes are ſaid to be fe- 


ciprocally proportional to two others, when one of 
the firſt is to one of the other Magnitudes, as the 
remaining one of the laſt two is to the remaining one 
of the frſt, A | 


176. Def. 24. A Line is ſaid to be cut in extreme. 


and mean Ratio, when the Whole is to the greater 
Segment as the greater Segment is to the leſs; 


177. Axiom 1. Equimultiples of the ſame, or equal 


Magnitudes, are equal to one another; that is, if 
A = B, then any Number of Times A = ſame 


Number of Times B; ſo mA nB. 


179. Axiom 2. Theſe Magnitudes of which the 
ſame, or equal Magnitudes, are Equimultiples, are 
equal to one another. AT | 


179. Axiom 3. A Multiple of a greater Magni« 
tude is greater than the ſame Multiple of a leſſer. 


| 180. Axiom 4. That Magnitude whoſe Multiple is 
greater than the ſame Multiple of another, is greater 


than that other Magnitude. 


181. Aviom g. Magnitudes having the ſame Ra- 
tio to one und the ſame or equal Magnitudes, are 


| equal to each other. 


* 102 
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182. Axiom 6. Equal Magnitudes have to ore 


and the ſame Magnitude the ſame Ratio: And the 
ſame unto equal Magnitudes has the ſame Ratio. 


18 3. Axiom 7. Maguitudes to which one and the 


fame Magnitude has the ſame Ratio, are equal. 


184. Axiom 8. If two Magnitudes be referred to 


a2 chird, that is the greateſt which has the gregeel 


Ratio. 


18 5. Axiom 9. Ratios equal to one and the ſame 


Ratio, or to <qual Ratios, are allo equal to one 
another. 


186. Axiom 10. Unequal Magnitudes, compared 


with one and the ſame or equal Magnitudes, cannot 
have equal Ratios, 


I 87, THEOREM I. Magnitudes have the ſame Ra- 


tio to one another which their Equimultiples have. Lt 


a and b repreſent the two Magnitudes, and let m be 
the Number of Times each of theſe are contained in it; 
Multiple; then, ma, mb, repreſent tho 8 


and what w is, that ma: mb : a: b. 


For taking any Equimultiples of the firſt and 


third, viz. cma, ca, and any Equimult 28 dmb, 


db, of the ſecond and fourth; it is plain that if cn 


S dmb, as they are Equimultiples of ca, db, that 
4 = — ab; and it cma A dmb, then ca + A db; allo 


if 


* It may be demonſtrated algebraically 2 The Guede o 
ma by nb is — = = and the Quotient of 4 divided by 6 i 


alſo —. „ n: u :: 4 5. Q. E. b. 


FFF + SAP 


| . Hoo EC, C F, 2 the ſame Alitude, are as F. 2. 
| one another as thanx Baſes, BC en. 


ke ſame Ratio alſo, C. E. D. 
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if ena T dmb, then ca T db. by Art. 56 as 
na: mb :: 4: 3. Q. E. D. 


188. Tmonnte & i „ Quantities, a, b, o, 


d, are proportional, viz. as a: b:: c: d; thu 


any Equimultiples of the two firſt will have the Jame - 
Ratio as any * * * you he viz, as | 


For by Art. 187, As, no: mb 1 B35 , $1149 
And, as, ne: 1d 1: 1 dl. 
But a is to 35 in ſame Ratio as c to ꝗ by the Soß⸗ 
polition, *." by Art. 185, as ma: mh e 470 


| Pwnonka 3. Triangle ABC, ACD; Ol 


Let BD * 3 both Wave to \ihe Fold 1, | 
L, and let BG, GH, be each = BC; and DK, KL, 
cach = CD ;, and let Lines be drawn as in che Fi. | 
| gure, Then, becauſe the As AHG, AGB, ABC, 
nave equal Baſes: and the ſame Altitude, they are* = © 109. 
| each other; „ whatever Multiple the Baſe HC is 
| of the Baſe BC, the ſame Multiple is the A AHC of 


the A ABC. By the ſame Reaſon, whatever Mul- 
. the Baſe LC is of the Baſe D, the ſame Mul- 
EKH n our 


. The algebraic Dated may Kind his, Let a = Baſe 
of the Parallelogram EC, þ == Baſe of CF, and = their Height 3 


| then ah = * Area of EC, and bb = Area of CF. Now it is 


plain that as ah : bh :: a 4 b; for the Quotienvof the firſt Term 


| by the ſecond is =. and the neee 


jt is alſo g +0 it will be, 25 ab : 46 1 2 3. Nb. D. 


And as As are Halves of the Parallelograms, as as Payallelo- 
grams are as their Baſes, their. e wiz, the Ss, muſt be in 
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tiple is the A ALC of the A ADC. And if the 
* 109. Baſe HC be = Baſe CL; the A AHC will be* = 


the AALC; "and if the Baſe HC be r CL, the a 
AHC'r ALC; and if HC be A CL, the AAHC 
156. ie A. ALC.  --!! as BaſerBC Bale GD: rig 
ABC: : AA CD. Q. E. D. 
Again, ſince we have demonſtrated that the tas 
ABC, ACD, are to each other as their Baſes BC, 
* 107, CD, and the Parallelograms EC, CF, are double 
of the As; it muſt follow, that as the H alvcs are in 
Proportion of. their Baſes, their Wholcs (viz. the 
4 187, Paraliclograms) muſt be * ſo too. 1 1 D. 


190, Conotlany, ' From. bence: it is plain that 
As and Parallelograms which have equal Altitudes, 
are to one another as their Baſes. 


pl. V. 191. Tyzorem 4. If a Line DC be drawn pa- 
F.3, 4, f. Tallel to one of the Sides, BC, of a AABC, t ball 
cut the other Sides, or ebeſe Sides produced, proportion- 
ally, (viz, BD: DA :: CE : EA, or AB : AD 

:: AC: AE.) And if the Sides, or the Sides pro- 
duced, be cut proportionally, the Line DE, which 
Joins the Points of Seftion, ſhall be parallel to the re- 
maining Side 17 the 7 15 viz. DE parallel t 


For _ BE, CD, then the As BDE, CDF, 

being on the ſame Baſe DE, and between the ſame 

* 30g, I|s DE, BC, are = each other. Hence, as A 

182. BDE ADE :: * ACDE : AADE. And if 
we oonfider AD, BD, as the Baſes of the As AED, 

BED, the Point E may be conſidered as the Vertex 

of both, and fo a 1. drawn from E to AB would 

= be common to both; that is, both would have the 
"i © 189, ſame Altitude; . As A BDE : AADE :: BD 
4M : DA. And by the ſame Reaſon, as ACDE : A 


| © 185. ADE : CE : EAj 4 @ BD DA *: « CE: 
| EA. Q. E. D. And, by a like Method of Res- 


diz. 


3 


ww 2; 


» + On 
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ſoning, it may be ſhewn that AB: AD :: AC: 


AE. Q. E. D. 9 
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The ſecond Part of the Theorem may be thus 
demonſtrated. By the Suppoſition, as BD : DA :: 


CE: EA; and as BD: DA: AE 


ADE; and as CE: EA:: 'ACDE : AADE; 


. As ADE: AAL: a ⁊· » 
the As BDE, CDE, have the ſame Ratio to the A 
ADE, and. the ABDE* = ACDE, and ſtands 


on the lame Baſe DE: But it is manifeſt that equal 


As muſt have equal Areas, and .“ as the Area of 
a A is z its Baſe into its Altitude, and they 


have the ſame Baſe, they muſt conſequently have the 
ſame Altitude, otherwiſe their Areas could not be 


equal; that is, the L. Diſtance of the Points D and 
E, from the Line BC, are equal, and.. DE. to 
BE. Q. E. D. ; | 


192. THEOREM g. If the Angle BAC, of a Tri- 
angle ABC, be divided into two equal Angles by a Line 
AD, cutting the Baſe, the Segments of the Baſe will 
have the ſame Ratio that the other two: Sides of the 
Triangle have to one another , viz. as BD: DC :: 


© 189, 


4 185. 


f & 
112. 


| 
P — 
* 
E , 
96. 


V. 


Pl. I 
F. 6. 


AB : AC. And if the Segments of the Baſe baue 
the ſame Ratio which' the other Sides of the Triangle 


have to one another, the Line AD, -drawn from the 
Vertex to the Point of cutting, will divide the BAC 
of the Triangle into two equal Paris; viz. BAD = 
A | 


Firſt. Let BA be produced till AE = AC, and 


let CE be joined; then, the ACE. = E: But 
the BAC = ACE + ZE, and as theſe Es are 
equal, each of them muſt be = BAC E DAC, 


that is, . DAC = 4 ACE ; . AD, EC, are* 

to each - other, As D: DC © 5 BA; mm 

C 
Secondly. By the Suppoſition, BD : DC :: AB 


: AC; but AC = AE by the Conſtruction; . as 


BD: DC:: AB: AE; „ AD is II to EC 


0.9 72 
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42 Es £BAD AE, and DAC S ACE“ 
. 4 BAU. 4bAC. Q. E. D. 
8 45 

3 Tusa 6. four Lines, or Numbers, 4 
FA ve by the Letters, a, b, c, d, are proportional, 
Viz. as a: b:: c: d; the Reftanple contained by 
the Extremes is equal to the Rectangle under the Means, 
viz, axd = bx cc. And if the Rettarghe contdined 
by the Extremes be = the Rectangle contained by the 
Means, theſe four Quantities are proportional ; that is, 


A * d S b x c, ben it nll be, i u: b:: 
ee . 


Firſt, Since: aX d, and b dd, are  Eeuimukipley 

» 187, Of a and b, we have, as a X d: l der 4: 6. 

And. ſince by the N „% :: r d, 

186. we have a K d: db: c: d. Bur b Xe, and 

A 4 are Equimultiples of c 2 „ e 

. de : c: d Y d: IN d. E 50 7 * 

* 184. Nd IN Q. E D. 0 

Sccondly. It is plain, _ 4 X d, 0 X d, are E- 

187. quimultiples of @ and b, . a: . 4 X d: bY 

d.; and 7 X a, are Equitioiciples of c, and 

4 „ c: du KC: bd; butaxd=bXe 

by the Suppoſition, * „ by writing 4 X 4, for its 

cqual h X c, we have, as c : d: 8 en 

but it Has been juſt ſhewn that a: :: 4 * d: 

bx d, c : d has the fame Ratio as 2 : 4, that 
. Q. E. 

{LIM * ' Fd. 

| * This eren may be demonſtrated algebraically thus, Firſt, 

iq 156. 5 9 = — — multiplying by b we have a= 55 and this by 4 | 

gives de = be, Qs. D. Secondly. 1 we divide each Side of 

the Equation da = * by A we have « My and this again by 


gives 727 5 by Art. 156, "Ars ; b ms 4 QE. D. f 
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194. Tazonn 15 Equiangular Triangles are 
ſimilar; that 15, the Stdes about the equal Angles are 
Froportionals. | 


Let Da = AB, Db = AC, then the z being = Pl. IV. 
LA by the Suppoſition, the As Dab, ABC, are 3 
equal in every Reſpect; . C Dab = ABC. but 5 
4A Er by the Suppolition, „ D 
DEF. . ba H to EF; DE: Du 2. DF: © 49. 
Di. for Da, Db, writing their equals AB, AC, 9“. 
the Proportion becomes DE : AB :: DF : AT. +; 
EY). 

And if Fd be taken = = CA, and Fe = CB, it 
_ be ſhewn in the ſame Manner, that FD : CA | 

: FEE, CB; A 

By Joining theſe two Proportions in one, we * | 
DE. AB. DF: AC :: FE : CG. ME. 


195. TaronEM 8. If the — CAE, of pl. Iv. 
a Triangle ABC, is biſected by a Line AD, cutting the F. 8. 
Baſe BC produced in D; then the Segments BD, DC, 
will have the ſame Ratio as the other Sides of the Tri- 
angle ; viz. BD: DC :: BA AG S 
DC :: BA : AC, the Line AD will biſef# the -out- 
ward Ang le CAE, viz. LCAD = L DAE. 


For let CB be I to DA; then KFA ; 
DAE. and alſo C ACF*= DAC; but the 4 = 
DAE 4 DAC by the Suppoſition, £CFA «= . 
ACF, AF = AC. Now, . 1 a ©03- 
AD by the Suppoſition, it follows, BD : DC *:: * 91. 
BA : AF; but it has been juſt ſhewn that AF = 
AC, for AF writing its equal AC, the above 
— becomes BD : DC =: BA : AC. 

Q. E. 
Secondly. By the Suppoſition, BD : DC :: BA 
AC, and FC being || to AD, BD: DC: : BA: f 185. 
AF, BA 2 AC: BA : AF; 6% AC. = AF, 7 181. 
| Arc „ alſo the L AFC * = 9. 
DA, 
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- DAE, and Z ACF = 2 CAD, -.* Z DAE (= * 
ACF) *= CAD. Q. E. D. 


196. Turonan 9. If two Triangles, ABC, DEF, 
* have one Angle A, of one, equal to one Angle D, of the 
other, and the Sides contdining the equal Angles propor- 
tonal, viz. AB: AC :: DE: DF, the Triangles 
are equiangular and Jimi lar. 


Let Af be = Df, and Az n= DE and let fe be 
joined. Then the A being = the 4D by the 
- Suppoſition, the As Afﬀfe, DFE, are equal in 
every Reſpect. By the Suppoſition, AB: AC :: 
DE : DF; or, which is the fame, by writing 
equals (viz. Ac for DE, and Af for DF;) AB: 
AC:: Ae : A. . fe is , Lt Afes a 
Z ACB, and . 47 me An Aﬀ, 
ABC, are equiangular, and conſequently, as the As 
Affe, DFE, have been juſt ſhewn to be equal in 
every Reſpect, ABC, DEF, are alſo equiangular; 
. and ., alſo * ſimilar. Q. E. D. 


197. THEOREM 10, If two Triangles, ABC, 
* DEF, have their like Sides Propertional, ( thus, AB : 
AC 4: DE Df; and AB-: BC :: DE: FE, 
the 75 riangles are Amar to each other, 


4 Let Af '=z DF, and Ar = DE, and let fe be 
| Joined ; then by the Suppoſition, AB: AC :: DE 
DF; and by writing equals, viz. Ae for DE, 
and Af for DF, the Analogy is, AB : AC:: Ac: 
A * fe is ® to BC. Again, by the Suppoſi- 
tion, AB : BC :: DE : FE,; and the As ABC, 
y being ö equiangular and ſimilar, AB: BC: 
: fe ; . by Equality of Ratios, DE : F . 
dat A. ie Conſtruction, 7 
* DE for its equal Ae, we have, DE : FE : 
DE : fe, conſequently FE = fe. Hence the 5 
Sides of the as Afe, DF Fay have been proved to be 
| reſpectively 


reſpectively equal to each other, and »,* the As Aft, 
DFE, are * equal in all Reſpects; and conſequently, * 
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95. 


as the A Afe is ſimilar to the A ABC, the ADEF 


muſt be ſo too. Q. E. D. 


198. TaroreM 11. If four Quantities are propor- 


tional, they will 18 s N when 8 
inverſely, viz. if a : c: d, then alſo, b: 
: Po 

For the Rectangle of the Extremes being * = the 
Rectangle of the Means, a xd = bee; or, which 
| is the on q K c gau % „% ũÜ—[kMũũ 


199. TyzorREM 12. If four Quantities be propor- 
tional, they will alſo be proportional when taken aller- 


. 
o 


For the Rectangle of the Extremes being *= Reck 
angle of the Means, axd =bXc, or, which is 
de ſame, 4 N * 4 *nb 4, 
Q. E. P. | { * 


200. THEOREM 1s. # four Lines, denoted by a, 
b, c, d, are Proportionals, viz. a: buy g d; 
they will aiſo be 47 e that is, 


„ es 1 


Let W %, 3 AE = N ED x5: wy 3 
then is AC Ba+6, 54 ha 6 + 4. Becaule 


:- 
1 Algrbraicaly PII PURE For the product of the 


193. 


| notely ; that n, Fun: D:: ei; M n i 


Pl. IV. 
Fig. 10. 


Extremes, a F6 X 4 = ad + bd; and the Product of the . 


Means, 6 X T=. + Bd ; but 2: 5 :: : d, by the Supps- 
ſition; . ad = beg conſequently ad + 5 = =. * + bd, or, which is 


the ſame, T X d=b K +4, . b pol of 
e c and e * 
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by the Suppoſition, a : b 11 c: d, that is, AB; 
191. BC :: AE : ED; BE. CD, are * || to each other, 
and * AC: BG : AD DE. chat is, 4 +5: 
b :: 4d: 4 QE. 8 


201. THEOREM 14. If four Laan.” denoted by 
a, b, c, d, are Proportionals, viz. a: b:: c: d, 
they will alſo be Proportional by Divifien, viz. a — 
b:: c—d: dt 


PL IV. Let AGC:= 4:43 =;'% ADS 04 DE 3rd; 
Fig. 11. then, AB a — , AE = c— 4; by the Suppo- 
Dien, „ :e; i, rhay ig AC: : CB :: AD: 
” 191-7 DE, *.* BD, DC, are* [| to each other, and . 
AB: BC : : AE: ED; that is, 2-3: :: 
— 4: d. Q. E. b. N 


202. THEOREM 1 5: If four Lines, denoted by 
a, b, c, d, are Proportionals, viz. a: b:: c: d, 
then % will aifo be Propertionals by re or that 
3, '@ 5 a - b: : C: c= d.“ 


* Let AC = 4, CB = 6b, &c. as in the laſt Theo- 
rem ; then BC, CD, being there ſhewn to be |] to 
each 


1 This may be demonſrated analytically thus. The Produft 
* bf the Extremes, a—5 Xx d= ad ba, and the product of the 
Means b X c—4 = bc — bd; but ad = be by Art. 193, conſe- 
// quently ad— bd br — bd; or, which is the ſame, a—b X «4 
; 3 * cd; 6s a—b:b Go cod Oh, QE. D. | 


+. Algebraically thus. The Product of the , 4 


714. ac — ad, and of the Means GIF M 4 — bc; but 
it has been before ſhewn that a4 be conſequently ac 44 
ac — bc ; and *.* their Equals are cans! to each other, that is, 


* = = x e, or Product of the Extremes = the Pro- 
duct of the Means, and *.* theſe Quantities are proportional by 
Art, 193) as aſſerted inthe Theorem. E. D. | 


ebene Boot IV. 


59 
each other, we have AC : AB*:: AD : AE, that 191 
is, a: 4 —b :: 1 . 


203. THEOREM 16, If four Lines, denoted by a, 
b, c, d, are Proportionals, viz, a: b:: c: d, 
then it will alſo be, a+b:a—b:: cd: c- d. 
This is uſually cited by the Word mixtly. * 


Let AE = a, EC and EG each=b, AD gg c, 
DB and DF each = d, then AC=a ＋ 3, AG=a 
— þ, AB = © +4 bn ee = — d. Since by 
che Suppolition, a 23: : d, that is, AE: EC 

: AD,: DB; and AE : *. : AD: DF 3 BC 
nd GF are || to ED, AC: AG : : AB: 
AF,, that is, a T : Ae : c ＋ 4: — 
r | | 


204. SCHOLIUM. What has been, or may here- 
after be demonſtrated, concerning Lines being Pro- 
portionals, muſt, it is manifeſt, hold good in any 
other Magnitudes ; for Lines may be aſſumed, baving 
the ſame Ratio to each other as the Magnitudes 
themſelves; and if the Ratios by which the Theorems 
are deduced are the ſame, the Concluſions muſt cer- 
tainly be ſo likewiſe, 


* 


Turonzu 17. F three Lines are Propor- | 
onal, the Reflangle under the Extremes is equal to 
FS the 


* Analytically thus. The Product of the Extremes 2+5 x 
td = ac + be = ad — bd; and the Product of the Means 


a—b X CPU ac — bead — bd. But it is known that a4 
be by the N ee and Art. 1933 + bc — ad in one — 
tion, and — bc + ad in the 4 * daun 6H equal to 


thing ; whence the Equations become a+b X — 7 ne” 
and a—b Xx c+4=ac— bd alſo ; conſequently 2 x 71 


= am x Va, that! is, the Product of the ne Product 
of the Means, and . the * proportional, Q. E. D. 
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the Square on the Mean; that is, F a: bi: b: e 


ipen a ez I, 


For, the Rectangle of the Extremes being = 
the Rectangle of the Means, ax c N b; but 
the Rectangle b XK is a Square, „ 4 X c b.. 
E. D. 5 5 85 


Note. This follows ſo cafily from Art 193, that 
it might have been given as a Corollary thereto, but 
was not at that Time thought of. 


206, TRHREFOREM 18. The Reflongles under pro- 
portional Lines are Proportionals, Thus, ifa: b:: c 
d, and e: f:: g: b., then we affirm that a Xx e: b 
eg: d b.“ 


For, a X e, and & x e, being Equimultiples of 

a and b, we have axe: be:: 4: h; but 4:4 
: c: d by the Suppoſition, . by Equality of Ra- 
- tion, c Ti: e: d. Agia, c g., dug, 
are Equimultiples of c, d. . cg: dx g:: c: a; 
e by Equality of Natios, Menbxencànxg 
d g. Allo bXe, b j, are Equimultiples of e, 
I. lf; i,; um H n 
Suppoſition, *.* by Equality of Ratios, $Xe: bxf 


27 . 


Once again; dg, d b, are Equimultiples of 
end b, dig: deb: gib. Ine: bxXY 
: q * g: d x b, by Equality of Ratios. By Alter- 
nation the Analogy (above found) axe; e:: 
cX*x g 


* 


1 


1 . A P FRETS TE * ee 6 ECT * — | HON he . PAS __— 1 RR 91 i a; "As 1 _— 9 = nne A 232 b r C 
© "fs i = 70 TY . ACC IC 1 e ' ' \ q 1 rn Pu e r e . 9 Mo ADEN RAS OUT : OD SET 
y _ I CO i ESE =_ _— — ==> 2 r —_ M's Hs r ET Ten nen CINE ho Bo l een 
i \ - - » ED» , b \ Wes = Ie 1 ns? 3 A o _ x da = N L kl = l \ Xa. Y = = 9 - 5 
1 # ö wi , N = N = N R Ti © & »” A * i» | as CE LE =—_ = FOCAL). «> = = —_— "7 a _ „ r oy * 1 K a = 
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a * 2 Os 
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- 4 


* This may be thus demonſtrated by Algebra, wiz. By the 

Suppoſition, as 4a: :: : 4; and ::: /g: ; hence the 

Fe Product of the Extremes being the Product of the Means, we 
193. have ad= be, and h =, ; . by multiplying each Side of the 
firſt Equation by the correſpondent Term of the other Equation, 

we get acab Hfeg, (becauſe equal Things multiplied by equal 

Things muſt produce equal Products,) or, which is the ſame, 

2 3 X <4 *.* (by Art. 193.) a8 ae : H;: : dh, 


* 


2 
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cXg:4X8 becomes aXe:cxg::bxe:dXge; 
and the Analogy juſt found, taken alternately, is 
bxe: dxg UX: d xh . by Equality of 
Ratios, a X : X g: X : d x b. Q. E. D. 


207. THEOREM 19. Te Squares upen four pro- 
portional Lines are proportional z viz. if a: b :: : ds 
then we affirm that a“: Þ* :: C: dF, with 4 


For, if a:b::c:d, and 4: 51: C: d. then by 


the laſt Theorem, a xa: XH :: cxc: d d. 
Q. E. N. | | _— 


208. THeoREM 20. If four Squares are Propor- 
tionals, their Sides will be ſo too; that is, if a* : b:: 
cf : di, then we aſſirm tbat a : b:: c: d. 


For let 4: :: c: e, then per laſt Theorem, a“: 
**:: : by Equality * of Ri] W.., ĩðͤ 
e, . Gt =O, M 4 by ems © RS 
Equal e, we have 4: b:: c: d. Q. E. D. | 


++ We may perhaps treat more fully of the 


Doctrine of Proportionals in a future Eſſay, in a new 
and algebraic Manner ; our Intention at this Time 
being only to give ſo much as is in ſome Degree ne- 
_ ceſſary for the preſent Occaſion : In doing which we 

have been obliged to deviate greatly from Euciid's 
Method; and indeed, after all that has or can be 


done, to reſtore the genuine Demonſtrations of Eu- 


clid, that Method will be found generally too ob- 
(cure for Learners at their firſt ſetting out. And we 
hope thoſe who are prejudiced to Antiquity will ex- 
cule us in ſaying, that, as Mathematics are now 
improved, we cannot ſee any Neceſſity of adherin 

to Euclid's Demonſtrations of the Doctrine of Propor- 
tionals. And to ſpeak plainly, we think many of 


the Propoſitions are in a Manner uſeleſs to an Alge- 


braiſt, as many Theorems which are with Difficulty 
=. demonſtrated, 


61 


186. 
183z. 
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| demonſtrated by them, may be eaſily inveſtigated by 
the analytic Art. 
Notwithſtanding what Truth has obliged us to 
remark, we may venture to affirm, that we hold 
Euclid in the higheſt Veneration, and, if we are not 
miſtaken, more juſtly than thoſe who are ſo much 
bigotted to him, as to condemn any Author, who 
ſhall dare to deviate from him in the leaſt Article. 


The Cenſures of ſuch will there fore give us no Con- 
cern. 


209. TneorREM 21. Vin a right-angled Triangle 
pl. IV. ABC, right-angled at A, a Perpendicular AD be let 
F. 13. fall from the right Angle, to the oppoſite Side BC; 

the Triangles on each Side of it ſhall be n to the 
whole Triangle, and to one another. 


For the AADC being right-angled at D, Fey L 

83. CADis*=a Rt. 4 — "LC, and the A ABC _ 
Rt. d at A, the LB S a Rt. E — C; 

45. CAD = 2B; and C being common to both 

As, and 2s ADC, BAC, Rt. Es, the As ABC, 

* 194. ADC, are equiangular, and *.* © ſimilar, In the 
fame Manner it may be ſhewn, that the As BAD, 
ABC, are ſimilar ; and the As ADC, ABD, being 
each ſimilar to the A ABC, they muſt conſequently 
be ſimilar to each other. Q. E. D. 


210. ConoLLary 1. Hence theſe 9 


1. AB: BC :: AD : AC. 
2. BD : DA :: DA : DC., 
„n:: 
n DC. 


211. Con olLARY 2. If from any Point A, in 
the n 4 a Circle, the Perpendiuar ADi ” 
/ 


% This is all we mean whey we ſay AD is a geometric mean 
Proportional between BD and DC, | 


eng . * un * 


3 
11 


7 
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let fall on the Diameter BC, and the Chords AB, AC, 
drawn from the Point A to the Extremities of the Di- 
ameter BC; as the Angle in a Semicircle is a* right l., 
it plainly follows, that the Rettangle of the. two Chords 
is equal to the Reflangle under the whale Diameter and 
that Perpendicular , alſo that the Rettangle under the 
two Segments of the Baſe is equal to the Square of the 


Perpendicular ;, and laſtly, that the Square of either 


Chord is equal to the Rectangle under the whole Dia- 


meter and adjacent Segment. L 


For in four proportional Quantiries, the Rect⸗- 


| angle of the Extremes being = the Rectangle of 
the Means, from the Ag in Art. 21 0 we 


have, 
. AB „ AC BC x AD. ” 
2. BD x DC = DA“. FF 95 
3. BC N BDE AR., A D. 
4: * DE = AC. | | 


2 
— 
- =, 
ro 


* 148, 


212. Tuzokzu 22. If two 7 ant 6 ane another 


within a Circle, (as in Pl. IV. Fig. 14.) the Rest. 
angle of the Segments of one of them is equal to the 


Reaangl of the Segments of the other, iz. AE x EC 


= BE x ED. And if two Lines cutting a Circle, 

being produced, interſeft each other without the Circle, 

(as in Pl. IV. Fig. 15.) then 172 will AE X EC = 
BE Xx ED. 


For let BC, AD, be joined ; then the Ls C, 


| 2nd D, ſtanding on the ſame Arc AB. are * nn to 


each 


* P:om hence may be N a « vey eaſy B of 
the celebrated Propoſition g enerally cited by 47 Euclid's 1f Book, 
viz, our i1;th Article, For, by this, BD x BC == AB*, and 
DC x BC = ACT, . BD, x BE +DC x BC a 8D (hy hays Art 5 


= AB* + AC? 3 or, which is the ſame, BD + DC x BC = AB» 


+ AC* chat is, | (BC: Xi BC, or) BC* = AB* + AC*. 
QE, D. g 
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Theorems, Book IV. 
each other; and the BEC AED, the As 


BEC, AED, have two Ls of one reſpectively = 


two s of the other, and . the third / Ac = the 
third 4B; conſequently, the As are equiangular, 
and 4. ſimilar. Hence, AE +: ED :: BE: EC; 
AEN HCD BEN ED; * 


213. Tuzon Et 23. If from any Point C, with. 


out a Circle, two Lines CA, CB, are drawn in- ſuch 


Manner, that CB touches the Circle, and CA cuts it; 
then will CA x C1) = BC. 


For let BD, BA be joined: then the DBC = 
A, and the C common to both As, *.* the As 
DBC, CBA, have two Zs in one = two Zs in the 
other, . the remaining 4 BDC in one = the re- 
maining 4 CBA in the other, „ the As are equi- 
angular, and conſequently * ſimilar, . AC : CB :: 


CB: CD; +." ACxCD*=CBx CB. Q. E. P. 


214. THEOREM 24. In equal Circles, Angles, 


; whether at the Centers cr Circumferences, have the 
fame Ratio with the Circumferences on which they fland. 


Thus, let G and H be the Centers of the two Circles; 
then we affirm,*® that, as the Circumference BC : the 
Circumference EF, :: the 4 BGC: . EHF and :: 


2 BAC : L EDF. 


For if we take any Number of Circumferences, 


CK, KL., each = BC; and any Number what- 


erer FM, MN, each = EF; and join GK, GL, 


HM, HN; then, becauſe the Circumferences BC; 
CK, KL, are all <qual, the Zs BGC, CGK, KGL, 
will be = each other, (for 'tis manifeſt they would 
exactly cover each other ) *.* whatever Multiple the 
Circumference BL is of the Circumference BC, the 
ſame Multiple is the BGL of the BGC. And 
by the fame Method of Reaſoning the Circumference 
EN is the ſame Multiple of the Circumference EF, 
as the LEHN is of the EHF. And if the 8 

„ rence 


4 havin Book IV. 
Gees BL be = the' Circumference' EN, che 4. 


BGL will be = ZEHN, (as they would: Loh 


cover each other ;) and if the Circumferente BL/ be 
rEN, the BGL will be r ZEHN, and if BL 


de & EN, the 4'BGL X 4 KH Re 


are four Magnitudes, viz, tlie two Cireiimferetices 
BC, EF, and the two 48 BGC, EHE; and of 


the Circumference BC, and of the £ BGC} "ng. 


been taken any Multiples whatever, vi. | the 
cumference BL, and £BGL; and of the Cirthm. 
ference EF, and EHF, any Equimultiples hat- 
ever, viz. the Circumference EN; and \£FHN ; 
and it has been proved, that if the Circumference 
BL be either F, =, or A the Circumference EN, 
the £BGL vill be reſpectively T, , or & the 2. 
EHN ; *.” the Circumference BC: Circumfereiice 
EF ® f: 4 BGC-!-4EMF; WED > 2 11 

As to the Ls BAC, EDF, at the einem 
tences, they are the Halves of the Z's at the Cen- 
ters BGC, EHF; . as the Wholes' have been 
ſhewn above to be in Proportion to the Circumfe- 
rences BC, EF, e THANE: muſt be ſo too. 
Q. E. P. 


215. Conofi zar I, the £BGC in e 


4Rt. 4s :: the Circumferenct or Arc BC on which it 


flanas : the whold Cireumference of the Circle, N 
216. Senna 2. Hence . cee, 
DE, BC, ef unequal Circles, which ſubtend equal 


lar; viz. as Arc DE: the whole Cir cumfertnct 9 tbe 
Circle DEF :: BC: the Cirtumiference of the Cirtle 


_ And if they are re fimilar, ed will _— aa 
ngles, 


F 


For iſt. EDAE : - uh Lang P DE : the Cir- 


| cumference of the whole Circle DEE; and (ZL BAC, 


— 


17 56. 


145. 


pl. Iv. 


= . * 
4 216. 
5. 


or, which is the ſame,) 4 DAE : . 


Arch BC +» the Circumference of the whole Circle 
K BCG. 


F. 18. 
Angles at the Centers, as {:s DAE; BAC, are i- | 


| . - Theorems, Book IV. 

BCG. % by omen of Ratios, Arc DE.: Cir- 

f cumference of the Circle DEF :: Arc BC: Cir- 
3 of the Circle BCG, Q E. D 


216. onen. * 4 DAE : 4 Rt. 485 : the Arc 
DE. the Ciicumference DEF; 1 . BAC: 

4. Rt. 4s :; Arc BC : the Circumference of Circle 

BCG; put, by the Soppoſition, the Arc DE.: the 

whole Circumterence of the Circle DEF :: BC 

the whole Circumference of the Circle BCG; . hy 

= 7 of Ratios, ( DAE r 4 Rt. Ls :: BAC 
5 a cee „DA = 2 BAC. Q. E. P. 
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217. Scbolium. Mathematicians, for the mote 
_ comparing, the Proportion which Angles bear 
to cach other, ſuppoſe the Circumfetence or  Peti- 
phery of every Circle to be divided into 360 equal 
Parts, which they call Degrees, (ſo that 180 De- 
j | + . prees are a Semicircle, or 2 Rt, 4s, and 90 De- 
{1 grees a Quadrant, or Rt L;) each Degree is ſup- 

4 poſcd to) be divided into 60, equal Parts, called Mi- 
nutes, and each Mioute into 60 equal Parts, called 
Seconds, &c. Hence it is plain, that in une- 
qual Circles, as well as in equal, equal Angles ar 
lubtended by an equal Number of Degrees. For, as a 
Degree is +4 Part of the  Circumference of an 
Circle, the Length of a Degree will increaſe, or dei 
creaſe, in the tame Proportion as the Circumferences 
of the Circles; and ſo the Arch, repreſenting any 
Number of Degrees in one Circle, will be to th 
whole Circumference, as the Arch repreſenting 1 
fame Number of Degrees in any other Circle, to tht 
whole Circumference of that other Circle, and “ 
|. . will, by the laſt Corollary, ſubtend equal 2 
| Hence appears the Reaſon of the Method of. de 
4 4 noting. an 4 by e it contains ſo many Degrees. 
G y.- fd 1 ; 
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Problems, Book V. 
BOOK V. 
of P K O L E MS. 


218. T will now be convenient for the Learner 
to procure a Caſe of Pocket Inſtruments, 


for his more eaſy performing the fol'owing 11885 


lems. | 
The Caſe we would recommend ought at leaſt to 


contain 2 Pairs of Compaſſes, a Drawing Pen and 


Point, a Pencil and Point, Parallel Ruler, Ivory 
Plotting-Scale, Ivory Sector, and Braſs Protractor. 
To theſe may alſo be added, a Pricking or Dotting- 
Wheel- Point, a Protracting· Pin, a Fair of Bows, 
Tracing- Point, Feeder, Kc. | | 


219. Compaſſes are ſo well known to every one, 
that it would be loſt Labour to deſcribe them ; how- 


ever, it may be of Uſe to ſome Perſons to hint, 


that in its Stead may be occaſionally ufed, the 
Drawing-Pen-Point, a Pencil-Point, and Dotting- 
Wheel-Point. —— In chooſing Compaſſes take 


that one of the Compaſſes hath one => to take out, 
Y 


Notice, that in' opening and ſhutting, the Legs 


move not by Starts, but that the Motion in the 
Joint be“ eaſy and regular; and that the Points are 
of an equal Length, &c. For leſſening the irregu- 
lar Friction, (if any,) the Head of the Compaſſes 
may be warmed, and a little || yellow Wax mites 
and poured between the Joints. 


K 2 F701 The 


* And for this End let Part of the Joins be Steel, for Braſs 


and Steel will wear more equable than either fingly. 
Alſo let the Pin or Axle of the Joint be a Steel Screw, by 


Means of which you can make your Compaſſes to move in the 


Joint ſtiffer or eaſier at Pleaſure. ˖ 


3 Or, if the Wax is too ſtiff of itſelf, a little Wax and oil 
mixed together, 
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gether with the Solder. 


Problems, Book V. 


The Solder for cementing the Steel Points to the 
Braſs, is generally made with twice as much Silver 
as Copper; which mult be melted in a Crucible, 
and, when cold, hanimered to about the Thicknets 
of a Card. Solder is alſo frequently made by melt- 


| ing 3 Parts of Copper with one of Zink. 


In Order to make the Solder run the better between 
the Parts to be ſoldered, Borax, bruiſed very fine, 
is laid on the Parts to be cemented, and melted to- 

To one Point of the ſmaller Compaſſes is ſometimes 
fixed in the Shank, a Spring, which, by Help of 
a Screw, when you have opened the Compaſs nearly 
to the required Diftance, moves it very regularly 
and gradually, without any ſtarting to the Point in- 
tended, for the more accurately taking off any re- 
quired Diſtance. Thus, holding the Compaſſes in 


the left Hand, (with the Screw turned towards the 


right,) if with the other you turn the Screw back- 
ward, the Spring Point will approach nearer to the 


other Point ; but if you turn the Screw forward, 


the Spring Point will be farther diſtant from the 
ther: However, after the Learner has been ſome 


Time uſed to a Pair of Compaſſes, he will not ſtand 


in much Need of this Contrivance, | 
The leſſer Compaſſes are uſed in transferring the 
Meaſures of Diſtances from one Place to another, 
or in deſcribing Circles, or Parts of Circles. — 
The larger Compaſſes are chiefly intended for de- 
ſcribing Circles, or Parts of Circles, either obſcure- 
ly by the Steel Point, in Ink by the Drawing- Pen- 
Point, in Lead by the Pencil Point, or dotted 
by the Dotting-Wheel-Point ; for either of. theſe, 


as before obſerved, may be fixed in the Shank of 
the Compaſſes. The Do/ting-Wheel- Point is not 


abſolutely neceſſary, for dotted Lines are better 
made by the Drawing Pen or Point, (though ſome- 
thing ſlower,) for it is but ſeldom the Dotting- 
Wheel-Point is ſo well made as to perform accurately. 


Problems, Book V. © 
As almoſt every Learner, at his firſt Beginning, 
handles a Pair of Compaſſes very aukwardly, it 
may be proper to caution him by all means to en- 
deavour to make Uſe of them with the right 
Hand only, never uſing the left, unleſs in a Caſe of 
Neceſlity, which after ſome Practice he will ſeldom 
have Occaſion for. In uſing the Compaſſes be al. 
ways careful to keep them nearly upright. 

The Bow is a ſmall Kind of Compaſſes, one of 
whoſe. Legs is as common, the other is a Drawin 
Pen Point: Its Uſe is to deſcribe Arcs or Circles of 

ſhort Radij, which could not be ſo readily and ac- 
curately done by the large Compaſſes and Drawing- 
Pen- Point. 5 

The Drawing Pen Point and Pencil Point (or 
Crayon Point, as it is frequently called, ) in the beſt 
Caſes have generally a Locker fitted to them, that 

they may fill up but one of the Holes or Partitions 
of the Caſe. Theſe Points, and alſo the Dotting- 
Wheel-Point, have a Joint in them juſt under that 
Part which locks into the Shank of the Compaſſes, 
that the Part below the Joint may ſtand perpendi- 
cular, or nearly ſo, to the Paper, or Plane, on 


which the Arc is to be deſcribed ; otherwiſe it will 
not be ſmooth. 


Of the larger Compaſſes, thoſe are eſteemed the 


beſt, whoſe moveable Points are Jocked in by a 
Spring and Catch fixed in the Shank ; for if this 
Spring be well effected, the Point is thereby kept 
firm and ſteady ; the contrary of which frequently 
happens when the Point is kept in by a Screw in the 

Shank. | | 
If, inſtead of the larger Compaſſes being made 
with ſhifting Points, there were two Pairs put into 
the Caſe, to one of which the Ink Point was fixed, 
and to the other the Pencil Point, this, as Mr. Ro- 
bertſon juſtly ® obſerves, would ſave the mou 
0 


In his Treatiſe of Math. Inſtruments, &c. 
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common Pen. 
the Caſe atter uſing, it will be neceſſary to .ciean the 


Problems, Book V. 


of changing the Points in the Compaſs at every 
Time they were uſcd, and the additional Eee 


or Bulk of the Caſe, would de very little. 
The Black-lead Pencil 1s of great Uſe to deſeribe 


the firſt Sketch of a drawing before it is marked with 


Ink; becauſe any falſe or ſuperfluous Lines may be 
rubbed out with à Piece of ſtale Bread. 
Biack-Lead is produced in many Countries; but 


the beit yer dilcovered is. found in the North of 


England; it is dug out of the Ground in Lumps, 
and ſawed into Scantlings proper for Uſe, If it 
will not bear paring to a Point with a ſharp Pen- 


knife, it is net fit for drawing on Paper. There are 
three Sorts of Black-lead ; the ſofteſt is proper for 


taking rough Sketches, the middling for drawing of 


Landicapes and Ornaments, and the hard for draw- 


ing mathematical Figures. 

The Feeder is a thin flat Piece of Braſs, or d Silver, 
commonly fixed to a Cap that is put on the Pencil: 
Its Uſe is either to put Ink between the Blades of 
the Drawing Pen, or to paſs it between the Points 
when the Ink by drying does not flow freely. 

The Drawing-pen is uſed only for drawing right 
ines: It conſiſts of two Blades with Steel Points, 


fixed to a Handle; the Blades being a little bent, 


by Means of a Screw, cauſe the Steel Points to ap- 
proach as near together as you pleaſe,” ſo that a Line 


may be drawn ſtronger or finer at Pleaſure. When 
you ule this Inſtrument put the Ink between the 


Blades, either with a common Pen or the Feeder, 
and by moving the Screw bring the Points to a pro- 
per Diſtance ; then hold the Pen a little inclined, 
but take Care that both Points touch the Paper, by 
which Means you may draw a neat Line equally 
broad in all Parts; which is not eaſily done by a 
Before you put the Pen into 


Points from the Ink, otherwiſe they will be inclined 
to ruſt, &c. It one of the Blades is made to move 
1 | . 


* 


Problems, Boo V. 


on a Joint, as the Bow generally is, "oy would be 
more caſily cleaned... 

The Protratfing-pin is a ſmall Piece of ſharp 
Steel much reſembling the Point of a Needle, fixed 
into the lower End of the Top Part of the Handle 
of the Drawing-pin ; it icrews, tor Preſervation into 
the lower Part of the Handle : Its Ule is to ſet off 
Angles from the Protractor, (as will be ſhewa here- 


oY 


after,) and to mark off the Interſection of Lines 


that the Places of croſſing may be the better ſeen. 3 


220, We, think it needleſs to deſcribe.the Tracing 
Point in this Place, as it will come jn more properly 
in another ; and the Conſtruction of the other 
Inſtruments will be ſhewn, as they occaſionally be- 
come neceſſary or uſeful. We ſhall therefore, in 
this Place, only obſerve, that as a Ruler muſt be 
very ſtrait to draw right Lines with, 1. may be ex- 
amined by drawing a right Line with it, and then 
turning the Ruler about End for End, apply the 
ſame Side to the Line, and, if the Ruler exactly 
coincides with the Line, the Ruler -1s- ſtrait, but if 
not, you will ſee where the Fault is. A good Eye 
will alſo diſcover whether a Ruler is ſtrait by only 
looking over the Edge of it. 
221. PROBLEM 1.- To draw @ Line from 627908 
Point C, equal to a given Line AB, 


Take a Pair of Compaſſes, and placing one Point 


in A, open the other Point to B; then will the Diſ- 


| tance, between the Points of the Compaſſes Legs be 
= the given Line AB; . ſetting one Leg in the 
Poiat C, with the othey inke another Point D, and 
by placing the Edge of a Ruler to touch the Points 
C, D, draw the right Line CD, and it is manifeſt 
he Thing is done ; viz. CD AB. | 


222. PROBLEM 2. From a greater Line, AB, 10 
cut off a Part equal to a leſſer Line C. 
| 1 This 


e 


Fig. 2. 
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Fig. 3. 
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This may be eaſily done by opening the Compaſſes 
equa] to the Length of the Line C, (as ſhewn in 
the 1ſt Problem,) and laying that Diſtance from A 


to D on the Line AB, fo is AD = the Line C. 


Which was to be done. 


223. PROBLEM 3- About a given Point, A, to 
deſcribe a Circle wooſe Radius ſhall be equal to a given 
Line B. 


Open the Compaſſes = the Line B; then reſting 
the Point of one Leg in A, carry the other about 
from where it falls, as C, till it arrives again at 


that Point, and it is manifeſt the required Circle 
will be deſcribed by the moving Point. 


N. B. In deſcribing of Circles be careful not to 


' preſs the Paper, either at the Center or under the 


moveable Point, with more than juſt the Weight of 
the Compaſſes, to avoid making great Holes or 
Blots, which frequently happen to young Perſons: 
at their firſt beginning to practice. | 


224. PROBLEM 4. To make a Triangle whofe 
Sides ſhall be reſpettively equal to three given Lines. 


Let the three given Lines be A, B, C; take DE 


2 — C, then about D, as & Center, with a Radius — 


B; deſcribe Part of » a Circle, viz. Arc ab, and 
take DE = C, and about E, with a Radius = A, 
deſcribe Part of the Circumference of a Circle, viz. 
the Arc dc; then from the Point of their Interſection 
draw the Lines FD, FE, and the ADFE will be 


that required; for by the Conſtruction, DE = C, 


A. 

Note. A B muſt be F C, otherwiſe the Arcs 
will not interſect, and ſo the Problem would be im- 
poſſible. 


225 
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225. Propttm 5. To biſe# a given 4 BAC, 10 V. 


that is, to divide it into two equal Angles. 


ConsTrvcrion. With any Radius AD, ſweep 
the Arc DF.; then with any Radius T the Diſ- 
tance of the two Points D, E, about the Points D 
and E, as Centers, ſweep the Arcs cd, ab, and 
from the Point of Interſection F, draw the Line 
AF, and it is done; viz. the 4 FAC = FAB. 


DrMonsSTRATION. AD being = AE, and DF 
= FF, by the Conſtruction, and AF common to 
both As DAF, EAF, the As are themſelves equal 
in all TN, 1 DAF = EAP. 


F. 5. 


959 


226. PloBIEM 6. To biſeft a given finite Line Pl. 8 


AB, that is, to divide it into two equal Parts. 


CoxnsTRUcTION. About the Points A and B, as 
Centers, with any Radius T: AB, deſcribe Parts of 
Circles, viz. the Arcs ab, cd, and j Join the Points of 
Interſcction E, F; and the Line EF will cut the 
Line AB in G, the Point which was required, 


 _DremonsTRaTION. For by the Conſtruction, 

AE = AF = BE = BF, and EF common; 
the As EAF, EBF, have 3 Sides of one reſpective- 
iy = 2 Ties of the other, and *.* the As are them- 
ſelves * equal in all Reſpects, and +." LAEG © EL 
BEG. Hence the As AEG, BEG, have two 
Sides AE, EG, of one = two Sides BE, EG, of 
the other, and the contained £ AEG of one = the 
contained £ BEG of the other, . the Baſe AG = 
the Baſe BG. Q. E. D. 3 


8 Corortany. This Problem ſerves alſo to 
raiſe a Tr ets on the Middle of a Line. 


- | For 


Se 
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For we have juſt ſhewa that the Point G is ia 
the Middle of the Line, viz. AG = BG; alſo AE 
= BE, and EG common; the As AEG, EBG, 
are * N in all Relpects, and E £ 
BGE EG *.1. to AL. OE. D. 0 


| oak. ProrLEemM 7. To draw a Perpendicular to a 
given Line AB, from any Paint C in that Line. 


ConsTrucrtion. From the Point C ſet off any 
Diſtance towards A, as CD; and from the fame 
Point the ſame Diſtance CE towards B. Then with 
any Extent of the Compaſſes T CD, putting one 
Leg in D, with the other ſweep the Arc ab, and 
with the ſame Extent of the Compaſſes, placing one 
Leg in E, with the other (weep the Arc cd; then 
from the Point of Interſection F, draw the Line FC, 
and it is the - which was required. 


ros, CD being = CE, and DF 
= E, by the Conſtruction, and FC common, the 
As DCF, ECF, have 3 Sides of one reſpectively = 
the three Sides of the other ; ; and *,* the As them 
ſelves are equal in all Reſpects, and conſequently the 


DCF — EFF. D. 


229. PROBLEM 8. To raw a Perpendicular to a 
| given Line AB, of an unlimited Length, from a given 
Point C, without it. Or, in other Words, to let fall 

a Perpendicular from a Point” above to 4 Line be- 
beach, | 


ConsTRUCTION. With any Radius of a ſuffi- 
cient Length to interſect the Line AB, with one 
Leg of the Compaſſes in C, with the other ſweep 
the Arc DE; then with any Extent of the Compaſſes 
. one Leg reſting in D, with the other 
ſweep the Arc 4b; in like Manner, putting one Leg 
in E, with the other ſweep the Arc ca, then * 

the 
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the Point of Interſection, F, draw a Line to ©, and 


it will be the 1. Q. E. I. 


DemonsTRATION. For DC being = CE, and 
DF = EF, by the Conſtruction, and CF common, 
the As DCF, "ECF, have 3 Sides of one reſpectively 

= 2 Sides of the other, and . they are» each 
other in all ReſpeCcts ; Confequently hs Des = 


ECG. Now DC being = EC, GC common, | 


and the contained DCG = the contained E ECG, 
as hath been juft ſhewn, the As DGC, EGC, 


are“ = each other in all 8 and conſequently » wy 


the Doc = CEGC. Q. E 
Otherwiſe thus. 


. Join A, C, and - biſect the Li 
C in E.; then with the Radius EA, or EC, ſweep 
the Semicircle CDA, and where it interſects the Line 
AB ia D, draw the Pine CD, and it will be that re- 
"  qUIreS. ©: - 


DuMONSTRATION. For the . ADC i in a 1 
circle ia a Rt. 4. E 


226. 
FI. V. 
Fig. 9. 


148. 


230. ProBLEM g. At a given Point A, in a giv- Pl. v. 
en Line AB, lo make an Augle equal to a given Angle Fig. 10, 


EDF. 


ConsTRUCTION. About the Points A and D, 
with any Radius, deſcribe the Arcs ab, cd, then 
take with the Compaſſes the Diſtance between the two 
Points, d, c, which ſet off from 5 to a, on the Arc 


ab, and thro* the Point a draw the Line AC; then 


 wthe. BAL = EDF. 


DemonsTRATION. For let the Points d, c, and 


b, a, be joined; then by the Conſtruction the 3 Sides 


of the A A are reſ 3 = the 3 Sides of the A 
L 2 


We. 


-_ % by wt 
n e ra eee e 3s 


. 
Fig. 11. 


228. 
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dDc, and . the As themſelves are equal in all Ref. 
pects; conſequently che . N Q: E. D. 


231. PROBLEM 10. To N and PO the 
Uſe of a Protrattor, that is, a Semicircle divided into 


Degrees, for ſelling off or mec Wn Angles. 


ConsSTRUCTION;. Let ADB be a de . 
Piece of Braſs. Now to divide the Circumference 
ADB into 150 equal Paris, called Degrees, we pro- 
ceed thus. On the Center C AB draw. © CD, fo 
will the 2 ACD or BCD be a Rt. ” ORR. © | q the Arc 
AD = 90d. = BD. Then rake the Radius AC in 
the Compaſſes, and fect it from A to E, and from B 
to F, then is AE, EF, FB each = 60 Degrees; 
and ſetting the ſame Diſtance from D to G, and from | 
D to I, the Arcs DG, DH, are each = 60 d. and 
o AG. d DE, FH, HB, each 2 30 De- 
grees. Hence, by dividing cach of theſe Arcs into 
3 equal Parts, (by a Trial or two, or by Art. 241.) 
the Circumference will be divided into every 10 De- 


grees; which by taking the Halves will be divided 


into every 5 Degrees, and by a Trial or two the ;th 
Part of thele laſt Diviſions may be taken, and ſo the 
Semicircle divided into every ſingle Degree, as re- 
preſented in the Figure, | 


DEMONSTRATION. The only Thing requiring 
a Demonſtration in this Conſtruction is, that the Ra- 
dius is := the Chord of 60 Degrees; or, that the 
Compaſſs being opened = the Radius, one Leg 
reſting in the Point A, the other will fall on the Cir- 
cumference in E, the Point of 60 Degrees. For 
ſuppeſe A, E, joined, then by the Conſtruction, 
the AACE would be equilateral, and ., * equi- 
— tee AE + of 2 Re. s, that 


15, - of 180 Degrees = 60 Pegrees. - OE. D. 


232, 
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232. The 1ſt Uſe of the PROTRACTOR is, to make 
an Angle equal to any Number of Degrees. 


For Example, at the Point C, on the Line IC, to 
make an 4 =60 Degrees. Lay the Diameter AB on 
the Line IC, ſo that the Center of the Protractor may 
be at the angular Point C; then againſt 60 Degrees, 
(viz, the Point E,) make a“ Dot, and, taking off 
the Protractor, draw the Line CK, to paſs thro* 
the Point E, and the Z KCl will be that re- 
quired, TT, 


233. Secondly. To meaſure an Angle. 


This is only the Reverſe of the laſt Article, and 
is done by laying the Pretractor as there directed, 
and it will be ſeen by Inſpection what Number of 
Degrees is cut by the Line KC. 
plain. 


234. PROBLEM 11. To conſtrutt and ſhew the Ve 
of a Line of Chords. 


Definition. A Line of Chords is only the Chords 
taken from a Quarter of a Circle and et off on a 
Rt. Lines EN: 


Hence this ConsTRUCTION. Set one Point of 
the Compaſſes in the Point A, Fig. 11, and open 
the other Leg to any Number of Degrees, for Ex- 


All this is very 


ample Sake, to G, 30 Degrees ; then that Diſtance _ 


laid from à towaids c, on the Line ac, Fig. 12. will 
give the Point for 30 Degrees. After the ſame 
Manner 


* For this there is in the Drawing Pen a Point like a Pin, cal- 
led a Protracting Pin. Another Kind of Protractor is made by 
transferring the Degrees from the Arch to the Sides of a Scale, 
or Ruler, as is iutended to be fully deſcribed in another ay. 


* 


Pre blems, 2 7 


er the other Degrees as far as 9o are laid on 
the Line ac, which then is called a Line of Chords. 
This! is too maniteſt to nd a Demontirativn, 


225. The Uſe of 4 Line of Chords 1s very ealy. 
For iſt. To make an Angle equal to any Number of 
Degrees, the Chord of 60 Degrees being = the Ra- 
dius, as demonſtrated nn the laſt Problem, wich that 
Extent, (commonly called a Sweep of 60) deſcribe 
an Arc of a Circie of a fufficient Length ; then 
take off from the Scale (Fig. 12.) the Chord of the 
Number of the Degrees the L is to contain, and 
fer off that Diſtance on the Arc; then draw a Line 
from the angular Point, as in Art. 232, &c. To 

meaſure an Angle being only the Reverſe of this, we 
ſhatl omit particular Directions as unneceſfary, 

Note. If the L. is more than 9o Degrees, firſt fer 
off the Chord of go Degrees vn the Arc, and from 
the Point where that falls, ſet off the Chord of the 
Lxceſs of the above 90 Degrees. 


236. ann 12. Ts Sid a Line through a 
given Point A, parallel to a givin Line BC. 


Con STRUCTION, &c. Take any Point D ia the 
Line BC, and join the Pomts A, ID; then make 
tne . EAD = 2 ADC, and the Line EF will be 

Q k. . 8 


27). PROBLEM 15. At any given Diſt auce to 
draw a Line parallel to another given Line AB. 


Cons rrucT1ON. In the Line AB take any 
Point C, and erect CE* Lto AB; then on it ſet 
off the given Diliance from C to G, and make the 
„ KGC . = 2 BCG, then will the Line IK be* 9 
two AB. * I. & Q. E. D. 


238. 
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238. Scholium. This and the laſt Problem may 
he performed ſomething more expeditiouſly, though 
not ſtrictly geometrical, by the iollowing Methods. 


PROBLEM 12th may be thus conſtructed. PL. v. 


| Setting one Leg of the Compalks in the Point A, 
open the other 2 as, being turned about, it may 
touch, but not cut the Line BD (as repreſented by 
the Arc ab ;) then take any Point C in the Line BD, 
and piacing one Point of the Compaſſes in it, with 
the ſame Extent of the Compaſſes, with the other 
Leg ceſcribe the Arc cd; then lay a Ruler ſo as to 
touch the Are cd and the Point A, and draw che Line 
EA which will be that * 


The 13th Prone may be thus conftrutied. 


With a Radius = the given Diſtance, one Leg of pl. v. 
the Compaſſes being in C, (a Point taken any where Fig. 16. 
in the Line AB,) with the other deſcribe the Arc ab: = 
Again, take another Point D in the Line AB, and 
putting one Leg of the Compaſſes in ir, with the 
other Leg and the ſame Radius deſcribe the Arc cd; 
then applying a Ruler to touch theſe two Arcs, 
draw the Line EF for that required. Thefe two Me- 
thods of drawing parallel Lines are grounded on the 
* Theorem that paralle] Lines a are every where equi- 
- (ant. 


239. Provieu 14. To conſlrutt a parallel Ruler 
for the more ready drawing parallel Lines. 


ConsTRUCTiON. Let AB, CD, be two 4 
very ſtraight, and every where of an equal Breadth, 
joined together by two Braſs or Silver Pieces, EG, 
FH, of equal Length, moveable about the Pins E, 
I', G, II. Note, the Diſtance between the Pins 


N. V. 
Flg. 17. 
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« 69. 


II then will the Figure repreſent a parallel Ruler. 


Sabina: Book V. 
EF muſt be = the Diſtance between the Points, G 


7 


DMoNxsTEAT ION. For whatever Diſtance we 
open the Rulers AB, CD, to, they will always be 
[| to cach other. For, EG being = FG, and EF 
= GH, by the Conſtruction, and EH common, the 
As EGH, EFH, have 3 Sides of one reſpectively 

= the 3 Sides of the other, and . the As are 91 
in * all _ z conſequently the ZONE = 
FEM, and AB* te TD. Q. E. D. 


745. Fighre 18th breit another Method of 
making a parallel Ruler. The Braſs Pieces EH, 
GF, are of equal Length, joined together exactly 
in the Middle by a Pin I, about which they arc 
moveable, in the fame Manner as a Pair of Sciſſars. 
The Points F and H are moveable about the Pins F, 


II; and the Ends, E and G, move in Slits made in 


the Eads, A and C, of the Rulers. 


DEMONSTRATION. That the Rulers, AB, CD, 
being opened to any Diſtance, will always be [| to 
each other, will appear by conſidering that FI, HI, 
EI, GI, are = each other, by the Conſtruction, 
and the  EIF = 4 GIH, and. the AsEIF, GI, 
are equal in all Reſpects; and conſequently the 4 
FEI = Z IHG, and. the Rulers AB, CD*© to 
each other. Q. E. DU. 


ScHOLIUM. The Manner of Uſing a parallel Ruler, 
when a Line is to be drawn parallel to a given 
Line, at a Diſtance not excecding that to which the 
Ruler will open, ſcems too evident to need any De- 
ſcription : Bur when the given Point thro' which 
the parallel Line is to be drawn, is at a greater Diſ- 
tance from the given Line than the Ruler can be 
opened, in ſuch Caſe it may be convenient to hint, 
that having placed the Edge of one of the Rulers, 
ſuppoſe CD, on the given Line, and —— 10 

uler 
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Kuler as much as may be towards the given Point, 
keep the Ruler AB, which is neareſt that Point, firm 


in its Poſition, and then bring the other Leg CD 


cloſe to it; where ſtopping it, move forward the 
Ruter AB, and thus proceed, alternately moving 
each Ruler carefully, (ſo as to continue always paral- 
jel to each other,) until the Ruler AB touches the 


given Point ; when the required Line may be drawn 


by the Edge of that Ruler. 


241. PROBLEM 15. To triſef} an Angle ACB, 
that is, to make an Angle equal to one third of a given 
Angle. I 

ConsTrRucTion. About C, as a Center, with 
any Radius deſcribe the Semicircle DEH, and pro- 
duce BH at Pleaſure, Then prick a fine Pin in the 
Point E, and on the Edge of a Ruler Gl ſet off GF 
= the Radius of the Semicircle; then move the 
Ruler ſo that the End G may always be in the Line 
BH produced, and the Edge of the Ruler alſo 


touch the Pin E; and obſerve when the Point Fon 


the Edge of the Ruler touches the Circumference of 


the Semicircle ; then ſtop the Ruler in that Poſition, 
and draw the right Line GE; then will the 2 FCH 
be of the ECD, or, which is the ſame, the Arc 
HE = of the Arc DE; . E-L 


Note. This Problem is impoſſible to be conſtruc-  - 
ted by a Method ſtrictly geometrical, either by right 


Lines, or Circles; which is our Reaſon for giving; 
the above mechanical Method. 


DemonsTRATION. Let the Number of Degrees 
contained by the £ FGC be denoted by 4a; then, 
FG being = FC by the Conſtruction, the 4 FCG = 
LFGC = a Degrees; . LFCG + LFGC= a+ 
2=2a, But the 4 EFC being the external L of 
the AGFC is bg the two 1 and oppoſite Z s, 
.* = 24; but FC = EC by the Conſtruction, . 
the AFCE. is Iſoſceles, and... :EFC® = EC FEC 


NE. = 2 


59 
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©.78- 5 24 by the above. Now the FCE = 1800. 
minus the Sum of the two s EFC, and FEC, that 
is, = 180” — 4a. But the Arcs HF, FE, are the 
Meaſures of the 4s GCF, and FCE, reſpectively ; 
. the Arc HE=FE + Arc HF = 180 — 44 + 
a, that is, = 180 — 3a (for one 4 being to be 
added, and 44 ſubtracted, it is manifeſtly the ſame 
if we only ſubtract 34.) Now a Semicircle being = 
180* the Arc ED muſt be = 180* minus Arc 


HE, that is, =. 180” minus 180% — 3a, that is, 
= 180% — 180* + 3a, (to ſubtract a Negative 
being the ſame as to add an Affirmative) = 3a ; 
Hence ED = 3 Times HF, or, which is the ſame, 
the LFCG= 5 of LACB. Q. E. D. 


1.242; ProBLEM 16. To deſcribe a Parallelogram 
* that Hall be equal to a given 7 rtangle ABC, and have 
one of its Angles equal to a given Angle D. | 


ConsTRuUcCTION. Biſect BC in E, (and join 
AE) and at the Point E, in the Line EC, gr the 
4 CEF*= 4D; then through the Point A draw 
AG*® [|| to EC, and alſo CG || to EF; then is 
EFGC the Parallelogram which was required. 


DemonsTRATION. The Z ECF being = LD, 
CG || to EF, and FG || to EC, by the Conſtruc- 
tion, the Figure EFGC 1s a“ Parallelogram, and one 
of its Zs CEF = the given 4D. And becauſe BE 
SF me .A AER tie A AEC 
and Parallclogram EG, ſtanding on the ſame Baſe 
* between the ſame Parallels, the Parallelogram 

s * double of the A AEC, and conſequently = the 
rn. ABC. . D. 


243. PROBLEM 17. To apply 4 Parallelogram ts 
a given Line AB, which ſhall be equal to a given Tri- 
* angle C,, and have one of its . equal to a given 
Angle P. 


Con- 


Io By 186" is ſignified 180 Degrees. 
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ConsTRucTION. Make the Parallelogram BEFG 
—= the AC, and having the A EBG * = D, ſo 


chat BE be in the ſame Line with AB. Then pro- 
duce FG to H, and through A draw AH * {|| to 


GB or FE, and join the Points H, B, and produce 
FE, HB, till they meet each other, and let K be 
the Point where they meet: Draw KL {| to EA or 
FH, and produce GB, HA, to M and L; then 
will ABML be the Parallelogram which was re- 


quired. 


DemonsTRATION, For KL being F to FH, 


and FK || HL, by the Conſtruction, the Figure 


FKLII is a © Parallelogram, whoſe Diameter is HK, 
and AG, ME, are Parallelograms about HK, and 
LB, BE are the Complements; *.” BL = BF; 
bur BF = AC by the Conſtruction, * „„ 
and £ EBG = D by me Conftruftion, and 4 
AM = £ EBG, *. 
ſequently the Parallelogram BLU is = the AC, and 
has one Z ABM = the ZD. Q. E. D. 


244. PROBLEM 18; 


equal to a given rectilineal Figure ABCD, and having 
an Angle equal to a given retilineal Angle E. 


ConsSTRUCTION. 
rallclogram FH * = the A ADB, and having the £4 
HFK = the E; and to the Line GH apply 1 
Parallelogram GM*= the A BDC, having the 4 
GHM = L.; then will the Figure FLAGS be the 


| Parallelogram required. 


Da uoxsTRATION. For the 2s FKH, GHM, 
being each LE, by the Conſtruction, it is mani- 
feſt KM i is one Rt. Line, and 


FG, GL, paſſing through the ſame Point G, will be 
one Rt. Line FL; and GM being a Parallelogram, 
LM is || to GH, and, for the ſame Reaſon, FK |} 
| NM | to 


ee ABN; cane” 
To deſcribe a Parallelogram 


Join BD, and make the Pa- 


* the Parallels to it, 


2 = 3 — — > E 
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1. VI. 
Fig. 2. 


Pl. VI. 
Fig. 3 


the whole Figure ADCB. Q. E. D. 


For if the Parallelogram DH be made = A, and 


in D, with the other deſcribe the Arc 4b; after the 
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to GH, and conſequently LM, FK are Parallels, 
and ., the Figure ÞEMK a Parallelogram, havin 
the 4 FEM = LE; and the Parallelogram F 
being = A ADB, and Parallelogram GM = A 
BDC, the whole Parallelogram FLMK muſt be = 


245. Scyolium 1, After the ſame Manner it 
is manifeſt a Parallelogram may be deſcribed, equal 
to any given rectilineal Figure, how many ſoever the 
Sides are ; for Example, it the given Figure con- 
tained one A more, it would be only to apply a Pa- 
rallelogram to the Line LM equal to that third A, 
and having one 4 LE, by Prob. 17. 
246. Scholl iu 2. By this Problem may be 
eaſily found a Parallelogram equal to the Exceſs of one 
right-lined Figure given, above another right-lined Fi- 

ure given, Thus, if to any Line, CD, a Paralle- 

ogram DF is applied = A, and to the ſame Line 
CD a Parallelogram DH = B, it is manifeſt their 
Difference, or the Parallelogram GF will be = the 
Difference between the Figures A and B. 


ScHyoLiuM 3. Hence alſo it is manifeſt how to find a : | 
Parallelogram = the Sum of any two rectilineal Figures. 


on GH the Parallelogram GF = B, and have an £4 
HGE = 4 CDG, the Parallelogram DF muſt be = 
Parallelogram DH + Parallelogram GE, or, which | 
is the ſame, A + B = ParalleJogram DF. 
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247. PROBLEM 19. To deſcribe a 1 
whoſe Sides ſhall be equal to two given Lines AB, 


 ConsTRucTION. On one of the given Lines AB, 
at one Extremity A, erect the Perpendicular AD; 
then take AB in the Compaſſes, and ſetting one Leg 
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ſame Manner, with the Extent of EF, and one Le 
in B, with the other ſweep the Arc cd, and let s 


15 


de the Point of Interſection; then join DC, BC, 


and the Thing is done, 


DeMonSTRATION. The oppoſite Sides being 
equal by the Conſtruction, the oppoſite £s are al- 
ſo * equal; and. the Z DAB being a Rt. / by 
the Conſtruction, the other Ts muſt be ſo too: 
And ., the Figure ABCD is a Parallelogram, » 
and is that required, becauſe its Sides are by the Con- 
ſtruction = the given Lines. Q. E. D. 


2 98. 


35s 


248, ScuoLIUM. Hence we have an eaſy Me- 
thod for conſtrutting a Square ; for if EF and AB are 
equal, the Rectangle will be a © Square, 496 

249. PROBLEM 20. To make a Square equal to pl. vr 
any Number of given Squares, e. g. equal to three F. 4. 
22 Squares, whoſe Sides are equal to the Lines A, 

KC. | | 


ConsTRUCTION. Draw two indefinite Lines 
ED, DF, at Rt.“ Ls to each other, and take DG a 228 or 
= A, and DH = B, and join GH, (and the Line 232. 
DH will be the Side of a Square = the two Squares 
whoſe Sides are A and B.) Again, take DI=GH, 
DK = C, and join Kl, then will KI be the Side of 
a Square = the three given Squares. Q. E. I. 


_ DemonsTRATION. For GH** = GD* + DH*; « 115. 
but DG = A, and DH = B, by the Conſtruction, | 
and . DG* = A, and DH* = B=, conſequently 
GH*f = A* + BY. Again, KF = DK! + DF; 45. 
but DF = (GH* =) A* + B* by the above, and * 115. 
DK. = C”, by the Conſtruction, conſequently, KI* . 45. 
= A* + B* + C. Q. E. D. Atter the ſame 
Manner may a Square be conſtructed = any Num- 
ber of given Squares. 
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and ADEB + ADBA = whole AEBA, 
* EBA = 
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| 230. pabbrvt 21. To make a Wich * to 


the Difference f two given Squares, whoſe 9 are 
. AB and C 1 


_  ConsTRUCTION. 
ſhorteſt Line AB, 
in the Co 
der deſcribe the Are ab, interſecting BE in F; 
draw . and it will be the Side of 99 required | 
Square. 


On one Extremity B, of the 
raiſe a L BE, then taking CD 
mpaſſes, put one Leg in A, and with the 


Dr MONSTRATION. For 1 + IN e = AP: 
*,* taking AB* from both Sides, we have BF* = 
AF, — AB!; but AF = CD by the Conſtruction, 

AFP = CD; conſequently BF*'* = CD* AB!. 


QE.D. 


251. PROBLEM 22. To nale a Triankg equal 1 


Fig. 6. any giver quadrilateral Figure ABCD. 


Draw the Diagonal BD, * 
to it draw CE interſecting AD produced in E; 


then join EB, and the A A E will be that which 
was required. 


| DemonsTRATION. Fob the As DCB, DEB, - 
being on the ſame Baſe BD, and between the {ame 
Parallels, (or, which is the ſame Thing, having 
equal Altitudes,) are * = each other; A DEB 
+ ADBA = ADCB + ADBA ; but the ADCB 
+ ADBA = the whole quadrilateral Figure ABCD, 


bw ne 
the Quadrilateral ABCD. Q. E. D. 


2352. Proslzn 23. To make a Triangle ab 10 


Fig. 7. any given froe-/ided Figure ABCDE. 


Contraverion. Join EC, AC, "ind draw DF 
to EC, and BG |] to CA, meeting AE pro- 


duced, 
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duced, in, the Points F and G, reſpectively. ;- then 

draw CF and CG, and the, AFCG will be, that re- 

quired. J is ſo very much like the laſt Prob- 

lem that it needs no Demonſtratio . 
233. PronLEM 24. To deferibe a Circlt ibrough Pl. VI. 

tbree * Points, ee, n are a: in @ right ** 8. 

Line.) . Cf CES 


ch rind 7 4 B, 26 be t 1 
Points given; draw the Lines AB and BC, and . 236. 
biſect them by the Lines DE, FG, and the Point of 
their Inter ſection H will be the Center of the Circle; 

put one Leg of the Compaſſes in H, and open 
the other Leg to one of the given Points, and with 
that Extent ſweep a Circle, and the Circumference 
will paſs thro” the three Siren Points. 


DEMONSTRATION. * 3 AH, BH, CH, 
joined; then DB being = and DH common, 

and the contained . ADH = Sche contained 4 BDH _ 
by the Conſtruction, the Side AH “ Side BH;  ”% 
and by the ſame Reaſoning BH = CH. r 
BH = CH; conſequently H is the © Center of a © 136. 
Circle whoſe Cy will paſs thro* the Points 

A, B, and C. Q. E. 


2 54. ScHoLIUM. By this it is manifef, the Cen- 
ter of any given Circle may be found, by aſſuming any 
three Points in its Circumference, and proceeding as 
above. By this alſo, when we have a Segment of 4 
Circle given, we may compleat the whole Circle. | 
This Problem alſo ſhews how to 1 a Circle about a 
given Triangle. 


255. PROBLEM 25. To draw a Tangent to à pl. Vi. 
Circle, from a given Foini D without 7 Fig. 9- 


| ConsT RUCTION. Let B be the Center of the Gir- 
cle; join BD, which biſect in*C ; then about C, = 226: 
| as 


| Problems, Book v. 


45 a Center; with the Radius CB, or its equal — 

defcribe a Semicircle BAD, and draw DA from D to 

A, the Point where the Lircumference of the Semi- 

circle interſects that of the Circle, and DA will be 
| the Tangent required, | 


hs Denon its 14108; For if BA be joined, the 2. 
a 148. BAD is 5 Rt. L, being in a Semicircle; and .“ 
147. HA . 7 to the 8 at the Point . 
- 1 70 D. NT 


wi! Senor ton. If it Wat * rel 1% WR 

ro a given Point A, in the Circumference of 

7 wh it wad be only to WI a L AP to the 
Ras By the FEY 4. „ 

PI. VI. 257, ProBLEM 26. b 4 given Tine AB, to 

Fig. 10. 401 g ee of a N which fhall contain 4 


r 8 | 5 


4 230. elenden. Make the 4 DAB 2 KC. 
2228. and on AD, at the Point A, erect : the L Al, and 
* 226. ctiſect AB by the Line FH ; then let the Point G, 
where the Lines Af, FH, interſect, be a Center, 
about which, with the Radius GA, deſcribe the 
Circle ABE, and the Segment AEB will be that re- 
quired. 


* : 4 


DzmonsrRATION. Suppoſe B, G, joined; then 
AF being = BF by the Conſtruction, FG com- 
227. mon, and contained AFG = contained 4 BFG, 
58. the Side AG is © = Side BG, . a Circle deſcribed 

abour G, as a Center, will paſs thro* the Points A 
and B; let E be the Point where the Circle inter- 
1151. ſects Al, and join BE, then the C AEB = BAD; 
eee *ZSAD = Z C, byithe Conſtruction, me 
*45- AEB C; that is, the * "oj AEB contains 
an 4. = the given LC. Q. E. D N 


258. 
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258. ScnoLivm. If the given L is a Rt. L, we 
have only on AB to deſcribe a Semicircle ; becauſe 
the Z in a Semicircle 32 Ke £. wn 5 1148. 


259. PROEIEM 27. To cut off a Segment from a pl. Vr. 
given Circle ABC, which ſhall contain an Angle equal Fig. ir, 
to a given Angle D. „ | 


ConsTrucTion, To any Point B, in the Cir- 
cumf-rence, draw * the Tangent EF, and make the « 256. 
J FBC = the given Z D; then is the Segment ® 230. 
BAC that required. 953 


DemonsTRATION. For the Z FBC = BAC, 1513 
and the 4 FBC alſo = LD, by the Conſtruction - 
LBAC* Ä Y 4 45% 


260. PROBLEM 28. To * inſcribe in a given Circle, 
BCD, @ Line equal to any given Line, A, leſs than the 
Diameter of the Circle. 5 


ConsTRUCTION. About any Point B, in the PI. VI; 
Circumference, as a Center, with a Radius = the Fig: 12. 
given Line A, deſcribe the Arc ab, interſecting the 
Cireumference in C; join BC, and the Thing is 
done. This needs no Demonſtration, it being ma- 
nifeſt from the Conſtruction that BC = A, 


261. ProBLEM 29. In a given Circle ABC, 10 pl. VI: 
Þ inſcribe a Triangle equiangular io a given Triangle Fig, 13s 
DEF. . . 


N Con- 


* A Line is ſaid to be inſcribed, or placed in a Circle, when 
the Extremities of it are in the Circumference of the Circle. 

t A xectilineal Figure is ſaid to be inſcribed in a Circle when 
all the angular Points of the inſcribed Pigure are upon the Cir- 
cumference of the Circle. 4 | | 
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ConsTRUCTION, To any Point A, in the Cir- 
cumference, draw the Tangent GAH, and ns 
the 4 HAC* = 4 DEF, and-the £ GAB = 


DFE, and join BC; then is the A ABC that 155 


quired. 
DzMoNSsTRATION. ö Ern ABC, 


and Z. HAC = 4 DEF by the Conſtroction,. of LEAP 


ABC = 4 DEF : By the ſame Reaſoning, 4 
ACB = DFE. -:.: the remaining BAC = the re- 
maining 4 EDF, and fo the As ABC, DEF, are 


.. equiangular. Q. =. 0 


262. PRoBLEM 30. About a given Circle ABC, 


10 + deſcribe a Triangle equiangular to a given, 7 rungle 
DEF. 


CoxsrRucTIoN. Produce EF both Ways toG | 
and II; from the Center K draw a Radius KB, and 
make the . KBA = E DEF, ad . BEC = „ 
DFH, and thro' the Points A, B, C, draw the 
Tangents LAM, MBN, NCL, and the & LMN 
will be that required. : 


DemonsTrRATION. The Zs MAK, MBK, 
being * Rt. 4s, and the four 4s of any quadrilate- 
ral Figure being * = four Rt. 4s, the AMB is 
2 Rt. 25 LBKA; but 4 DEF<=2 Rt. £8 — 
DEG, and . BKA = 4 DEG by the Conſtruc- 
tion. AMB, = 2 N. 4s — „EG 4, 
AMB = DEF; and by the ſame Reaſoning, 
£BNC = 42 DF E. Hence we have ſhewn that the 
two s LMN, LNM, are reſpectively = the two 
4s DEF, DFE, and, conſequently, the remaining 
4 MLN * = the remaining Z EDF; and., the 4s 


LMN, DEE, are e QE. D. 


cumference of the Circle. 


263. 


+ A rectilineal Fi my is 4 to be deſcribed about a Circle 
when each Side of the circumſcribing Figure touches the Cir- 
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263. ProBLEM 31. To * Aeris 4 Circle in a 


given Triangle ABC. 


Cons rauer ion. Biſect 8 the Zs ABC, BCA, 


by the Lines BI, CH, and let D be the Point of In- 
terſection, and draw DE hb | to BC; then about-D, 


as a Center, with a Radius = DF, deſcribe a Circle 
FGE, and it will be that required. 


U Let DE be L to BA, and 
DG L to AC; then the 4s BED, BFD, being 


Rt. s, are = each other; and the 4 EBD 


= L TBD by the Conſtruction, and the Side BD 
common, *.* the As EBD, FBD, are = each 
other in all Reſpects, and conſequently ED = DF. 
By the ſame Reaſon DG = DF; . ED, DF, DG, 
are = each other, and conſequently the Circle de- 
ſcribed about the Center D with the Radivs DF, 


will paſs thro' the Points FEG, or, in other Words, 


will touch the Sides of the mY Triangle in the 
Points E, F, and G. Q. E. 


264. PropLEM 32. To inſcribe a * in a 


given Circle ABCD. 


| ConsTRUCTION. | Through the Center E. He 
the Diameter AC, and ©_L to it the Diameter AC, 


and join BA, AD, DC, BC, then is the refiliveat 


Figure ABCD the Square required. 


DEMONSTRATION. BE being = ED, AE com- 
mon, and the Z AEB = g. AED, the Side AB 


will be © = Side AD; ahd, by the ſame Reaſon, AB 


= BC, and AD'= D AB EATS 
DC; chat is, the rectilinea Figure ABCD is equi- 
lateral, And BD being a Diameter, the £ BAD is 
| OY. an 

A Circle is ſaid to be inſcribed in a rectilineal Figure when 
the Circumference touches each Side of the rectilineal Figure. 


4s 
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Fig. 15. 
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an L in a Semicircle, and. a Rt. 4 : By the 


ſame Reaſon the zs ABC, BCD, CDA, are cach 
of them Rt. 2s. Hence we have ſhewn that the 


rectilineal Figure ABCD is equilateral, ard its 29 
all Right 4s. Conlequently itis a: Square. Q. E. D, 


265. POLEN 33. To deſcribe a Square about a' 
given Circle ABCD. | 


ConsTRucrion. Draw the Diameters AC, BD, 
dat Rt. Ls to cach other, and thro' the Points A, 
B, C, D, draw the Tangents GF, GH, Hk, | 
KF; then will the Figure FGHK be the required 
Square. 


DruoxSTRATION. For the Zs at A, B, C, D, 
are right s by the Conſtruction, and becauſe the 
4s GBE, AED, are each of them Rt. £5, they 
are cqual to each other, and * ' GH" | to AC; 
and by the ſame Reaſon FK to „ 1 GH * Nt 
to FK. After the ſame Manner it = be ſhewn 
that GF is || to HK; hence the Figure FGHK is 
a * Parallelogram, and its oppoſite Sides and As are 
equal; alſo GC, AK, FB, BK, are Parallelograms, 
and *.* their oppolite Sides are equal; hence GF = 
BD in the Parallelogram FB, and GH= AC in the 
Parallelogram GC ; bur AC = = BD being each the 
Diameter of the Circle; * GF = GH; and the 
oppolite Sides of the 3 FGHK having been 


ſhewn above to be equal, it follows that GF = GH | Y , 


= HK = FK, or that it is equilateral : It is alſo 


rectangular, for the Zs GAE, AEB, EBG, being 


all Rt. s, the 2 AGB muſt be alſo ab Rt. : At- 
ter the ſame Manner it may be ſhewn that the 2s 
as the: Points H, K, F, are Rt. s; the Fi 
gure GFK H has been proved to be both equilateral 
and rectangular z . it is a Square. Q. E. D. 


266. PROBLEM 34+ To inſcribe a Circle in a giv- 
en Square FGHK. 
"Cond 
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ConsTRUCTION., © BiſeCt the Sides GF, GH, 226. 
by the Lines BD, AC; then about the .Point of 
Interſection E, with the Radius EA, ſweep the 
Circle ABCD, and it will be that which was re- 
quired. 


 DemonsTRATION. The 45s AGB, EBH, being 

both Rt. 45s by the Conſtruction, are = each other, 
and. BE* || to GA; by the ſame Reaſon AE || 40. 
to GB; . the Figure AGBE is a  Parallelogram, 97. 
and *.* its oppoſite Sides are equal, viz, AE = 

GB, and BE = GA : But GB, GA, being the 
Halves of equal Lines, viz. of GF, GH, (by the 
Conſtruction) are © = each other, AE = GB = e,,. 
BE = GA, or the Figure is equilateral ; it is alſo 
rectangular, for the 43 EAG, AGH, E BA, being 

Rt. Ls by the Conſtruction, the other LAEB muſſtt 
be a Rt. 4 alſo; and *.* the quadrangular Fi- 4 87. 
gure AGBE, a *© Square. After the ſame Manner * 3+ 
AFDE, DKCE, CHBE, are ſhewn to be Squares 

= the former; EA = EB = EC = ED, and 
conſequently, a . deſcribed about the Center E, 

with the Radius EA, will paſs thro' the Points A, | 
B, C, D, and * touch the Sides of the given Square * 141. 
in thoſe Points, (as the Es at thoſe Points are Kt. Cs. 


QE. P. 


267. PROBLEM 35. To * a Circle about a pl. VII. 
given Square ABCD. | F. 1. 


ConsTRUCTION. Draw the Diagonals AC, BD; 
then, about the Point of Interſection E, as a Center, 
with the Radius EA, deſcribe a Circle, and it will 
be that required. 


6 AB being = DC, AD com- 

mon, and 4 BAD = Z2 ADC, BD*= AC, and « 58. 
EA = EC, and ED = EB. But the whole Dia- 14. 
gonals AC, BD, have been juſt ſhewn to be equal, 
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gure terminated by more than four Sides. — 


Problems, Book V. 
their Halves muſt be equal alſo, that is, EA = 
ED=EC=EB; and conſequently a Circle de- 
ſcribed about the Point E, with a Radius = EA, 


muſt paſs thro' the Points A, B, C, and D. 
ED. 1 


268. Before we proceed any further, it may be 
proper to give ſome Definitions concerning Poly- 
gons. | 


A Polygon is generally defined to be a Plane Fi- 


13 


According to its Etymology it is a Figure having 
many Angles; which is in Fact the ſame as the 
above Definition; for when a Figure has man 


Sides it muſt have many Angles, et contra; the 


Number of Sides and Angles being always equal. — 
When it is both equilateral and equiangular, it is cal- 
led regular, otherwiſe irregular. 


N [c pentagon 

6 | Hexagon 

2 Heptagon 

% Octagon 
A Polygon of 4 9 F Sides is called a4 Enneagon 

| "JO : Decagon 
11 1 85  Endecagon 
N 2 Do lecag: mn 

&c. e. 


Note. In what follows we would be underſtood to 
treat of regular Polygons only. 


269. The Angle made by any two contiguous 


Sides of a Polygon is called the Angle of the Polygon. 


And the Angle made by two Lines drawn from the 
Center of the Polygon, to the extreme Points of the 


ſame Side of the Polygon, is called the Angle at the 
Center. | | 


270. 


Theorems, Book V. 


27. A LeMMa: Lines biſefling the Angles of the 
Polygon, will inter ſett each other in one Point within 
the Polygon, and may be called Radii, 225 they will be 
equal to each other. 


For the Ls of the Polygon ka * equal, their 


Halves muſt be ſo too: the ABS = 4 BAS, 


SA SSB; and by the ſame Reaſon SB = SC, Ke. | 


AS SB Sc, &c. Q. E. P. 


271. e 1. Hence, Lines drawn from 
the Center of a Polygon to the Extremities of each 


Side, ill divide the Polygon into as many Iſoſceles Tri- | 


angles, equal to each other i in all NK as the oh bk 


bas Sides. 


272. Con ol LAY 2. Hence alſo, each Angle at 
the Center (as all the Angles at that Point are 
4 Rt. 45, or 360 Degrees, ) muſs be = 36⁰ Degrees 


divided by the Number of Sides. 


273. COROLLARY 3. | White alſo it follows, that 


the Angle of the Polygon is = 180* — the L at the 
Center. 

For . ABS + 4 SAB = 180% — at the Cen- 
ter; but Z ABS= £4 SAB by the 5 above; ©: ( 
ABS + 2 ABS, or, which is the ſame) 2 z ABS= 


180 — L at the Center; but 22 ABS is = £4 ro 


the Polygon, . the Z of the Polygon = 180 
4 at the Center. 


274. From the two laſt Coroilaried the following * 
Table is eaſily conſtructed. 


Problems, Book V. 


Name of the Angle at Angle of the 
Polygon. Center. Polygon. 


6—— 


Pentagon] 72 0 | 108” oo 
Hexagon] 60 00 120 20 
Heptagon] 51 25; | 128 347 

Octagon] 45 00 135 O00 

| Enneagon| 49 0 | 140 00 
Decagon] 36 oo | 144 oo. 

Endecagon] 32 437, 147 16:7; 

| Dodecagon] 30 00 | 150 oo 


FR 


Pl. VI. 275. ProBLEM 36. In à given Circle to inſcribe @ 
Fig. 3 Polygon of a given Number of Sides. 


_ , ConsrrucTtiIONn. Draw a Radius AS, and make 
the ASB => the L at the Center; draw AB, and 
it will be one of the Sides of the Polygon. 'I ake 
AB in the Compaſſes, and ſet off that Diſtance from 
B to C, from C to D, &c. then will the Figure 
ABC, &c. be the required Polygon, This is mani- 
teſt. | | 


276. CoroLLaRy. In a Hexagon, the Side of 
the Polygon is equal to the Radius, viz. AB = AS; 
NN | for in that Cale the s ASB, ABS, SAB, are each 
( i S 609, and . the A ASB equilateral. Noje, we 


ail ſhall defer ſaying more on the Conſtruction of Po- 
18 lygons till we treat of the Conſtruction and Uſe of an 


excellent Inſtrument called a Sector. 


pl. VII. 277. PROBLEM 37. From a given Line, AB, 
Fig. 4. #0 cut off any Part required; for Example, a Fifth of 


ConsTRucTION. Draw an indefinite Line AC, 
making any L with AB; on which ſet off any Diſ- 
tance Al, ſet off the ſame from 1 to 2, from 2 to 
3, from 3 to 4, from 4 to C; then have we ſet off 


as 


* 


as many equal Parts on AC as AB is ſuppoſed to be 
divided into. Join Bs, and I to it, draw 14, then 
will Aa be Part of AB. 


Problems, Book v. 97 


DroxsTRATIONW. BC, 41, being [| to each | 
other, as CI: Al =:: Ba: Aa, *.* compounded- 191 
ly Ci TAN: Ar *:: Ba-+ Aa: Aa, that is, CA 200. 
: Art :: BA: Aa; conſequently, As is the ſame 
Part of AB as Aris of CA. Q. E. D. 


278. Scholluu. By this Problem a Line AB 
is divided into any Number of equal Parts. For 
Example Sake, Aa being 45 Part of AB, if we ſet 
the Diſtance Aa from à to b, from & to e, and from 
eto a, the ſame would be = 4B, and fo the Line 
AB divided into five equal Parts. And after this 
Manner Scales may be conſtructed. But for this 
Purpoſe, viz. to divide a given Line into any Num- 5 
ber of equal Paris, the following way is better adap- » 
ted. For Example Sake, let it be required to divide 
the Line AB (ſee Plate VII. Fig. 20.) into five equal 
Parts. 7 = 


ConsTRUCcTION, From the Point A draw the 
indefinite Line AC, making any Angle at Pleaſure 
with the given Line AB; and || to AC, draw the 
indefinite Line BD: Then taking any convenient 
Diſtance in your Compaſſes, ſet it from A to 1, 
from 1 to 2, 2 to 3, &Cc. alſo ſet the ſame Diſtance 
from B to a, a to 6b, þtoc, &c. then the Line being 
to be divided into 5 equal Parts, join Bg, and you 
cannot miſtake in joining the other correſpondent” 
Points, 44, 53, cz, di; and theſe Lines will divide 
the given Line AB into g equal Parts, viz. Af =" 
e a M=t 5 | 


DzMonsTRATION. It is manifeſt from the Con- 
ſtruction, that the Lines 44, 53, &c. are all of them 
to B5, and to each other, and therefore the As 
Arf, Azg, &c. are ſimilar to each other; * 

O 1 


_ 


- Problems, Book V. 
Al: Af :: Az: Ag; but if we denote Ai by m, 
and Af by u, A2 will be = zm, and ſo the Analogy 
become m: n:: 2m : Ag; but it is manifeſt Ag 
muſt be = 21, for m: n has the ſame Ratio as 2m 
: 2 Ag = 2n, and conſequently g = u. 


| Again, as A1: A:: A;: Ab, that is, : 1 :: 


an: Ab, conſequently, Ab muſt be = 3n, to pre- 


lerve the ſame Ratio: But Ag has been juſt ſhewn 
to be 21. . gþ (= Ah — Ag muſt be) = alſo. 


After the fame Manner hi and iB may be proved to 


be equal to , and fo Af, fg, bi, iB = one and the 


* 191, 


Pl. vn. 
Fig. 6. 


ſame Quantity, and conlequently equal to each 
other; or, in other Words, the Line AB 1s divided 
into five equal Parts, in the Points f, g, b, i, and B. 
QUE. D. 

N. B. We ſhall treat of the Conſtruction and 


Uſe of diagonal] Scales in our Eſſay on Trigono- 
meu, 


279. PROBLEM 38, 7 0 find a third a nee 
to 1wo given Lines. | 


Cons TRUCTION. Let AB, AC, be the two 
given Lines, ſo placed as to contain any Angle. Pro- 
duce AC, AB, at Pleaſure; in AB produced take 
BD = AC; join BC, and thro' D draw DE || to 
itz then will CE be the third Proportional t re- 


quired, 


DemonsTRATION. For as AB: AC J 11 8D: 
CE; but BD = AC by the Conſtruction, . it is, 
r: AC: CE. Q- KD. 


280. PROBLEM 39. To find a fourth Proportional 
to three given Lines A, By | 


1 Draw 3 Lines, Da, 
De, making any Angle. In Db take DG = A, and 
GE = B; and in Da take DH = C; join GH, and 


draw 


. 


<= a. 2x 
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draw EF [| to it; then will HF "be the fourth Pro- 
portional. Q. E. I. 


Deg MONSTRATION. For as DG : GE *: 2 DH 
: HF; or, which is the ſame, A: 7 278 HF. 


Q. D. 


2561. PronLEM 40. To find a mean Proportional 
to two given Lines, a, b. | 


 ConsTRvcTION. Draw an inden Line Ad, 
in which take BD = a, DC =, and upon BC d. 
ſcribe a Semicircle ; and on the Point D raiſe the 
| DA, to cut the Circumference of the Semi- 
circle in A, and it will be the mean Proportional 


required. 


| DzMonSTRATION. Join BA, CA, then it is 


manifeſt from Art. 210, that DA is a mean Propor- 


tional between BD and DC, or, which 1 is the ſame, 
between the Lines a and 5. Q. E. D. 
N. B. This ſhews alſo how to make a Square = = 


99 
* 191, 


PI. VIL 
* - 


given Rectangle. For if BD, DC, be the Sides of 


the Rectangle, DA is the Side of a Square = it: 
For by Art. 21 I, BD xx DC =DA5 


282. PROBLEM as. To divide a Line BC Re 
ins to extreme and mean Proportion. 


ConsTrucTION. Draw BE J. to BC and = 


BC; and about E as a Center, with the Radius ER 


deſcribe a Circle, and thro' the Points C, E, draw 


Pl. VII. 
Fig. 8. 


the Line CA, cutting the Circumference of the 


Circle in the Poines Dand A; then make CF = CD, 


and the given Line BC will be divided by the Point 


F, into extreme and mean Proportion, as was Ie- 


quired. 


DemonsTRATION. By Art. 213, CA „ CH = 
BC? , * BC: CA*:: CD : BC, whence inverſe- 
O 2 = ly, 


19 % 


Problems, Book v. 


ly, CA : BC* :: BC : CD ; this dividedly is 
"CA — BC : BC*;: 5e CD : CD; which in- 
- verſely is, BC : CA BC *:: CD : BC— CD. 


By the Conſtruction CF = CD, and DA, being a 
Diameter, is = twice BE, or = BC, by the Con- 
ſtruction; . CA= CF + BC; hence, by writing 


CF for its 2 CD, and CF + BC for its equal 


CA, in the laſt Analogy, we have BC ; CF + BC — 
BC : CF ; BC - CF = BY, on, which 1s the 
33 (as + BC — YE deſtroy each other,) BC ; | 


CF :: Ch.: BF, Q. E. D. (Sce Art. 176.) 


283, PROBLEM 42. 7 make a Square equal to 


7 any given right-line Figure. 


ConsTrucTION. By Problem 18, find a Rect- 


angle = the given Figure ; then, by Problem 40, 
find a Square = that Rectangle. 


284. R When the given Figure has 
not more than five Sides, perhaps the eaſieſt Way to 


find a Rectangle = the given Figure, is, firſt to 


find, by .Problem 22, or '23, a A = that Figure ; 
and then a Rectangle = that A may be found vw 
Prob. 16. 


285, Wend te 43. To find two Lines which 


Hall have the ſame Ratio to each other as any two 


given rectilineal Figures. 


ConsTRUCTION. Take two Lines at Pleaſure = & 
each other, and on them make Rectangles = the 
reſpective given Figures; then are the Rectangles 


in the ſame * Ratio as their Baſes, (their Altitudes 


being * by the Conſtruction;) conſequently, the 


given Figures muſt be in the ſame Ratio as the 


| Baſes of the Rectangles, 


286, 


| Problems, Book vl. 102 


466. PROBLEM 44: Upon a given Line FG to pl. vn. 
deſcribe a rectilineal Figure, ſimilar, and fimilarly fitu- Fig. 9. 
ated, to a given rectilineal Figure ABCDE, 


ConsTRUCTION, Join BE, BD, and make the 
LFK = CLA, and 4 FGK = £ABE ; then make 
4 GKI = BED, and 4 KGI = L EBD. Again, 
make z. GIH= 4 BDC, and . IH DRC 
and the Figure FGHIK will be that required. Af- 
ter the ſame Manner, by proceeding from A to A, 


a Figure may be made ſimilar to another of any Num- 


Ps HY . 


2 (Þ T7 


DEMONSTRATION. The . GFK 8 3 
. BAE, and £4 FGK = Z ABE by the Conſtruction, 
, the remaining 4 FKG muſt be * = the remaining . 0. 
| AEB, and . the As GFK, BAE, equiangular, 

and conſequently * ſimilar : After the ſame Manner d 194. 
13 the A GkKl is ſhewn to be ſimilar to the A BED, ” 
0 and the AGTH ſimilar to the ABDC; conſequently 
0 the Polygons FGHIK, ABCDE, which, are com- 

poſed of the ſimilar As ſimilarly ſituated, muſt be 


„ ſimilar to each other. Q. E. D. 

287. SchoLl lu. When we treat of 1 
h we intend to give ſome practical Methods for 
50 ſolving this Problem in a more expeditious Man- 


ner. 


BOOK 


W 


Problems, Book VI. 


BOOK VI. 


Of the Application of Geometry to ſome prafitel Prob. 


Pl. VII. 
Fig. 10. 


lems for meaſuring Heights, with the Adiilion of Þ 
Some pleaſant Problems and Paradoxes for the Amuſe- 
ment of young Minas. 


288, PRoOB. 1. TO find the Feight of an acceſill. 


. Objett by Means of two Poles, of 
an unequal Length. 


SoLuTIONn. Let AB repreſent the L Object, 


| whole Height is to be found, above the Flane DB. 


Let ED, the ſhorteſt Pole, be erected L ar 
any Point D, (which may be done by a Plumb 


Line, ſuch as Maſons commonly uſe in building 


Walls upright,) then, fixing your Eye at the up- 
per End of it E, let another Perſon carry along the 
longeſt Pole, till you fee its Top appear in a direct 
Line with A, the Top of the Object, where let it 


he ſtuck down; then meaſure the Diſtance DC, and 


Pl. VII. 
Fig. 11, 


CB. It is evident the As EFG, EAH, are ſimi— 
lar, and . we may ſtate by the Golden Rule, as 
EG (or DC) : FG (the Difference of the Lengths 
of the two Poles) :: EH (or DB) : HA. And 
AH + HB (the Height of the ſhorteſt Pole) gives 
BA the Height of the Object. Q. E. I. 


289. A Lemma. If a Ray of Light, EC, falls 
on a refletting Surface (as a Piece of Looking-Glaſs) 
C, and is reflected to the Eye at A, the Angles ACP, 


ECD, are equal to each other. 


This is demonſtrated by the Writers on Optics, 


but muſt here be taken for granted, till we treat of 


that Science. 


290. 


Problems, Book VI. 


290. PROBLEM 2. 70 find the Height of an ac- 
ceſſible Objett by Means of any plain reflefling ur- 
face, ſuch as a Looking laßt or Bowl of Water. 


SoLUTION, Let ED repreſent the Height of 


. the Object 4 to the Ground BD; at any Place on 
the Ground C, place the refleting Surface; then 


2 directly backward in the Line DC produced to 


till E the Top of the Object is ſeen by Reflection 


in the reflecting Surface at C, by the Eye at A; 


then meaſure the Height of the Eye BA, the Diſ⸗ 
tances BC, and CD. Then the . ACB being = 
L ECD by the Lemma, and the Angles ABC, 


CDE, each Rt. Ls, the remaining 4 BAC = the 


remaining L DEC, and ſo the As ABC, EDC, 
equiangular, and *.* ſimilar. Hence we may ſtate 

by the Golden Rule, as CB : BA : ts os 
the Height of the Object required. 


N. B. In our Eſſay on Decimal Arithmetick, Art. 60, 


is given a Method of finding the Height of an Ob- 
ject by its Shadow. - 


We ſhall treat more fully, 


and illuſtrate Methods more accurate in Practice, 


after we have treated of the Elements of Trigono- 


291, Paonb zn 3. J aue a Figure called an 
Oval. 


Consxxveriox. Draw a Line AB. about B, 
with any Radius BA ſweep a Circle AECK, with 
the ſame Extent of the Compaſſes about C, as a 
Center, ſweep a Circle BHDI ; let E and F be the 
Points where the Circles interſect each other; join 
F, B, and produce FB to G; in like Manner draw 
FH, EK, and EI; then ſetting one Leg of the 
Compaſſes in F, with the Radius FG deſcribe the 
Arc GH; laſtly, one Point of the Compaſſes being 

WT 


Problems, Book VI. 


place in E, with the other deſcribe the Arc KI; - 
— is the Figure AGHDIR called an Oval. 


292. PROBLEM 4. To deſcribe 4 Figure called by 


Tr 13.  Jome an Helin, or Spiral Line. 


pi. vll. Ta 


ConsTRucTION. Draw a Line AB, and about 
any Point a, with any Radius ac, ſweep the Semi- 
circle ccd; then take the Point 4 fo that bc = ba, 
and about it, as a Center, with the Radius 3d, de- 
ſcribe the Semicircle def; then about the Center a, 
with the Radius of, deſcribe a Semicircle nn, and 
thus proceed at Pleaſure, making the Points & and 


b alternately the Center of the Semicircle to be de- 
ſeribed. 8 


293. Proft.um 5. Paradox 1: Having 4 * 
ble, to make it into a Jquare Table, and have a Hole 


— be Middle, without Waſte. 


We Let the round Table be cut, as re- 
preſented by the croſs Diameters in Figure 14, then 


place the four Parts together, as ſhewn in Figure 1 55 
and the Thing is done. 


2094. PROBLEM 6. Paradox 2. Having 4 round 
Table, to change it into two Oval. like Tables, and have 


a Hole in the Middle of each, without W * of 
Timber. 


Sol uriox. Let the Table be cut into eight 


F. 1619. Pieces, as repreſented in Figure 16, then with the 


four Parts, 1, 2, 3, 4, may be made an Oval-like 
Table, as ſhewn in Figure 17; and with the other 
four Parts may be made another ſimilar and equal 
to Figure 17. Q. E. I. 


295. PROBLEM 7. Paradox 3. A Gentleman hav- 
ing a Hole exattly a Foot ſquare, to try the Skill of his 
Joiner, has ordered him to fill 7 that Hole with a 
Piece 


„ 


Compaſſes. 


f 


Problems, Book Vl. 2 - 104 
piece of Board in Length 16 Inches, and Breadth 

9 Inches, with a ſtriẽt Charge to cut the Piece into 

two Parts only: How may the Joiner perform his 

Taſk ? | | 


 SoL.uT1iON. Let the Board, Figure 18, be cut as pr, vn. 
repreſented by the ſtrong Lines ab, bc, cd, de, ef; F. 18. &ig. 
then put the two Parts AabcdefB and aCDfedch to- 

gether, 'as repreſented in Figure 19, and the Thing 

is done. 5 | 


296. ProBLEM 8, PAR AOX 4 To deſcribe, Pi. vni. 
Circles of different Radii, with the ſame Extent of the Fig. 1. 


ConsrreucTion. With any Extent of the Com- 
paſſes, and one Leg in A, with the other deſcribe a 
Circle: then, taking a little Solid, (ſuppoſe a Die,) 
reſting one Leg of the Compaſſes on it as a Center 
B, with the other deſcribe a Circle on the Paper, and 


it is manifeſt it will be of leſs Radius than the other, 


297. PROBLEM 9, PARA DOXR 5. To deſcribe an 


oval-like Figure at one Sweep of the Compaſſes. 


ConsTRUCTION. Take a round Solid, (ſuppoſe. a 
round Ruler,) and on it roll a Piece of Paper; then, 
having opened the Compaſſes ro any convenient. Ex- 
rent, fixing one Leg at any Point aſſumed on the 
Ruler, turn che other round as if you were to de- 
ſcribe a Circle : Then take off the Paper, and the 
Figure ſo deſcribed will repreſent a Kind of Oval, 
being longer one Way than the other. : 


298. PROBLEM 10, PARADOX 6. To cut 4 Hole 
in a Card, large enough for a Man to paſs tbrougb. 


Soto ron, i Let ABCD repreſent the Card. In, PI, VII r. 
or near the Middle, cut a Slit, as repreſented by the Fig: 2. 
Line ma, each End of it almoſt cloſe to the * 

„„ 1 | X 


4 


Problems, Book VI. 
of the Card; then cut, as ſhewn by the Line ax; 


again, from 2 to 3, 4 to 5, 6 to 7; and thus pro- 


cred until you have cut the Line n, and one Half 


of the Card is finiſhed. This being done, and the 


other Part cut in the ſame Manner, on opening the 
Card, you will find a Hole ſufficiently large for a 
Man to paſs through. N. B. The nearer the Lines 
al, 2, 3, &c. are to each other, the larger will 


the Hole be. 


2299. ProBLEM 11. To deſcribe an Fllipfis of am 
 grven Length and Breadth. GT. 


2 vir ConsTRUCTION, Draw the Line AC = the 


Fig. 3. 8 


iven Length, and biſcct it by the Perpendicular 
DB, making ED, EB, each = + the given Breadth; 
then is AC called the Tranſverſe Axis, and BD the 
Conjugate Axis, Take EA or EC in the Compal-fi 
ſes, and ſetting one Foot in B, with the other de- 
ſcribe two Arcs interſecting the Tranſverſe in the 
Points F and G; which Points are called the Foci. 
Then take two Pins, and placing one in the Point 
A, and the other in C, join them by a ſilk or other 


convenient String: This done, remove the Pins! 


from the Points A and C to the Foci Fand G; then 


rake a Pencil in your Hand, and with it keep the 


String always extended, as repreſented at H ; then 
if you begin at A and carry your Hand from A to- 
wards D, and from thence to C, the Point of the 
Pencil will deſcribe the Half of the Curve ADC: 


And in the ſame Manner, beginning again at A, 


proceed towards B, and from thence to C, and you 


vill have deſcribed the other Half ABC; and the 


Figure ABCD fo deſcribed is called an Ellipſis. 
Otberwiſe without a String, thus. 
Open the Compaſſes to any Diſtance leſs than the 


tranſverſe Axis AC, and with it about the Focus F, 


as a Center, deſcribe the Arcs ab, ef; and with t he 

ſame Extent of the Compaſſes about the Focus G, 

as a Center, the Arcs ik, uo. This being done, - 
| | 


Problems, Book VI. 


from A towards C on the tranſverſe Axis, viz, to I: 

Then, taking the remaining Part of the T ranſverſe IC 
in the Cumpaſies, about G as a Center, deſcribe the 
Arcs cd, gh: and with the ſame Radius, about F 
as a Center, deſcribe the Arcs Im, pg; then will the 


ber, by taking different Radii at Pleaſure, as many 
_ Points may be found in the Curve as may be ſuffi- 
cient to join by an even Hand, to form the required 
Ellipſis. 


of a Cone, and therefore is intended to be more 
particularly treated of hereafter ; but as it is in daily 
Uſe amongſt Joiners, Coopers, and other Mecha- 
nics, very few of whom can be ſuppoſed to ſtudy 


ſome of them, to give the moſt eaſy Way of deſcribing 
it in this Place. 


300. ProBLeM 12. To deſcribe a * reſem- 
biing a Hen's Egg. 


Coxsraucriox. From a Scale of equal Parts 
ſet off 32 from A to G, and 43 from G to H. 
Make the Z AGF and Z DHC each = 40% Pro- 


equal Parts.) Then about G as a Center, with the 
Radius GA deſcribe the Arc AF; and about I as a 

Center, with the Radius IF, deſcribe an Arc FE 
until the Chord FE is = the Radius IF. Again, 
through the Point I draw the Line EK to interſect 


with the Radius LE deſcribe the Arc ED. Laſtly, 
about H as a Center, with the Radius HD deſcribe 
the Arc DC, and the Curve AFEDC will repreſent 
Half of the Figure required. The other Half may 


be thus deſcribed, viz. About G as a Center de- 
P 2 ſcribe 


Points of their Interſections r, v, 5, /, be 4 Points 
in the Curve of the Ellipſis. After the ſame Man- 


ScnoLium. This Figure is one of the Sections 


Conic Sections, we thought it would be of Service to 


W duce FG until GI is = 21 (on the ſame Scale of 


197. 
the Diſtance (to which the Compaſſes are opened) | 


Pl. VIII. 
Fig. 4. 


DH produced, in L: Then, about L as a Center, 
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ſcribe the Arc AM AF; and about 
ter, the Arc CP =: CD. Produce MG, and make 
MN = FI; then about N as a Center, deſcribe the 
Arc MB until its Chord MB is = the Radius NM. 
Produce BN, and make BO=EL ; then about O as 
a Center deſcribe the Arc BP; and the Figure 
ABCEA will be a very natural Repreſentation of a 
Hen's Egg. 

N.B. If the Numbers are ſet off from a Scale of 
40 or 45 to an Inch, (in the Plate annexed we have 
uſed that of 45,) the Figure will be about the Size of 


a real Egg, that from which we deduced this Con- 
ſtrution being 42 to an Inch, 


Problems, Book VI. 1 
as a Cen- 


SCHOLIUM. Many more Problems might have 
been given in this Chapter, bur as they are An. 
chiefly for the Amuſement of young Minds, perhaps 
theſe which have been already given, may by ſome 
Perſons be thought more than ſufficient. | 


e eee 


5 AN 
APP EN D.. 
CONTAINING 


Some ADDITIONAL NoTEs, @& GEOMETRICAL SPE- 
CULUM, and an INDEX to the whole Volume. 


Articles. 

In theſe Articles we have given the Definitions in the Order in 
which they ſtand in Euclid, becauſe we ſet out with a Reſolution. 
to follow him as nearly as we conveniently could, conſiſtent with 
our Plan ; though at the ſame Time we cannot but acknowledge, 
that as they have all their Exiſtence in a Solid, the moſt natural 
Way ſeemed to be, firſt to define a Solid, and then to ſhew how 
they exiſt in it; which will be extremely natural and eaſy, and 
take away the Objections commonly made againſt Euclid's Defi- 
nitions, by ſuch Perſons as are not uſed to Abſi 
this Eſlay was ſent to the Preſs, we find Profeſſor Sim/on has moſt 
elegantly illuſtrated this, in the zd. Edition of his Euclid, and 
therefore, as we cannot give a better, take the Illuſtration in his 
_ own Words, viz. 

It is neceſſary to conſider a SoL1D, that is a Magnitude which 
has Length, Breadth, and Thickneſi, in Order to underſtand aright 
the Definitions of a Point, Line, and Superficies ; for theſe all 
ariſe from a Solid and exiſt in it. The Boundary, or Boundaries, 
which contain a Solid, are called SUpERFIC1Es, or the Boundary 
which is common to two Solids which are contiguous or which divides 
one Solid into two contiguous Parts, is called a Surgrxpicigs. Thus, 
if BCGF be one of the Boundaries which contain the Solid 
ABCDEFGH, or which is the common Boundary of this Solid 
and the Solid BELCENMSG, and is therefore in the one as well 
as the other Solid, it is called a Superficies, and has no Thick- 


301. A Mee on the 6th, 5th, Sch, gth, 10th, 11th, and 12th. 


ration : And ſince 


Pl. VIII. 


Fig. 5. 


neſs, For if it have any, this Thickneſs muſt either be a Part 


of the Solid AG, or of the Solid BM, or a Part of the Thick- 
neſs of each of them. It cannot be a Part of the Thickneſs of 
the Solid BM, becauſe if this Solid be removed from the Solid 
AG, the Superficies BCGF, the Boundary of the Solid AG, re- 
mains ſtill the ſame as it was. Nor can it be a Part of the 
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Thickneſs of the Solid AG, becauſe if this be removed from the 
Solid BM, the Superficies BCGF, the Boundary of the Solid 
BI, does nevertheleſs remain. Therefore the Superkicies 
BCGEF has no Thickneſs, but only Length and Breadth, 

The Boundary of a 2 is called a Liu, or a Line is the 
common Boundary of two Super ficits that are contiguzus, or which di- 
wid's one Superficies into two contiguous Parts, Thus, if BC be 
one of the Bounda'iies which. contain the Superficies ABCD, or 
which is the common Boundary of this Bagels and of the Su- 
perficies KBCL, which is contiguous to it, this Boundary BC is 
called a Line, ard has no Bieadth. For if it have any, this 
muſt be Part either of the Breadth of the Superficies ABCD, or 
of che Superficies KBCL, or Part of each of them. It is not 
Part of the Breadth of the Superſicies KBCL, for if this Super- 
heies be, removed from the  Sup-rtcies ABCD, the Line BC, 
which is the Boundary of the Superficies ABCD, remains the 
fame as it was, Nor can the Breadth that BC is ſuppoſed to 
have be a Part of the Breadth of, the Superficies ABCD, be- 
cauſe if this be removed from 'the Superficies KBCL, the Line 
H, which is the Boundary,of the Superficies KBCL, does never- 
theleſs remain. Therefore the Line BC has no Breadth, And 

becauſe the Line”BC is in a Superficies, and that Superficies has 
ro Thickneſs, as. was ſhewyn; therefore a Line has neither 


Breagth or hickoeſs, bot only, Length. a 


J Brundary of aLine is called a Poi, or aPoint is the common Boun- 
dary ir Extremity of tauo Lines that art, contiguous, Thus, if B be che 
Extremity of the Line AB, or the common Extremity of the two 
Lines AB, KB, this Extremity is called a Point, and has no 
Length, For if it have any, this Length muſt either be Part of 
the Length of the Line AB, or of the Line KB, It is not Part 
of the Length of KB, for if the Line KB be removed from AB, 
the Point B, which is the Extremity of the Line AB, remains 
the ſame as it was: Nor is it Part of the Length of the Line AB; 
for if AB be removed from the Line KB, the Point B, which is 
the Extremity of the Line KB, does nevertheleſs remain. There- 
fore the Point B bas no Length. And becauſe a Point is in a 
Line, and a Line has neither Breadth nor Thickneſs, therefore 
a Point has no Length, Breadth, nor Thickneſs. And in this 
| Manner the Definitions of a Point, Line, and Superficies are to 
de underſtood,” | | | 

302. The $th Definition, which we have omitted, is not only 
wſele/s, but obſcure; and as Mr. Simon juſtly objerves, ſeems to 
be the Addition of ſome leſs ſkilful Editor. | 

303. (Art. 57.) Having by Experience found that in printing 
the common Characters for greater and /+/3, they are frequently 
turned the wrong Way, and ſo when it ſhould be gr-a/er have 
Aſi, and the contrary, In Order to remove the Confuſion oc- 
caſioned hereby, we have introduced the Greek G (T) for greater 
than, and the Greek L (A) for 4% than ; which entirely prevent 
ſuch Accidents, and at the ſame Time carry with them the Ideas 
: | We 


we have Occaſion to expreſs, and therefore are no Zurden to the 

Memory. | | 105 
304. (Art. 94.) The laying of one Figure on another has been 

objected to as a mechanical Conſideration, depending on no 


Poſtulate : But for our Parts we muſt acknowledge that we ſee no 


| Reaſon why this Method of De monſtration ſhould not be uſed, as 
e th cannot be denied by any Perſon: And as there is 
nd Occaſion for the actual placing of one * on the other. 
but only to conceive them in the Mind to be fo placed, it does 
not appear to us to be more mechanical than the conceiving of 
a Line to be drawn, or a Circle deſctibed. And Euclid and all 
other Geometricians make Uſe of it in demonſtrating our 58th 
Article, which indeed does not ſeem capable of any other Me- 
thod. As to its being grounded on no Poſtulate, that Objection 
may be eafily removed, by making a fifth Poſtulate (after Ar- 
ticle 44.) viz. Grant that one Figure may be laid on another; and 
certainly no Perſon who grants the others, will deny this, is 
being as manifeſt as either of them. Thus much we thought 
ourſelves obliged to remark, as the Objeaion was made by a 


late Icarned Geometrician, for whoſe Memory we have the 


greateſt Eſteem. „ 

305. (Art. 115.) As this Theorem is one of the moſt valu- 
able in Geometry, it may perhaps be expected that we ſhould 
give an Example or two of its Uſe. By this it is that any two 
vides of a right-angled Triangle being given, we find the other 
Side: This admits of two Caſes, SN | 

CASE 1. The tao fhort Sides being given, to find the longeſt. 

From the Theorem this Rule is eaſily deduced, wiz, The 
Square Root of the Sum of the Squares of the two ſhort Sides 
will be equal to the longeſt Side. | 
ExamPLE. Let DC repreſent Half the Breadth of a Houſe, 
and be = 15 Feet, and CE the Height of the Roof — 10 Feet; 
it is required to find the Length of the Rafter DE. 


The Solution by the above Rule is as follows, 


15 10 225 325018 
15 10 100 I 
"25 "CB mnx190 DC* — 32335 1288) 225 
DEZ — 225 


Hence the Length of the Raſter is ſomething more than 
| Aſter 


» Demons TRATION. Let DC. be expreſſed by 5, CE by , and DE by 5, 


then by the Theorem, I -+ p* == b* »,» extrafting the Square Root of ech 


Side of the Equation, we get / 62 + 7 5. Q. E. D. 


Pl. VIII. 
Fig. 10. 
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After the ſame Manner the Side of a Square being given, its 
Diagonal may be found nearly true: We ſay nearly, becauſe it 
does not admit of an exact Solution; for if we ſuppoſe the Side 
=I, the Sum of the Squares of both Sides will be = 2, the 
Square Root of which is 1:41 nearly, but cannot be found quite 
accurate, and therefore, though a finite Quantity, cannot be ac- 
curately expreſſed in Numbers. Such Quantities are <alled. in- 
commenſurate, 5 In 21 7 
Cass 2, When the longeſt Side and one of the ſhort Sides are 
given, to find the other aus have this Rules, From the Square of 
the longeſt Side ſubtract the Square of the given ſhort Side, and 
the Square Root of the Remainder will be the ſhort Side re- 
quired.“ 


But by Article 121. this may be worded ſo as to be more ready 
in Practice, wiz, | 


CLE En = ul e = 9 Wye 1 = 5 
F ˙ ˙ ll. Gm, ß TS STS: = Z 0 


ST," 
W 


1 


- Multiply the Sum of the two given Sides by their Difference, 
4 and extract the Square Root of their Product. | 
7 ExAurTIZz. A Ladder go Feet long reached the Top of a 
—_ Houſe when its Foot was 30 Feet from the Bottom of the Wall; 
oy Ls it is required to find the Height of the Houle. apt 
5 5 The Operation will ſtand thus, by the firſt Rule, 
N 50 30 250 | 1600(49 
= 30 - _ * 
E 2500 goo 15600 | 
£ | By the other Rule thus. 
-J | | | 50 "05 22-00 1600(40 
| | | 9% 20 16 
| Sum 80 105600 


Difference 20 8 . 
1 Anſwer, the Houſe is 4o Feet high- Fe 
3 306. (Book 2. Art. 117.) This Definition is according to 
Euclid, but every Perſon knows, that two right Lines cannot 
| contain a Space, that is, cannot incloſe any Thing, as it at 
| | leaſt requires three right Lines for that Purpoſe; aud therefore 
| this muſt not he taken in a ſtrit Senſe : But when a Rectangle or 
1 right-angled Parallelogram is ſaid to be contained by any two 
Ines, Euclid muſt only be underſtood to denote a Rectangle 


made on one of the Lines, and having an Altitude equal to the 
other. | | 1 5 
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„ DewonsTRATION, By the Theorem J ＋ p? — ba, *.* taking f* 
from both Sides of the Equation, we have b = þ% — $* by extractint th 


Square Root we have = A-, QUE, D. 
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APPENDIX. "i 

307. (Book 3. Art. 144.) This Remark is alſo ſupported 
by Mr. Simſon (who is undoubtedly one of rhe beſt Jadges in 
theſe Matter:) for in Page zol of the ſecond Edition of his 


Euclid he has this Note, viz. In this we have pot followed 


the Greek, nor the Latin "Tranſlation literally, but have given 
what is plainly the Meaning of the Propoſition, withoat men- 
« tioning the Angle of the Semicircle, or that which ſome call 


« the cornicular Angle, which they conceive to be made by 


«6 


„the Circumference and the ſtraight Line which is at right - 


„% Anyles to the D:ameter, at its Extremity ; which Aagles have 


furniſhed Matter of great Debate between ſome of the modern 
Geometers, and given Occaſion of deducing ſtrange Conſe- 
quences from them, which are quite avoided by the Manner 
„ in which we have expreſſed the ay reg In like Manner 
« we have given the true Meaning of POP. 31. Book 3. with- 
out mentioning the Angles of the greater or leſſer Segments, 
„ Thele Pailagcs Vieta with good Reaſon ſuſpects to be adulte- 


«6 


« rated, in the 386th Page of his Oper. Math.“ 


308. (Book 4, Definition 1.) We have here to the Word 
Part, as it is in Euchd, prefixed aliquot, as it ſeems to be wantin 
to expreſs Eqyclia's Meaning; for a leſſer Magnitnde may be 
Part of a greater, and yet not meaſure the greater; e. g. the Side 
of a Square is leſs than the Diagonal, and therefore from the 
Diagonal may be taken a Part = the Side; but this will not 
meaſure the Diagonal, being incommenſurate to each other by 
Article 305. | | | | 

309. We have before obſerved in Scholium to Article 208, 
that Euclid's Merhod of treating the Doctrine of Proportion is too 
obſcure for young Students, at their firlt Beginning to read theſe 
Subjects; and conſequently this is a ſufficient Reaſon (as we 
write for Learners) for attempting to demonſtrate the principal 
Theorems in another Manner. But as ſome may perhaps expe& 
a Proof of our Aſſertion, that it is too difficult, it may be pro- 
per to obſerve, that this evidently appears from the great Diſ- 


putes which have been concerning the Principles on which the 


Euclidian Method is grounded amongſt the greateſt Geometricians : 
For if they are of ſo difficult a Nature that the learned them- 
ſelves cannot agree about them, it muſt follow they cannot be 


proper for initiating Youth, as Things cannot be well too plain 


for them. Mr. Thomas Simpſon, one of the beſt, as well as one 
of the lateſt Writers on Geometry, thus expreſles himſelf on this 
Subject in Page 274, That there is fomething very ingenious 


clid's 5th Book, cannot be denied. All that I contend for is; 
that the Principles on which it is built are o&/care, and not ſo 
firmly eſtabliſhed as to authorize its Partiſans to aſſume that 
great Superiority they lay Claim to, in Point of geometrical 
dStrictneſs.“ In Page 270 he thus remarks on the Definition 
which we have omitted (ſee our 158 Art.) viz, „I would ſe- 


«6 
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APPENDIX. 


„ Proportions, if a Definition, by which it cannot be known 


„ whether the K atio of the firſt to the ſecond of four given Mag- 
« vitudes may not at the ſame Time be both greater and leſs 


than that cf the third to the fourth, is really calculated to 


% afford thoſe very accurate Ideas they pretend to?“ And he 
even goes ſo far as to affirm that “ it ſeems ſufficiently plain 
* f,om Euchd's own Authority, that he himſelf was not entirely 
„ pleaſed with his own 'erformance on this Head; or that he 
« was Convinced (at leaſt) that it had not every Advantage : 
% For otherwiſe it will be very difficult to account for his having 
«© demonſtrated many Things in his 7th Book, by another Me- 
« thod, whoſe Demonſrations had been actually given before, in 
the 5th, under a different Form. For theſe Reaſons, when I 
&« ſee the extravagant Commendations that have been laviſhed on 
« this 5th Book of Euclid, I am no farther convinced by them 
* than that great Men may ſometimes launch out too far in Be- 
„half of Opinions which they have adopted. 

Thus much ſeemed neceſlary for us to extract in our own Vin- 
dication ; but as we are determined not to enter into any Dilpute 


on this Subject, we ſhall proceed no further on this Head. 


Pl. VIII. 
F. C, 7, & B. 


310. We ſhall conclude our Obſervations on this Book with 


the Theorem hinted at in the 116th Article, viz. In any Triangle, 
ABC, {rhe Angle at the Vertex being the greateſt Angle, or at leaſt = 
either of the Angles of the Triangle make the Angle CDU zB, 
and BCE LA,; then will the 1 of the Squares on the two Sides 
containing the wert'cal Angle C, be equal to the Sum of the Redlanglrs 
contained by the awhole Side ſubtending that Angle and Segments, AD, 
BE, that is, AC2 +BC? = AD x AB FBE Xx AB. | 

N. B. Fig. 6. repreſents the Caſe when the / C is obtuſe, 
Fig. 7. when acute, but greater than either of the others, that is, 
when it. is acute, but greater than 60 Degrees, Fig. 8. when the 
Angle is a right Angle. Fig. g. when thar Angle is not greater, 
but equal w either of the other Angles, wiz. = 4 of 2 Right 


Angles, or 60 nie uy Theſe Figures ſhew all the Varieties 


Fig. 9» 


poſſible, and the Truth of the Theorem in all theſe Varieties 
will appear from one general DeMoNsTRAT1ON, wiz, The 58 
ABC, ACD, BCE, are ſimilar by the Conſtruction. . Com- 
paring the Triangles ACD, ABC, together, we have AC : AD 
:: AB: AC,. AC? =* AD x AB. Again, by the {ſimilar 
as BCE, ABC, we have BC: BE:: AB: BC. BC*= BE 
X AB.. by Addition of Equals, AC? + BC*= AD Xx AB 
TEX AS. QE- Þ :.. .. © rs os 
311, CorOLLakyY 1, When the Angle Cisa Rt. £, the 
Points D and E will coincide (as in Fig. 8.) and hence if on 


AB we make a Square, it is manifeſt that AD x AB + BE x 


AB = the Rectangle AG ＋ the Rectangle BG, or, which is the 
ſame, = the Square on AB, and . AC? þ+ BC? = AB? ; which 
is the famous Py/hagorean Theorem in our 115 Article, 

312, CorRoLLakY 2. When the 4 C is = 69), the & 18 
krown to be equiangular and equilateral, and the Points A and 
B, B and D, coincide; and ſo AD x AB + BE x AB We the 

e ame 


— e 


n 5 WW ee © w Wo ow TP 
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ſame as AB? + AB“, or twice the Square on AB. But this is 
alſo known to be true from other Principles ; for as the three 


Sides are equal, it is manifeſt their Squares muſt be fo too, and 
conſequently the Sum of any two of them muſt be = twice the 


other. | 
313. CoroLLarY 3. From the firſt Corollary it evidently 
appears, that If a Line be divided into any two Parts, the Ret- 


angle. contained by the aubole and each of the Parts are together == the 


Square of the Whols, viz. AG + BG = AH, or AB X AD + AB 
x BD = ABZ. This is the 2d. of Euclid's ſecond Book, 

314. COROLLARY 4. Hence alſo, if there be tauo right Lines, 
AB, AF, and one of them, AB, is divided into two or more Parts, 
the Rectangle contained by the tawo Lines is = the Sum of the Rettangles 
certained by the undivided Line AF, and the ſeveral Parts of the divi- 
ded Line AB. Thus it is manifeſt from the Figure that the ReQ- 
angle AG + the Rectangle BG = — AH, or, which is 
3 AD x AF + DB x (BH, or its Equal) AF = AB x 
AF. | | 

This is the 1ſt, of Euclid's ſecond Book. 


315, Book 5, Art. 228. It ſometimes r in Practice, 
that the Point C is ſo very near B, the End of the Line, that a 
ſufficient Diſtance cannot be ſet from C towards B, nor the Line 
by ſome Circumſtance admit of being produced longer; as for 
Inſtance, the Point C may be almoſt cloſe to the Edge of the 
Paper; and conſequently in ſuch Caſe Euclid's Method is not eaſy 
in Practice: Therefore it may be neceſſary to give other Methods 
of Conſtruction peculiarly adapted to this PRoBLEM. To draw a 
Perpendicular to a Line AB from any Point C, either in or very near 
the End B of that Line, ſo as to be impradticable by the Euclidian 
Method. X 

This may be done ſeveral Ways. es” 

1ſt, From a Scale of equal Parts take off 3, and ſet it from 
C to D ; then from the ſame Scale take off 4, and placing one 
Point of the Compaſſes in C, with the other deſcribe the Arc ab: 
Again, take off 5, and one Point of the Compaſſes being in D, 
with the other deſcribe the Arc c4, and through the Point of In- 
terſect ion E draw a Line CF, and it will be the Perpendicular re- 
quired. For if D, E, be jo'ne41, the A DCE will be a Right CA, 


right-angled at C, by Art. 308. 


N. B. Any other Numbers having the ſame Ratio to each 
other, will do the ſame Thing; as for Example, 6, 8, and 10, 


or 30, 40, and 50, &c. 


Or thus. 

Above the Line AB aſſume any Point D at Pleaſure, and 
about it as a Center, with the Radius DC, deſcribe a Circle (or 
a ſufficient Part of it,) and through the Point of Interſection E, 
and Center D, draw the Diameter EF ; then through the Points 
C, F, draw the Line CG, and it will be the Perpendicular re- 
quired. For the ECF in a Semicircle is a Right Angle by 


Q 2 | There 


I15 


Fig. 8. 


Pl. VIII. 
Fig. 10. 


Pl. VIII. 
Fig. 11. 
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There are many other Methods, but theſe are ſufficient. 
16. Before we conclude our Notes on this Book, it may be of 


Uſe to ſome Perſons 10 few one of the eaſieſt and beſt Muhods of 


trying auhetlur a Carpenter's Square is truly made; wiz. apply the 
Square to the ſtraight Edge of a Plank AB, as repreſented by 
the ſhaded Square, and by it draw the Line CD; then taking it 
oft, turn it about, and apply it as ſhewn by the unſhaded Square, 
and if, when brought to the Point C, it agrees with the Line CD 
before drawn, the Square is true, if not, the Difference will be 


double the Error of the Square, 


317. Book VI. Art. 289. It is a Maxim made Uſe of by 
ſome modern Philoſophers, that Nature, or rather the Gop of 
Nature, does every Thing in the forteft Way, and indeed it is a 
Principle which ſeems to follow from the very Idea of every 


Thing being ordered by Infinite Wiſdom, and as far as it has been 


applied, has always been found agreeable to the Nature of 
"Things, From this. Principle, by a fluxionary Proceſs, the late 
Writers on Optics ſhew that the Angle of Incidence muſi be equal to 
the Angle of Refleclion, which was the Reaſon of our ſaying, 
„that it muſt be taken for granted until we treat of that 


 ** Science ;” But recollecting that in reaſoning on Hadley's 


Octant in 1752, we thought on a very eaſy geometrical Way of 
demonſtrating it, we ſhall here give it, with which we ſhall con- 
clude our Notes. | 
 DgmonsTRATION. Produce AB to F, making BF = BA, and 
join CF, By the Suppoſition EC + CA is to be a Minimum. 
By the Conſtruction BF == BA, the £8 ABC, FBC, each Rt. Zs, 
and BC common, and therefore by Art. 58. the As are equal in 
all Neſpects, FC = CA, Hence, when EC + CA is a 
Minimum, its Equal EC + FC muſt be ſo too; but it is evident 
that EC + CF is a Minimum when EF is a Right Line, the neareſt 
Diſtance to any two Points being a right Line. But when EF is a 
Rt. Line, the 4 ECD = 4 FCB by Art.,69. but the As ABC, 
FBC, have been ſhewn to be equal in all Reſpefts, . 4 FCB 
= ALACB ; *.' by Axiom 1. Art. 45, 4 ECD = ACB, 


IQ. E. D. 


SCuoLium, Hence it appears that Plane Geometry has in 
ſome Caſes the Advantage over Fluxions, as this is very conciſe 


and evident, but the fluxionary Proceſs ſomething tedious and af- 
feed with Surds, = | 


As in this Flay, for Conveniency of Demonſtration, the The- 


orems (as in Euclid) relating to the ſame Subjects are ſome in 


one Place, ſome in another ; and as they are in continual Uſe in 
almoſt every Branch of the Mathematics, we ſhall here collect 
them together in a ſhort View, or as it may be properly called, 
A GreomeTRICAL SePECULUM, which will be found of the 
greateſt Uſe to all young Beginners. N 


N, ZB. 


APPENDIX; 
VN. B. The Numbers prefixed refer to the Articles 1 in which 
they are demonſtrated. | 


+ of the Properties of Lines interſefing © or r making 
Angles with each other., 


| TuzokzM 1. th 
64. A Line ſtanding on another Line making Angles with it, 
the Sum of thoſe Angles is _— to two right Angles. | 


65. If one of the Angles (in 1 laſt Article) be a right one, 


the other is alſo a right Angle ; but if one e be acute, the other 1s 
— e 4 


66. If ſeveral Lines ſtand on the ſame Line at * ſame Point, 


the Angles which they A r are e together equal. to two right 
Angles. 


67. Two Lines croſſing . . make four Aae which 
taken together are equal to four right Angles. 


8 
68. All the Angles made about a Point are=4 Rt. Cs. 


equal, 


7. , 
289 If a Ray of Light, falling on a reflecting Surface, is re- 


flected to the Eye, the £ of Incidence is = the Angle of Re- 
flection. See Art. 317. 


II. Of Parallel Lines. 


| ts 
92. If Lied croſſes two Parallel Lines, the dens £8 are 
= each other. | 


73. If a Line, falling upon — other Lines, makes che * 
nate Ls equal to each other, the Lines will be parallel. 


As | 
74. If 2 Lines be each of them parallel te another Line, 4 
are parallel to each other. 


4. 
75. If a Line is perpendicular to another Line, it is alſo per- 
pendicular to all the ||s of that N 


96. Two Lines, though infinitely Wr could never 
meet. 


69. If two Lines interſect each other, the oppoſite £8 are 


in. 


Side. 
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III. Of Oy of Than or Produ / Quantities 


3 
7 19. If a Line be divided into any two Parts, the 3 Square on 
the whole Line is the Squares on the two Parts ＋ twice the 


Rectangle contained by the Parts. 


2. 


120. The Square on any Line is 9 the Square on 
Half that Line. 


"EX 3. 1 5 
121. A Refangle made by the Sum and Difference of two 


Lincs is = the Difterence of the Squares on the ſaid Lines. 


313. If a Line be divided i — any two Parts, the Rectangles 
contained by the Whole and each of the Parts are together = 
the Square of the Whole, wiz, Pl. VIII. HR 8. AB xXx AD + 

AB x BD = AB?, W800 


314. If there be two Rt. 115 AB, AF, and one of them, 
AB, is divided into two or more Parts, the Reaangle contained 


by the two Lines is = the Sum of the Redtangles contained by 


the whole Line AF and the ſeveral Parts of the divided Line 
AB. Thus, AD x AF FBDx AF= AB x AF. 


5 IV. Of the Properties of Tatiana with Reſpelt to 


Their * and Sides. 


59. The 4s at the Baſe of th Ifoſceles A and oppoſite to the 
equal Sides are = each other; and a Line biſeding the Angle 


oppoſite the Baſe divides the Baſe into two equal Parts, and 1s 


perpendicular thereto. 
bo. Every equilateral A 18 alſo equiangular, 


3. 
62. If 2 £8 of a & be equa', the Sides * the equal 


Angles will be equal. 


8 
63. Every equiangular A is allo equilateral. 
5. 
70. Any two Sides of a A are 2 0227 greater than the third 
6. 


76. If any Side of a & be produced, the external 4 is = the 
2 internal oppoſite £3, 


77. The external C is Aber of the internal oppoſite 25. . 


APPENDIX. 
78. The z interior Es of every & are = 2 Rt. £8, 


9- 

79. The 3 £8 of every & taken together are = the 3 £8 of 
any other A taken together. 

10. | 

809. If in one A 2 of its Z.s taken together are = 2 As of ano- 
ther A taken together, the remaining < of one will be = the re- 
maining L of the other. | 
| 11. 

81. If 2 As kave one L of one = one L of the other, the 
Sum of the remaining C of one = the Sum of the 2 remaining 
Js of the other, 

I 2, 
If in ny 4 A one of its 4s is a Rt. 4, the Sum of the 
> 2 is a Ri, 4 : W 
I z. 

83. If in a Rt. £ A one of the acute £5 is given, the other is 

= the Difference between the given 4 and a Rt. 4. 


14. 
84. When the Angle contained between the veil Sides of an 
Iſoſceles,S is a Rt. £, the other 2 Cs are each half a Rt. £. 
15. 
85. * equilateral A hath each 4 =} of 2 Right Ls = 
60 — | | = 
I 


86. If in any A one of its £8 is either a Rt. or an obtuſe 4 
the other two will be each of them acute. | 
17. | 
89. The greater Side of every & is oppoſite to the greater Z. 
18, | 
90. In every & the greater £ is oppoſite to the greater Side. 
| gg, | 

1. If two As have the ſame common Baſe, the 2 Sides of the 
inicribed 4 taken together are leſs than the two Sides of the Cir- 
cumſcribing A; but the vertical £ of the inſcribed . than 
the vertical £ of the circumſcribing A. 

3 
92. If 2 As have 2 Sides of one = 2 Sides of the other, each 
to each, but the contained . of one F the contained £ of the 
other, that which has the greateſt contained , will have the 
greateſt Baſe. | 
21. 

3. If 2 As have 2 Sides of one = 2 Sides of the other, each 
to each, but the Baſe of one T the Baſe of the other; the £ con- 
tained by the equal Sides of that which has the greateſt Baſe ſhall 
be T the 4 contained by the 2 Sides of the other. 


96. In any Right £ 4 the bonus upon the Side ſubtending - 
the Rt. L is = both the Squares upon the Sides containing the 
Rt. Z. 
Sce another Demonſtration in Note to Art. 211, 23. 


120 
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| 23. * 3 
310. In any A ABC (Pl. VIII. Fig. 6, 7, 8, and 9) (the £ 


at the Vertex being the greateſt, or at leaſt = either of the 


Angles of the A) make the 4 ACD= £4 B, and 4 BCE = 
Z. A ; then will the Sum of the Squares on the two Sides con- 
taining the vertical £4 C, be = the Sum of the Rectangles con- 
tained by that whole Side ſubtending that C. and Segments AD, 
BE, that is, AC* + BC? =AD x AB BE x AB. 

N. B. The Theorems relating to the letting fall a Perpendi- 
.cular from the vertical Ang'e to the Baſe of any Triangle, being 


cChiefly of Uſe in Algebra, ate referred to our intended Eſſay on 
7. Amen | | 


V. Of the Eguality of As in every Reſpef', viz. 
when all their Angles and Sides are reſpettively equal 
. * to each other. # 


58. If 2 As have 2 Sides of the one = the 2 Sides of the other, 
each to each, and the £s contained by thoſe equal Sides equal, 
the As will be equal in all Reſpects. | 
94. If z 4s havetwo £g of one = 2.5 of the other, each to 


each, and one Side of one equal to one Side of the other, the 
As are equal in all Reſpects. f 


j 


95. If 2 As have the 3 Sides of one = the z Sides of the 


other, each to each, the As will be equal in all Reſpects. 


VI. Of the Similarity of Triangles and Proportionality 
of their Sides, &c. | 


os 1. 

191. If a I. ine be draun f to one Side of 2 A, it ſhall cut the 
other Sides proportional, And if the Sides, or Sides produced, 
are cut proportionally, the Line which joins the Points of Sec— 


tion ſhall be parallel to the remaining Side of the A. 


2. 

192. If the vertical Z of a & be divided into 2 equal £5 by 
a Line cutting the Baſe, the Segments cf the Baſe will have the 
ſame Ratio that the other two Sides of the A have to one another. 


And if the Segments of the Baſe have the ſame Ratio which the 


other Sides of the & have to one another, the Line drawn from 


the Vertex to the Point of cutting will divide the vertical Angle 
into 2 equal Parts, 98 


194. Equiangular 4s are ſimilar, that is, the Sides about the 


equal £5 are proportional. 
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195. If the outward C of a A is biſected by a Line cutting the 
Baſe produced, then the Segments between the dividing Line-and 
the Extremities of tie Baſe have the ſame Ratio which the other 
Sides of the A have to one another. And if the Segments of 
the Biſe produced have the ſame Ratio which the other Sides of 
the A have, the Line drawn from the Vertex to the Point of 

Sektion divides the outward C of the & into 2 equal Parts. | 


196. If 2 As have one 4. of one = one J of the other, and 
the Sides containing the Cs proportional, the As are equiangular 
and ſimilar. . P | | 


197. If 2 4s have their like Sides proportional, the As are = 
ſimiiar to each other. | | | 


| 7. Wo 
193. If in a Rt. £ A a Perpendicular be let fall from the Rt. 

Ito the oppoſite Side, the As on each Side of it ſhall be ſimilar | 

to the whole 4 and to each other, | 


VII. Of Parallelograms, and the Compariſon of As | 
and Parallelograms, with Reſpef to their Areas, or , 
Equality of Surface. . : 
' 1. 4 ; » 
97. The oppoſite Sides and s of Parallelograms are = each | 
other: and the Diameter (or Diagonal) biſects them; that is, 
divides them into 2 equal Parts. h 


| 5 1 | 
99. Figures which are between the ſame Parallels have equal 
Altitudes. ; | 


8 3 3. | 
100. Rectangles contained under equal Sides are equal. = 


4. | 
101. If 2 Squares have the Side of one = the Side of the 
other ; the Squares are = cach other. 2 


_ * I cn Area teat 5 at,” apo. <4 
k 


102. Parallelograms upon the ſame Baſe, and between the 
ſame. js are equal. f + 
* |} 


103. Parallelograms having the ſame Baſe and equal Altitades 
are equal. | | = 


7 | | 
104, Every Parallelogram is = a Rectangle having the ſame 1 
Baſe and equal Altitudes. | | 1 


105. Parallelograms having equal Baſes and equal Altitudes 1 
are equal. | KY | | 


106. If a A and 1 ſtand upon the ſame Baſe and | | 


are between the ſe me Parallels, the & is & of the Parallelogram. 
| N "10, 


? 
T 
' 
} 
| 
, 
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10. 

10%. I Parallelogram and A have equal Baſes awd are be- 
tween the ſame ||s, or, which is the ſame Thing, have equal 
Altitades, the & is half of the Parallelogram. | 

11, 

108, If a A and Rectangle have . Baſes and Altitudes, 

the 4 is Half of che Rectangle. | 
12. 
109. If 2 4s have equal Baſes and Alticades, they are equal 
to each other. | 
13. 
111. The Area of _ Parallelogram is = the product of the: 
Number of Parts into which the Baſe is ſuppoſed to be divided 
by the Number of like Parts contained in its Altitude, 


I 
113. The Complements of „ which are n 


the Diagonal of any W are = each other. 


my | 
114- The Diagonals of any Mr biſect each other. 


189. Triangles and Parallelograms of the ſame Altitude are to 
one another as their Baſes. 


190. Triangles and Parallelograms which have equal Alti- 
tudes are to one another as their Baſes, 


vin. of Polgons in 10. 


I, 
| 87. All the interior £8 of any rectilineal Figure are together 
with 4 Rt. £8 = twice as many 8 £4 as the Figure has Sides. 


88. All the exterior C. . 7 reQtlineal Figure are together 
= 4 Re. C. 


LD 
98. All quadei' ateral Fi igures, whoſe oppoſite Sides are equal, 
have their oppoſite £5 equal. 


114. The Diagonals of any Patt piſect each other. 


IX. Of regular Polygons. 


| 270. Lines biſeQing the Hinkley of the Polygon will interſect 
each other in one Point within the Polygon, and may be called 
Radi, for they will be equal to each other. 
2. 
271. Lines drawn from the Center of a Polygon ro the Ex- 
tremities of each Side will divide the Polygon into as many Iſoſ- 


celes Gs, _—_ to each other in all — as the 9 has 


Sides. | 
3. 


„ 
1 
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=” | 
272. Each E. at the Center is = 360 Degrees divided by the 
Number of Sides, | 


4. | 
273. The C of the Polygon is = 180 — the E at the Center. 
See a Table of Cs in Art. 274. 


276. In a Hexagon the Side of the Polygon is = the Radius. 
| . 
X. Of the Properties of Circles. 


| 12 

134. If a Line drawn through the Center of a Circle biſect 
any Chord, it will cut ic at Rt. s: And if the Diameter is at 
Rt. Ls to the Chord, it will biſe& it. 

134. If any Point which is not the Center be taken in the 
Diameter of a Circle, then of all the Lines that can be drawn 
from that Point to the Circumference, that in which the Center 
is, is the longeſt, and the other Part of the Diameter is the leaſt : 
And of the others, that which is nearer to that in which the 
Center is, is longer than one more diſtant, 


135, If Lines drawn from = Point without a Circle to the 
Circumference ; then, of thoſe which fall on the concave Part of 
the Circumference, the greateſt will be that which paſſes through 
the Center, and the nearer to it greater than the more remote : 
But of thoſe which fall on the convex Part of the Circumference, 


the leaſt is that which coincides with the Diameter produced, and : 


the nearer to it is leſs than the more remote, 


4. 3 
136, If a Point be taken within a Circle from which there fall 
more than two equal Lines to the Circumference, that Point is 
the Center of the Circle. 


5. 
137. One Circle cannot cut another in more than two Points. 
6. 
139. Equal Lines in a Circle are equally diſtant from the Cen- 


| ey And thoſe equally diſtant from me Center ate equal to each 
other, | | | | 


| | OO. - | 1 
139. The Diameter is the greateſt Line in a Circle; and of 


any other, that which is nearer to the Center is always greater 
than that more remote, 5 
a | 8. ; 
140. A Line greater than the Diameter drawn from any Point 
Within the Circle muſt cut the Circumference, | 


141. A Line meeting a Circle in a Point at Rt. Cs to the Ra- 
dis, is a Tangent to the — at that Point. 
| 5 | | | AN 23. 10. 
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produced, interſect each other without the Circ 
Fig. 15.) then alſo will AE & EC = BE X ED. 


APPENDIX. 


| = 

142. If a Line touch a Circle in any Point, a Rt. Line drawn 
from the Center to that Point will be perpendicular to the touching 
Line. | | | 

| 11. | | 

143- If a Line touches a Circle, and from the Point of Contact 
a Line be drawn perpendicular to the touching Line, the Center 
of the Circle ſhall be in that Line, e 


| | a | „„ 
145. The £ at the Center of a Circle is double of the £ at 
the Circumference upon the ſame Baſe; that is, upon the ſame 
Part of the Circumference. 
"5 
146, The £5 in the ſame Segment of a Circle are = one 


another. 


; 1 14. c | 
147. The oppoſite 4 of any quadrilateral Figure deſcribed 


in a Circle are together = 2 Rt. £s, 


148. The I in a Semicircle is a Rt. J; but the E in 4 Seg. 


ment greater than a Semicircle is lefs than a Rt. Z.; and the Z. in 


a Segment leſs than a Semicircle is yreater than a Re, L. 
| LN | a 

149. In an oblique 4 inſcribed in a Circle, the vertical , 
exceeds, or is leſs than a Kt. E, by the 4 made by the Baſe and 
the Diameter drawn from either Extremny of the Baſe, 


1560. In equal Circles the Magde. at the Circumference, and 
ſtanding upon equal Chords, are = each other: Ard if the Cir- 
cumfercnces are equal, the Chords on which they ſtand will be 
equal alſo, | | | | 

| 18. 3 

151. Tf a Line touches a Circle, and from the Point of Con- 
tact a Line be drawn cutting the Circle, the 45 made by this 
Line with the Line touching the Circle, ſhall be = che £5 which 
are in the alternate Segment of the Circle, | 

nj 19. | 4 | 
at. As AB : BC: AD: Ac; 
C (this is all we mean when we 


1 


210. (See Pl. IV. Fig. 15. 
2d. As BD: DA :: D 75 


ſay AD is a geometric mean Proportional between BD and DC. 


| 3 | 
211. Therefore iſt. AB Xx AC=BC x AD; 2d. BD x DC 
= DA; zd. BC x BD = ABL; Ach. BC x DC = AC®. 
| | 21. as 
212 If 2 Lines cut one another within a Circle, (as in 


Plate IV. Fig. 14.) the Rectangle of the Segments of one of 


them is = the Rectangle of the Segments of the other, vis. AE 
X EC == BE X ED. And if two Lines cating a Circle, being 


22 


AP PE NMD EV 
92 . 3 5 

213. If from any Point C without a Circle, (Pl. IV. Fig. 16.) 
2 Lines CA, CB, are drawn in ſuch a Manner that CB touches 
the Circle, and CA cuts it, then will CA x .CD =BC>; 

| -. $i | | 3 | 

214. In equal Circles, Cs, whether at the Centers or Cireum- 
ferences, bave the ſame Ratio with the Circumferences on which 
they ſtand, Thos, let G and H (Pl. IV. F. 17.) be the Cen- 
ters of the two Circles; then we affirm, that, as the Circum- 
ference BC :; the Circumference EF :: the Z. BGC: the 
L EHF; and :: 4 BAC : £ EDF. | | 


24. oy” 5 

215. The 4 BGC in the Center: 4 Rt. £8 :: the Circum- 
ference or Are BC on which it ſtands : the whole Circumference 
of the Circle. : 


| 25. | 
216, Hence the Circumferences DE, BC, (Pl. IV. Fig. 18.) 


of unequal Circles, which ſubtend equal Angles at the Centers, 


as L DAE, BAC, are fimilar ; wiz. As Arc DE : the whole 
Circumference of the Circle DEF :; BC : the Circumference of 
the Circle BCG, And if they are fimilar, they will ſubtend 
equal Angles. e | 

N. B. As to the Theorems relating to the Circumferences of 
Circles being as their Radii or Diameters. The Areas of 
ſimilar Plane Figures being as the Squares of their like Sides. 


Ec. we intend to give them in a more proper Place, viz. when 
we treat on Menſuration. 


XI. Of Proportion. 


, : -F 8 . 
187. Magnitudes have the ſame Ratio to one another which 
their Equi multiples have. | 


Ä 6 | 
188, If 4 Quantities are proportional, then any Equimultiples 
of the 2 firſt, will have the ſame Ratio as any Equimultiples of 
the two laſt. 1 | 


| 3 | | 
193. If 4 Lines are proportional, the Rectangle contained by 
the Extremes is = the Rectangle contained by the Means. 


| 4. 1 

198. If 4 Quantities are proportional, they will alſo be Pro- 
portionals taken inverſely, wiz. if a: : 1:4; then will 5: a 
24 3-46 | 


199, 200, 201, 202, 203. 17 4 Quantities are proportional, 
they will alſo be proportional when taken aſternately, compound- 
edly, by Diviſion, by Converſion, and mixtly, wiz. if a: 6 :: 
c: 4; then, 5 | 

199. 4: c:: b : d. Alternately, 

200. a+b:b:: t : d. Compoundedly, 


201. 2 — 6: 6 :: - 4: d. By Diviſion, 203. 


126 


126 


below. 
; 11. 
230. To make an Angle Da given Z. 
12. 


APPENDIX. 
202. a: a—b ::: 4. By Converſion. 
203. 27 : a—b: n c d. Mixtly. 
205. If 3 Lines are proportional, the ReAangle onder the Ex- 


| tremes is = the Square on the Mean, Viz. if 4 : 6 :: h: c, then 


ac == bz, 


4 
206. The ReAangles under proportional Lines are propor- 
tional, Thus, if 4 : 56 :: &: 4 and :: g: ; then 
ex1:bXficXg:aXh 7 


207. The A on 4 proportional Lines are » Proportionals, 
Viz. ifa: b :: c: d; then will a: $0 310: os. | 


+ i . 
208, If 4 Squares are Proportionals, their Sides will be ſo too. 


A LisT of the PROBLEMS. 


PROBLEM 1. 


111 and 112, To find the Areas of Parallelograms and Tri- 

. 5 
1 

221. To draw a Line from a given Point = a given Line. 


LL 
222. Prom a greater Line to cut off a Part = a leſſer Line. 


4. 
223. About a given Point to deſcribe a Circle whoſe Radius 
Hall be = a given Line, 


224. To make a & whoſe Side ſhall be 8 = three 
given Lines. by 


225. To biſect a given 2 that i is, to divide it into two equal 
Parts. 


- 1 
226. To biſect . Line. 
8. 
227. The laſt Art. ſerves alſo to raiſe a Farpendicutar © on the 
Middle of a Line. | | 


Jo 
228, To draw a Perpendicular to a given Line from any Point 
in it. See alſo Art, 315. 
- 20. 
229, To let fall a Perpendicular from a Point above to a Line 


231. To conſtroct and ſhew the Uſe of a Protraftor, 


„ | 
234. To eonſtruct and ſhew 1 Uſe of a Line of Chords, 


236, To draw a Line cls; to a given Line N a given 
Point. 
135 
237. At any Diflance to draw 75 Line | to another Line. 


239. To conſtruct a parallel Ruler. 
17. 


18. 
242. To deſcribe a Parallelogram that ſhall be = a given 4, 
and have one of its £8 = a given Z. 


241. To triſect an Angle. 


19. 
243. To apply a Parallelogram to a * Line, which ſhall bo 
Sa given , and have one of its C a given C. 
20. 


244. To deſcribe a Parallelogram = a given rectilineal Fi- 


gure, and having an S a an rectilineal £. 


246. By this alſo may be deſcribed a Parallelogram = = the Sam, 
or Difference, of any rwo given * lined Figures. 


247. To deſcribe a Redangle whoſe Sides ſhall be = two 
given Lines. 


248. Hence alſo to conſtruct a „2 

249. To make a Square 4. Number of given Squares. 
250. To make a Square = 5 of two given Squares. 
251, To make a A = any given quadrilateral Figure. 

25 2. To make a & = any give 5-lided Figure, 

253. To deſeribe a Cirele * 3 given Points. 


4. To find the Center of 51 ircle, — By having a Se 


W a Circle to compleat the Circle, — And to — a ircle | 


about a given A. 


30. 
255. To draw a Tangent to a Circle from a given Point with- 
out it, 


5 
256. To draw a Tangent from a given Point in the Circum- 0 


ference of the Circle, 


32. 
257. Upon a given Line to deſcribe a Segment of a Circle 
which mall contain a given Ange, 


1 33- 
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$3- 
259 To cut off a — from a given Circle which ſhall 
contain 4 given J. 


34. | 
260. To inſcribe i in a given Circle a Line = any given Lins, 
hn than the Diameter of the Circle, | 


261. In a given Circle to inſerib a & * to a * A, 


2562. About a given Circle to deſcribe a 4 equiangular to a 
given H. 


263. To inſeribe a Circle in n A. 

264. . To inſcribe a Square 2 n Circle. 
265. To deſcribe a Square abour a given Circle. 

266. To inſcribe a Circle i nag given Square. 
267. To deſcribe a Circle abou a given * 


275. In a given Circle to inſcribe a Polygon of a given Num- 
ber of Sides. | 


Bm) | 
277. From a given Line to cut off any aliquot Part. 


44. 
278. To divide a given Line into any Number of * Parts. 
Being of Uſe in making Scales of equal Parts. 


45 
279. To find a third Proportional to two given Lines. 
5 ”"» | "ap REIT 4 
280, To find a fourth Proportional to three given Lines. 
| "31s + | 
281. To find a mean Proportional to two given Lines. 
. 48. 8 | 
282, To divide a Line according to NN and wean Propor- 
tion. 79 
49- 
25 3, To make a ; Square any given right-line Figure. 


50. 
285, To find two Lines which ſhall have the ſame Ratio to 
each other as any two given redilineal Figures. 


51. 
286. Upon a given Line to deſcribe a rectilineal Figure, fimi- 
lar, and fimilarly fituated, to a given rectilineal Figure. 


52. i 
288 To find the Height of an acceflible Objea by Means of 
two Poles of unequal Length. 


5 3 


APP EN PIX. 
| | 53» | . 
290. To find the Height of an acceſſible Object by Means of 


any plane Reflecting Surface, as a Looking-Glaſs, or Bowl of 
Water. | 


5 54+, 
291. To deſcribe a Figure called an Oval. 
| | " 55. 5 | 
292. To deſcribe a Figure called by ſome an Helix, or Spiral 
Line. | | LT 
| 56. 7 

293, Having a round Table, to make it into a ſquare! Table, 

and have a Hole in the Middle, without Waſte, | 


$7- 
294. Having a round Table to change it into two oval-like 
Tables, and have a Hole in the Middle of each, without Walte 
of Timber, | 


295. To fill a Hole exactly a Foot ſquare, with a Piece of Board 
in Length 16 Inches, and Breadth g Inches, by only cutting it 
into two Parts. | | | 


59. | | 
296. To deſcribe Circles of different Radii with the ſame Ex- 
tent of the Compaſſes. | 


„„ 
297. To deſcribe an Oval-like Figure at one Sweep of the 
Compaſſes. | 3 5 al 
1. . 


298. Tocuta Hole in a Card large enough for a Man to paſs 
through. | | 
62. 


299. To deſcribe an Ellipſis of any given Length and 


Breadth. | | 


| : 63. 1 
300. To deſcribe a Figure reſembling a Hen's Egg. 


04. | | 
305. Any two Sides of a right-angled A being given, to find 
the other Side. | 


* * . 

As many valuable Authors in their Works frequently refer to 
ſome Propoſitions of Euclid, we have added the following Tables, 
to ſhew by Inſpection what Articles in this Eſſay anſwer to the 
moſt uſeful Theorems in that Author, and the contrary. 
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anſwers to its correſponding Propoſition in Euclid. 


A TABLE ſhewing by Inſpection what Article in this EssA x 


Propo- 285 | Propo- 555 2 
10 PEP; - opo- P 
* . gee; mg Anicles fitions | Articles Fr Dau Articles 
4d. Eſſay, clid Er TIT Eu- in this in Eu- in this 
Book 1. r y. [id Az. 4. | Effay. 
Prop. Prop * Bo. III. Bo. VI. 
2 1 | 4 Prop, | Prop; | 
” | 3 222 1 314 1 260 I 189 
41 | | 5 313 4 261 2 191 
6 | 6z 5 262 || 3 192 
9 225 14 28 6 74 5 197 
lo | 226 || -—- OM 204 6 196 
11 228 Bo. III wot 8 209 
12 229 Prop. 2 9 277 
1 3 be 41 \- £ 254 || 9 | 267 lo 278 
15 69 ll / 3 134 10 [relate 31: | 879 
i 
19 90 8 135 12 (crib- 13 281 
1 ing Po] 16 193 
20 70 9 3 | 
21 91 10 137 4 Y gons I7 205 
22 224 4 | *6230 + 15 lee Ar . 
4 3% [| 16 | del 
24 92 16 141 * 
25 | 93 || "7 $551 Book V 
4 90 94 256 || Prop, 
27 73 18 142 4 188 | 
29 72 10 143 15 | 187 4 
30 74 20 145 16 199 1 
31 | 
32 
3 


A TABL E ſhewing what Propoſition in Euclid anſwers to its 


correſponding Article in this KssAY. 


APPENDIX, 


Propoſ. in in this | i 


| Euclid, || Eſſay. 
V 
1 Fl 
„ 1 119 
5. 1 1 
5. 1 1 
13. 14134 
„ 135 
20, 1 136 
0.4 137 
27.. 1 139 
15 139 
$31 141 
gs. I 142 
1C.32-1. 143 
20. 32.1. 145 
i, 1 146 
19. 1 || 147 
$5, 1 148 
$4. © a6, 
it. 31 199 
26, 1 || 188 
S, 4 189 
34. 1191 
F. 21 | 4908 
36, 1 || 193 
11. 14194 
43. 1 190 
47+ 3 


Propoſ. in 
» | Fulid. 


Art. 


2 
22 
Sou wa oO „ „„ „„ „„ ON ges in NO: 


in this | Propoſ. in 
Eſſay, | Euclid, 

Mg 

1. 
26114 2. 4 
262] 3. 4 
2063] 4 4 
2644 6. 4 
26507. 4 
266] 8. 4 
207] 9. 4 
275 ſhews how| 


to deſcribe Po- 


lygons, which 


Euclid does in| 
10, 11, 12, 13, 
14, 15, 16, of 


4th Book, but 
in a Method 
entirely differ- 
ent, 
277] 9: 
278] 10, 
279] 11. 
280] 12. 
281] 13. 
282] 11. 
283] 14. 
286] 18. 
3131 2. 
314] 1. 
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ELEM E N TY 


Plane Trigonometry. 


With their APPLICATION to ALTIMETRY 
| and LONGIMETRY.. 


By BENJAMIN DONN. 


7. . is plans eft ſcientia ex eile rriangill rectilinei partibus 
inveniendi religuas. 


8 — 
| | | a 4 2 2 


RH 
The P R E FA C E. 


II AVI N G already given the Elements of 


Geometry, we come now to treat of Plane 
rigonometry. | | . 
It is by Trigonometry that we apply Geometry to 
find the Heights of Objects and Diſtances of Places, 
both on Sea and Land, as is ſhewn in this Eſſay, 
Hence it appears, that, even in the narrow Limits to 
which it is here confined, it is a Science of great Uſe 
in the common Affairs of Life; and, if we include 
the Doctrine of ſpherical Triangles alſo, under the 
Term Trigonometry, it is that Science to which may 
be attributed whatever is effected in Aſtronomy, Ge- 
ography, and Navigation, agreeably to the Motto 
prefixed to this Volume. For by Trigonometry it is 
the Aſtronomer computes the Diſtances of the Pla- 
nets, calculates the Eclipſes of the Sun and Moon, 
the Tranſits of Venus and Mercury, conſtructs Dials 
for ſhewing the true Time of the Day, Sc. By it the 
Geographer lays down the principal Places on the 
terraqueous Globe in their true Poſitions and Diſtan- 
ces: And, laſtly, by it the Navigator conducts his 
Ship, through the trackleſs Ocean, to his deſired 
Port, e ever ſo far diſtant, by the uncertain 
Impulſe of the Wind. 
What we have attempted to do, in this Eſſay, is, 
to give the Elements of Plane Trigonometry in a 
clear Manner, with their Application to Altimetr 
and Longimetry, in a greater Variety of uſeful Prob- 
lems, both for Land and Maritime Surveying, than 
is given in any other Treatiſe on this Subject. 
| | A 2 . 
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PREFACE. 
And here it may not be improper to hint, that no 
Perſon, though accuſtomed to conſtruct Plans of 
Gentlemens Eſtates by the Theodolite, Sc. ſhould 


attempt to ſurvey a County, or the Sea-Coaſts or 


Channels of any Kingdom, 'till he has made himſelf 

Maſter of theſe Probl ms, with as much of Naviga- 
tion or Aſtronomy, at leaſt, as teaches to find the 
Latitudes and Longitudes of Places ; which. done, 
for his Encouragement, we will venture to affirm 
there will not ariſe any Difficulty, 1 in Practice, which 


he may not eaſily ſurmount. 


The Writers on this ſubject are numerous; as al 
molt all Authors, who have treated of Surveying, 
Navigation, Sc. have written preparatory Treatiſes 
on Plane Trigonometry : Some of them are, Pitiſcus, 


in the Year 1614; Gunter, 1623; Briggs, 1633; 


Newton, 16583, Sturmy, 1667; Norwood, 1631; Sel. 
ler, 1669; Dechales, 1674; Phillipps, 1678; Sir Jo- 

nas Moore, 168 1; Atkinſon, 1686; Leybourn, 1690; 
M. Bouger, 1694; Leybourn, 1704; Sherwin, 1705; 
Harris, 1706; Hodgſon, 1706; Ozanam, 1712; 
Laurence, 1717; Wilſon, 1720; Hawney, 1725 ; Keil, 
1728; Wolfus, 1732 ; Kelly, 1734; Martin, 1736; 

Haus ly, 1743; Simpſon, 1748; Muller, 1748; Emer- 
ſon, 1749; Barrow, 1750; Webſter, 1751; M. Bou- 
ger, 1753; Holliday, 1756; Martin, 1759 ; Maſeres, 
1760; Meountaine, 1763; Robertſon, 1764 M Patoun, 
t ; Simſon, 1767; Hutton, 1770; . 177 
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wn DzrinrTIONs, and 15 Nature of Sins, Tau 
4 : (11 GBNTS,\ Se. 5 


RIGONOMETRY is the” Science of 
Doctrine of the FIR. of Tri- 
; angles, 3 

2. A Triangle is a Figure contained 

under three Lines. 

3. Trigonometry may be either Plane or Spherical, 
Plane Trigonometry is, when the three Lines which 
form the Triangle are Right Lines, It is called 
Plane, becauſe theſe Lines are in the ſame Plane, or 
flat Surface. By ſome Authors it is called Plain, 
becauſe the common Principles of Plane are Some- 


„ ts 


thing eaſier to be underſtood than thoſe of Spherical | 


Trigonometry. 
44. Spherical T1 rigonometry treats. of the Properties 
of Triangles, formed, or conceived to be formed, 


on the Superficies of a Globe or Sphere ; which * 


therefore called Spherical Triangles. But this muſt 
be the Subject of lane future . be of 
B 4 e e : gl: 5 <> 12 
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Of Sines, Tangents, Cc. 
O the Chord, Sine, Tangent, &c. of an Arc. 


5. Let ADB be a Semicircle, C the Center, the 
Arcs AD and DB cach go Degrees, or a * of 
2 CREE 


Firſt. Aſſume any Point, F, in the Arc BD; join 


B, F; then the Line BF 1 is called the Chord of the 


Geometry ; ; otherwiſe, the Article in this Eſſay. 


Se BF. 2 


6. We Fe the Fl R. ler fall“ che Line 
FE, perpendicular to AB; or (which | is the ſame) 
draw FE parallel to DC; then is the Line FE cal- 
led the Sine, and EB the Yerſed-Sine, of the Arc BF. 

. Thirdly: At the Point B, on AC, raiſe e Per- 
pendicular BG; join the Points, C. F, by the Line 
CF; which produce, to interſect BG in G; then is 
BG called the 7 en, and CG the Secant, of the 
Arc BF. 

8. Fourthly. Any Arc, BF, leſs than a Quarter of 
a Circle, being ſubtracted from go Degrees, or the 
Quarter of the Circle DB, the remaining Arc F Di : 
called the Complement of the. Arc BF. . 

9. Fifthly. From the Point, F, draw FI., 

Abies to CD; which is eaſieſt done by üg it 
parallel to AB: Alſo, from the Point D, DH pa- 
rallel to AB, (or, which is the fame, perpendicular 
to DC.) till it interlects CG in H: Then is IF the 
Sine-Complement, DH the Tangent-Complement, and 
CH the Secant-Complement, of the Arc FB; or 
(which is the ſame Thing) the Sine, Tangent, and 
Secant, of the Arc DF, 

10. Inſtead of Sine-Complement, Tangent-Com- 


plement, and Secant-Complement, it is very com- 


mon to write Co- ſint, ee e and Co- ſecant. 
1. By the Conſtruction it appears that CE is al- 
vac equal to IF, the Co/ine of the Arc BF. 
12. Hence 
n Reference, 217. g. at this Mark in the Margin, ig | 


niſies, Article 217, Elements of Geometry: And, in general, 
when g. is added to a Reference, it denotes the Elements of 


eta of Charafers. | 4 
12. Hence it appears, that any Arc, BF, and its 
Supplement to 180 Degrees, (viz. the Arc ADF,) 
have the ſame Sine FE, Tangent BG, and Secant 
CG, but not the ſame Verſed-Sine ; ; BE: -being the 
Verſed- Sine of the Arc BF, and AE that of che Arc 
ADF. 
= appears, from Figure II. that, when the 
Arc BF is equal to 45 Degrees, the Radius CB is 
equal to the Tangent BG, 
For, as the Triangle CBG is right-angled at B, 
and the Z BCG being 45 Degrees by the Hypotheſis, 
the Angle CGB is alſo * 45 Degrees; and therefore, ,, 
the Sides, CB, BG, being oppolite to equal Angles, 3. B. 
muſt be » equal, | | 
14. As Arcs are the Meaſures of Anglck, It, 18 as 
cuſtomary to ſay, the Sine, Tangent, or Secant, of 
an Angle, as the Sine, Tangent, Sc. of an Arc. : 
18. Before we proceed any farther, it may be 
proper to inſert the Explanation of ſuch Characters 
as will be uſed in this Eſſay, which are not already 
explained in our Elements of Geometry. Viz. 


'd 62. g. 


" CHARACTERS. 
S. | Sine. 
G. Ane-Complement. 
S. Coſine. 
T. | Tangent, 

C.] Tangent- Complement. 
Sec.] Secant, 
V. S.] Verſed-Sine. 

Sup, | Supplement to 180 Degrees. 
d. or © | Degrees y 3* 17 14 is to be read 3 De- 


Minutes þ prees, 17 Minutes, 14 Se- 
Seconds] conds. 


h. | Hours, as 5h... 10” is 3 Hours, 10 Mi- 

= | nutes. 
; 16, Before we Pb to the Solutions of the 
common Caſes of Plane Triangles, it is proper to 
explain the Conſtruction of the ſeveral Lines gene- 
B. 551 rot 1 rally 


hes, 7 nl - 


* | - Conftrufion of Scales. EC, 
5 rally put on a Plotting- Scale, viz, Lines or Scales 
5 of equal Parts, alſo of Chords, Sines, Tangents, 
5 and Secants, for the more readily conſtructing Tri- 
. „3 OO K I. Cn 4». 1. 

6 A f FL Ag L EY þ * 3 

7 Obe Conſtruttion of Scales. Log 
E 17. A SCALE of 10 equal Parts in an Inch, as 
b Ab, may be conitrufted' by a few Trials 
* (or by Art. 278, of Geomeumy). Dine 90 
5 18. If it be required to make any other Scale of 
5 equal Parts, (as, for Example, 15 to an Inch, ) it 
3 ns be donethus; 2 ob ode wht a ef 
6 PFirſt, Draw AC I to AB, and from any conve- 
= | | : M i | ce. ( ar :C | . 1 e ; 

B pl. I. Fig. Meat Place, C, draw CF, making any convenient 


Angle, at Pleaſure, with the Line CA; join C, D, 
and make CI AD; then take from the Scale, AB, 
the Number of Parts into which the new Scale is to 
be divided; viz. in this Example, extend the Com- 
paſſes from E to a, and fet that Extent from C on 


n e rs 1 

= Ll = he \ £30 = = 

r 
* 9 5 a LE. * 


. the Line CA (produced if neceſſary) to K, and join 
. IK, and draw AL II to KI; make CM = CL, and 
* draw MN || AB; then will Mb be = one of the pri- 
mary Diviſions, on the New Scale.“ Wt 

| | Then 


* DemonsTRAT1ON. Since the Number of Diviſions is to be 
greater in an Inch Length, in the Scale MN, than in the Scale 
AB, it is manifeſt that the primary Diviſions muſt by decreaſed 
in that Proportion; that is, AD muſt be, in this Example, to 
M4, as 15 to 10. | | L 1 Ry 13. 
That it is fo, in the above Conſtruction, will eaſily appear; 
for CK was taken to Cl in that Proportion; and, AL. being 
to IK, the As CIK and CLA are ſimilar ; *.* CL has the ſame 
191. g. Ratio to CA as Cl to CK, But CM is made = CL ; CM; 
| CA :: CI: CK, But, Ms being II AD, the As CM and 
L are ſimilar. CM: CA:: Me: An; . by P. 
lity, M“; AD as CI to CK, the given Proportion. Q. E. D. 
Aſter this, that Mb, by drawing Lines from C to the ſeveral 
Diviſions in AD, will be divided into 10 equal Parts, is too 
manifeſt to need any Explanatien. | 


Counſtruction of Scales 9 
Then Lines drawn from che Point C, to the ſe-, 
4 Divieny; in AD, will Sinks Mp1 18 10 e 


. Uſ of a Scale Fr * Par . ee 


as , 1, or 10, or 100, Oe. and then the Divi- 
lion 2 muſt be reckoned proportional; as, if 1 is 
Tos 2.18463 if 1 bel, 21823 i} ſtands for, 10, 
2 is for 20; if 1 for 100, 2 far 200, Se. And as. 
the Diviſions on the Left, viz. AD, are divided into 
10 equal Parts, each is ,', of, what the firſt e 
Diviſion, DE, is ſuppoſed to b.. 

For Example. Let it be required to take ot 
from the Scale, ſuppoſing each primary Diviſion to to 
be 1. Place one Point of the Compaſſes on D; then 
open the other to the fifth Duvall ion at a; 51 and the 
Compaſles will be opened to 75. . 

Again: Let it be required to take off : 25, fup) appo- 
ſing the Diviſion at E to denote 10. Extend, the 
Compaſſes from B to a, and ic will be the Diſtance - 
required. 

The ſame Extent, if 1 at E be conſidered as 199, 
will denote 290. 

20. But, when it is required to take olf 1 Num- 1 | 
ber expreſſed by three or more Figures pretty accu- - il 
rately, it is more convenient to have a Dingenal 0 
Scale; which is thus conſtructed. = 

For Example's Sake, let it be required. to con- = [ 
ſtruct a Scale for dividing an Inch into 10⁰ equal j 
"iis =. (I 7 
Having drawn ab, ” and, made the primary Di- 
| viſions, conſider how many Parts you would have a Pl. I. Fig 
primary Diviſion, ae, divided into; ſuppoſe, as in 4 
the common Scales, 100, then the Number of Di- 

| viſions in ce, x by the Number of Diviſions in am, 
| muſt be £009) to 1003 and . each is + generally 
made 


The primary Diviſion 1 may be conſidered cither 
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Conſtruclion of Scales. 
made to contain 10 Diviſions, 10 Times 10 being 


100. Through the ſeveral Diviſions in em, and pa- 


rallel to cd, draw the 10 parallel Lines, as repre- 
ſented in the Figure: Divide ce and mn each into 
10 equal Parts, and join the Points by the Diagonal 


Lines, as ſhewn in the Figure. 


21, An Example or two will explain the Uſe of 
this Scale. 


Firſt, ſuppoſe it is required to take off 156 in the 


| Compaſſes, the primary Diviſion being 100. 2 


Put one Point of the Compaſſes at the Place where 
the 6th Line interſects the vertical Line of the 
firſt primary Diviſion, viz. at o, and extend the o- 
ther Leg to the Place where the gth Diagonal Line 
cuts the ſame Parallel; and the Thing is done. 

22. EXAMPLE 2. Suppoſe i it is required to take off 
2740, each primary Diviſion being 1000. f 

Place one Leg of the Compaſſes at the Place where 
the 4th Parallel interſects the 2d primary Diviſion, 
VIZ. at r, and extend the other on the ſame Paral- 
lel, to' the 7th Diagonal; and the Extent of the 
Compaſſes will be the Diſtance „ 5, 
Hence the Learner may obſerve, that the'paral- 
Jel Diviſions in the Diagonal Scale are confideved 
but as we of the diagonal Diviſions. | 

23. Scholium, For other Purpoſes, the Diagonal 
Scale muſt be otherwiſe divided. 

For Example, if to plot Diſtances taken by a Per- 
ambulator, or Meaſuring- Wheel, which takes Miles, 
Half. Miles, and Poles, (which 1 have found to be 
beſt for ſurveying Counties,) then a Mile containing 
320 Poles, I conſtruct it thus: Make ae A a pri- 
mary Diviſion, or Half a Mile; then divide it into 
16equal Parts, and em into 10; for 16 X 10 = 160 
=; a Mile. 

But if the Wheel cakes Miles, Futfongs; and 
Poles, as ſome are made, (which 1 would not recom- 
mend, for Reaſons which will appear in a more pro- 
per Place,) then 1 divide each 1 Diviſion 

into 


323 


Conſtruction of Scales. : 7 
into 8 Parts, for Furlongs, and draw vertical Lines, 
as in the primary Diviſions ; after which I make ct 

= the Diſtance for a F urlong, and divide it into 4 

| equal Parts, and cm into 10; becauſe 4 * 40 

Poles = 1 Furlong. 

In my Survey of Devon, I had both theſe Kinds 
of Wheels; which occaſioned my conſtructing 
Scales on theſe two Methods ; and, as young Sur- 
veyors might perhaps be at ſome Los to con- 
trive them, I take this Opportunity to hint at them 
here, rather than wait till our Treatiſe of Survey- 


ing, as they are not conſtructed 1 in any Bcok on chat 
e 


24. To confru Scales of Chords Sines, 7. angents, Kc. 


Iſt, With a convenient Extent of the Compaſſes, | 
and one Point at C, deſcribe a Semicircle, ADB, PI I. Fig. 
and raiſe the L CD; then with the ſame Extent a * 

the Compaſſes, and one Point in D, with the other 
make a Mark, H, on the Arc DGHB : ; then, with 
the ſame Extent, one Leg being in B, the other will 
extend to G, and the Arc DB be divided into 3 
equal Parts; and. DG, GH, and HB, are each 
*-40 Degrees ; ; then, by a Trial or two, divide. 276. g. 
each of theſe into three equal Parts, and fo the Qua- 
drant will, be Agee: into 9 equal Fame, each 10 
Degrees, ©: 

2. Produce AB 83 F. at Pleaſure, and How 
DEI thereto ; then, turning a Ruler about C as a 
Center, draw Lines; to touch the Tangent Line DE, 
viz. a 10, b 20, G 30, Sc. then it is manifeſt, 

from Art. 7, that DE will be a Scale of Tangents. | 

E 3. Then, one Leg of the Compaſſes being in_C, 

| open the, other to 10 on the Tangent - Line, and, 
turning it about, ſweep an Arc, 10, 10, to cut the 

- Line CF ; then ſweep Arcs, 20, 20; 30, 305 Sc. 

£ and CF becomes a Scale of Secants. 

* 108 | 928 Por Parallel 


* 


8 8 Conftruttion of Scales. 
Ip 4. Parallel to DCidraw the Parallels, 2 10, 5 20, 
Et. to cut the Line Ck; then is CBñ a Scale of 
Sines; and, if the Numbers were counted from B 
towards C, a Scale of Verſed Sines, by Art. 6. 
5. Place one Leg of the Compaſſes in D, and, 
. extending the other to a, deſcribe the Arc 4 10; in 
235 the ſame Manner, 420, &c. to cut the Line DB; 
then will the Line DB be a Line of Chanda by 
Art. $57 7. 

6, Laſtly. If A,D, be joined by a Line, AD, and 
the Arc AD divided into 8 equal Parts, denoting 
Points of the Compaſs uſed in Navigation, and 
Arcs 1, 1; 2,23 Sc. be deſcribed in the ſame Man- 
ner as in the Line of Chords ; ; the Line AD becomes 
a Scale of Chords for Points, commonly called, by 
Sailors, a Line of Rumbs. 

Ta 14 Though, in the above, we hare only divided 
the Arc DB into 9 Parts, denoting 10 Degrees each, 
(being ſufficient for an Example,) it is eaſy to con- 
ceive that each of theſe may be divided into 10 De- 
grees, and ſo the Arc divided into 90 Degrees, and 
onſequently the Scales made to Degrees, c. 
26. But, though the above Conſtruction clearly 
ſhews the Nature of ſuch Scales, yet, as it requires 
very great Care to be accurate, it is not ſo fit for 
Practice as the conſtructing them by Means of Ta- 
bles, Sc. as I ſhall ſhew farther on, being unwil- 
ling to detain the young Student any longer in this 
Place, and deſirous of making him acquainted with 
the Solution of the common Caſes of Plane Tri- 
angles, as ſoon as conveniently may be. 
27. Having a Set of Scales, accurately made, 
called Pattern-Scales, readily to make others by it. 
For Example: Let it be required to — Gap the 
PI. II. Graduations on the Scale AB, to the intended Scale | 
Fig. 1. PC. 
+ x(t, Draw the neceffary uber Lines from D to 
C, by the ſharp Point of a Gage, of the ſame Na- 
ture as thoſe uſed by the Cabinet-makers OS. 
7 | 2. FIX 


* 3 * 


on a Table or proper Board, ſo that they may not ſlide. 


the intended Scale DC. As to the Figures, if on 


Sinen z then, from the ſame Scale, take the Radius 2. 


| K ol the Compaſſes in A, with the other ſweep a 
C 


„ Cumfrustion of Scales. 
2. Fix the two Scales by the Side of each other, 
3. Then-take a Square, abe, in which ab is a Ru- 
ler, or Piece of Mahogany or other proper Wood, 
in the Middle of which is laid a Braſs Square, cde. 
Its Uſe is: Slide a+ along the Side of the Pattern 
Scale AB, till the Edge de comes to a Diviſion, 
ſuppoſe 2, to be transferred to the other Scale; 
which is readily done by only cutting with a ſhar 
pointed Knife, by the Edge de of the Square on 2 
Scale DC; and ſo ſliding from one Graduation to 
another, the Diviſions on AB are eaſily copied on 


Wood, they are marked by proper Stamps z if on 
Braſs, they ſhould be engraved. 
28. To make an L = any Number of Degrees. 
This has been already done by a Line of Chords, 
and may alſo be done by Scales of Sines, Tangents, | 
or Secants. ! | 
For Example: Let it be required to make an 4 
equal to go Degrees. | 
iſt, By the Line of Sines. 
On any Point, C, in the Line AB, 010 beak 
CD = the Sine of god. taken from the Scale of pl. II. p. 


or Sine of 90d. and, having one Point of the Com- 
paſſes in D as a Center, with the other interſect AB 


in E, by a little Sweep; join ED; and the DEB 


1s manifeſtly that required. 

2. By the Line of Tangents. 

Take AC = the Radius or Tangent of 45d. from 
the Scale of Tangents ; raiſe the L CD, which Pl. II. F. 
make = the Tangent of 50 Degrees; draw AD by” 
and the 4 DAB is that required. 

3. By the Secants. 

Take, as before, AC = Radius, (= Secant of Pl. Il. F. 
o Degrees = Sine of 60 d. = Tangent of 45%) and4* 
raiſe L CE; then with the Secant of 30 d. and one 


little 
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Fig. 5 


Pl. II. 
Fig. 6. 


pl. II. 
Fig. 7. 


the 4 DAB is = the required . 


Of Right-angled Plane Triangles. 
little Arc, interſecting CE in D; and it is evident 
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mn 
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Of the Solution of the common Caſes of Right-angled 


Plane Triangles. 


29. J JEfmition. In any right-angled Triangle, ABC, 
'D right-angled at B, the Side AB, on which 


the Triangle may be ſuppoſed to ſtand, is called the 


Baſe; and the Side BC, from its Pofition, the Per- 
pendicular. The Side oppoſite the Right-Angle, or 
the longeſt Side, AC, is named the Hypothenuſe, 
30. By attentively conſidering Article 4, theſe. 
Propoſitions evidently follow; viz. 25 
1ſt. If the Hypothenuſe be made Radius, then is 


the Perpendicular BC the Sine of the oppoſite 


Angle A; and the Baſe AB the Coſine of the Angle 
A; or, which is the ſame, the Sine of the Angle 2 
2dly. If the Baſe be made Radius, then is the 
Perpendicular the Tangent of the Angle A, and the 
Hypothenuſe the Secant of the Angle A. 
3dly. If the Perpendicular be made Radius, then 
is the Baſe the Tangent of the Angle C, and the 
Hypothenuſe the Secant of the Angle C. 
31. Scholium, We have noted the above, as we 
intend to ſhew how to ſolve right-angled Triangles 
by making each Side Radius, as ſome may expect 


it; but we ſhould hint, that, in Practice, Naviga- 


tors, Surveyors, Fc. generally make the Hypothe- 
nuſe Radius, when it can be done (which it may al- 
ways, excepting when the two ſhort Sides or Legs, 


iz, the Baſe and the Perpendicular, are given to 


find the Hypothenuſe) ; becauſe it is more eafily re- 


membered, Sc. as it comes under the following 


univerſal Theorem,“ viz. In any Plane Triangle, if ” 
a 5 among 
» Which will be demonſtrated in Oblique Triangles, | 


Of Right-angled Plane Triangles. 

among the Things given there be a Side, and its 
oppoſite Angle, to find the Reſt : then ſay, As a 
given Side : the Sine of its oppoſite Angle :: any 
bother Side : the Sine of its oppoſite Angle. 

Therefore, to find an Angle, begin with a Side 
oppoſite to a known Angle. Alſo, as the Sine of a 
given Angle : its oppoſite Side :: the Sine of any 
other Angle : its oppoſite Side. 15 | 

Therefore, to find a Side, begin with an Angle 
oppoſite to a known Side. = 

32. Corollary 1. Hence, if the oppoſite Sides are 
equal, the oppoſite Angles are equal; and the con- 
trary. r $ 
33. Corollary 2. Hence alſo the greater Angle is 
oppoſite to the greater Side, and the contrary ; a- 
greeably to Theorem the 6th, in the Introduction. 


34. The fix Caſes of Right-angled Trigonometry 
may be eaſily ſolved, by obſerving the following Di- 
rections :' Viz. _ 5 | | 
1. Either make a Draught of the Triangle by 
Geometry, or (which may be ſufficient) only a Re- 
_ preſentation, drawn in a rough Manner by Hand. 

2, Let ſuch Parts of the Triangle as are given in 
the Queſtion be marked with a Daſh (—), and thoſe 
which are to be found, with a Cypher (0). 

3. If one of the Acute-Angles is given, the other 
is alſo looked on as known; being found by only 
ſubtracting the given one from god. Thus appears 
from Art. 83, Elements of Geometry. _ 
4. Compare the given Things together, and 
thereby determine which of the preceding Rules 1s 
| beſt adapted to ſolve the Problem. 


5. Then write the Canon as the Theorem direct; 


and, if you uſe a Table of Natural Sines, Tan- 
gents, and Secants, work the Proportion as in the 
Rule of Three in common Arithmetic ; but, if a 
Table of the Logarithms of theſe Natural Sines, 
Tangents, c. place the Canon in four Lines un- 
der one another; and, 8 out of the proper a | 

© i es 


a —Tn 8 
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bles the Logarithms of the given Quantities, add 


the Logarithms of the ſecond and third Terms to- 
ether, and ſubtract the Logarithm of the firſt from 


the Sum, and the Remainder will be the Logarithm 
of the fourth Term. 2 


For Logarithms are Numbers artificially con- 


trived, in tuch a Manner, that their Addition anſ- 


wers to Multiplication, and Subtraction of them to 
Diviſion of Natural Numbers. | 


35. N. B. The Index of the Logarithm of any 


Number is always one leſs than the Number of In- 


tegral-Places in the given Number; and, conſe- 
quently, the Number of Integral-Places of Figures 
in any Number is always one more than the Index of 
its Logarithm. | | EN 
If the young Student is inclined to ſee the Doc- 
trine of Logarithms more fully treated of,” he may 
conſult our Fay on that Subject. The Tables of 


Logarithms are too voluminous to be given in this 


Volume, as they cannot conveniently be comprized 
in leſs than 135 Pages; therefore, if the young Stu- 
dent has not a good Set already by him, we muſt 
refer him to our Britiſh Mariners Aiſtant, juſt pub- 
liſhed, (Price Six Shillings,) where, amongſt 40 
Tables adapted to the ſeveral Purpoſes of Trigono- 
metry and Navigation, he will find very accurate 
Tables of Logarithms to ſeven Places of Decimals. 
However, as we may perhaps frequently have Occa- 
ſion to ſolve ſome practical Problem in Trigono- 
metry, when Tables of Logarithms are not at Hand, 
I have added, at the End of this Eſſay, a Table of 
Natural Sines, Tangents, and Secants, to 4 Fi- 
gures; and, if we have Occaſion to ſolve a com- 


mon Queſtion in the Abſence of any Books, (which 


may ſometimes be the Caſe,) I have comrived a 
Nautical Pocket-Piece, about the Size of a Crown, 
ſhewing the Natural Sines and Tangents to 3 Places, 
which is ſufficiently exact for moſt Uſes at Sea, c. 

| | . 
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to be had of the Publiſher of this Eſſay, Fes nh 


ence. 

n 6. The common Caſes of tighi· angled As are: 4 

Bi 1, Given the Angle at the Baſe, and- the 

Hypothenuſe, to find the Baſe and the 1 
ExaMpLE. Let the Angle at A be 40d, 1 MM 

the Hy pothenuſe 130 Feet: Quære the Q r tag 

Sides? | 
Conſtruction 1. Draw a Line, AB, at Pleaſure, . 
2. Make an 4 A = the given 4 40 d. 167, and 


draw AC, which make equal to the Hypothenuſe, 


130 Feet. 
3. From c let fall the Perpendicular CB; then 


.. 


it is manifeſt that the right-angled Triangle ABC 


is that required. 


7. If AB and BC be meaſured on the ſame Scale 
of equal Parts as AC was ſet off from, you will have 


nearly the Lengths of the Baſe and Perpendicular 
but more accurately by Calculation, as follows. 
CANON®: > he] 
38. iſt. Making the Hypothenuſe Radius. 
To find the Baſe. Tofind the Perpendiculay, 


As Rad. or S. of go® io. 0000008. | 
. 
Is to AC 130 Feet 2.11394 33 Is to AC 130 Feet 2,1139433 
80 is 8. C 49* 45/9. 3826568 80 is 8. 2g '9. $103159 


A. Radius 90 19.9000000 


ToAB 99.22 Feet 11.996601 } To BC 84 Feet i. 9242592 


By Natural Sines thus. By the Table, at the End 
of this Eſſay, the Sine of 49* 45 is .9632, and the 
Sine of 40* 15” is . 6461; therefore ſay, by the Gol- 
den Rule, As Radius 1 :-130 :: 7632: .7632 X 
130=99.2, nearly, the required Bale; and as 1 : 
130 :: .6461 X 130 = 84, nearly, the Fenn 
lar which was to be found. 
39. Note, 4c 49 d. 45“ was found by fubera>- 
ing £ A 40 d. 1 g from 125 d. If the Learner is in- 
clined, 
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| Elined, he may ſave himſelf the Trouble of ſub- 
tracting, by taking out the Coſine of 40d. 157; 
becauſe, the Angles A and C being always = god, 
the Coſine of the . A muſt be equal to the Sine of 
the Angle C. 1 8 . 

480. In the above Canons, the firſt Logarithm is 


to be ſubtracted from the Sum of the two middle Lo- 


arithms ; which, as the firſt Logarithm is 10, is 
— done by only cutting off 1, in the Place of 
Tens, in the Sum. 
41. 2. Making the Baſe Radius. 
AsSec. . A®40%15/10.117 34.32 As S. CA 40 15/ 10. 1 173432 


1s to AC 130 Feet 2.1139433 | Is to AC 130 Feet 2.1 139433 
So is Radius 90 10.0000000 | So Tan. A 4015 9.9276590 


12.1 139433 | 12.0416023 
110.1173432 | 10.117 3432 


To AB 99.22 Feet 1.9966001 To BC 84 Feet 1.9242591 


Or thus, by the Table of Natural Secants, &c. 


By the Table, the Natural Secant of 40* 15/ = 1.309 
And the Natural Tangent of 40 15 = .8466 


. Z | IZZO XI | 
Then, as 1.309 : 130 :: 1: 55 — 993» 


nearly, the Baſe required. 


„ , 5  ©0,8466x130 
Again, as 1.309 : 130 :: 0.8466 F700 


2 84, nearly, = the required Perpendicular. 


| 42. 

* If the Table of Logarithms we are uſing has not a Table 
of Secants, take out the Log. Coſuſe of 40 15, wiz. 9.8826;068, 
and, ſubtracting it from 20, /jwe readily get 10.1173432» 


the required Log. Secant of 40% 15/. And in the ſame Manner 
the Secant for any other Numbgr of Degrees may be found, 
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42. 3. Making the Perpendicular Radius. 


As Sec. C 4945“ 10. 1896841 


Is to AC 130 Feet 2.1139433 


SoTan. Z.C49%45/ 10.0723410 | 


12.1862843 
10. 1896841 


/ 


As Sec. C 4945 10. 18968 41 


Is to AC 130 Feet 2.112 33 
80 is Radius 90? 108 


1 


Sr, 


+ +. , 10-1896841 


12.1 189433 d 


* — ——— 


To AB 99.22 Fe 1. 9966002 5 To BC 84 Feet 1.9242592 


Or thus. "mos 
Ihe Natural Secant of 4945“ being 1.347 
And the Natural Tangent of 49 45 being 1.181 


3 18 
We have, As 1.547 : 130 :: 1. 181: i 


1.547. | 


= 99.2, nearly, = the required Baſe. 


And, laſtly, As 1.347: 130 :: 1: - — 5 — 
84, nearly, = the Perpendicular which was re- 
quired, | ; 


43. In like Manner may the following Caſes be ſolved 


by Natural Sines, Tangents, Cc. as well as by Lo» 


garithms; but as, in Order to be very nearly accu- 
rate, Tables muſt be given, calculated to every 
Minute of the Quadrant or go Degrees, it would 
take up more Room than we could ſpare; and, as 

they muſt be computed to 6 or 7 Places of Decis 
mals, the Operations of multiplying and dividing 


would become more tedious than by Logarithms * _ 


We ſhall, therefore, for the Future, give only the 
Solution by Logarithms, it being ſufficient to have 


ſhewn the Method of Solution by Natural Num- 


Des. - 1 1 
N. B. The Natural Sines are given to 7 Places of 
Figures, for every Minute of the Quadrant, in our 
Britiſh Mariners Aſſiſtant. 


44+ Caſe 


35 


16 


pl. I[. 
Fig · 9.7 
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44. 4 Caſe 2. Given the Angle at the Baſe, and the 
Baſe, to find the Perpendicular and Hypothenuſe, 


ExAMPLE, Let the A 
Baſe 86 Yards ; to find 


Pothenuſe. 


 Conftrutiion. Make L A r 50d. AB = Baſe, 86 
| Yards : On the Point B erect the Perpendicular BC, 
to interſect AC in C: Then is ABC the Triangle 


required. 


Calculation. — 1. Making the Hypothenuſe AC 
Kadius. 


45. To find the Perpen- | 


dicular. 
As 8. . C 40. 9. 8880675 


Is to AB 86 Yards 1 9344984 
80 is 8. 4 A 2 9.884254 


11. LS 


e 
% — and Hy. 


Plane Triangles. 


at A be 50 d. and the 


To find the Hypothe- 
nuſe. 


As 8. 4C 40? 9: 808675 


Is to AB 86 Yards 1 4 9344984 
80 is Radius 90? 10.0000009 


11.93 44984 
9-8080675 


To AC! 43.8 Yards 2.1264309 


To 50 102.5 Yards  2.0106849 | 


46. 2. Making the 


| As Tang. £ C 40? 9:9238135 


Is to AB 86 Yards 1.934484 
80 is Radius 90 100000000 


11.9344984 
9-9238135 


ToBC i 1025 <a 201068 49 


Perpendicular Radius. 
As Tang. 4 C 400 . 9238135 


Is to AB 86 Yards 1 1:9344984 
So is Sec.. C 4% 10.1 . 


J 12. 0502444 
9-9238135 


| To AC1 3 3+8 Yards 2. 1264309 


47+ 
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47. 3. Making the Baſe Radius. 
As Radius go 10.0c00000 | As Radius 900 10.0000000 
Js to AB 86 Yards 1.9344984 Is to AB 86 Yards 19344984 
80 is Tan. Z A 509 10,0761865 | S018 See. £ A 502 10.1919325 


To BC 102.5 Yds 12.0106849 


458. Caſe 3. Given the perpendicular and the 


27 


To AC 133.8 Vds 72. 1264309 


Angle at the Baſe, to find the Baſe and Hy pothenuſe. 


ExameLe. Let the 2 at A be 33 d. 45%, and the 
1 75 Feet; required the Baſe an Epoch 


Conſtruftion. Make / A = 33d. 457, and draw AD; 
then, || to AB, ata Diſtance == 75 Feet, draw EF, 
to interſect AD in C; from C let fall the L CB: 
Then it is evident the A ABC is that required. 


Pl. II. 
Fig. 10. 


Otherwiſe, 1ſt, By ſubtracting the £ A 33 d. 4 


from go d. find the Z C = 56d. 13“. 2. Aſſume 
a Point, B, in the Line AG, and raiſe the L BC Bos 
75 Feet. 3. Make 4 C = 56d. 157, and draw CA, 
to interſect HG in A; and the A is conſtructed. 


Calculation. — 1. Making the Hypothenuſe 
| Radius. 3 | 


| 49. To find the Baſe. 


| To find the Hypothenule. 


AS. LA 33% 45, 9.7447 300 As S. 4 A 33450 9:7447399 


Is to BC 75 Feet 1. 8750613 Is to BC 75 Feet 1.8750613 


80 is S. LC 56% 15/7 9.919846 So is Radius go? 10-0000000 


15.794907 5 118750613 
2 907447390 


——— — 


To AB 112.3 Feet 2. 01687 To AC 135 Feet 2. 1303223 


— — 
* 


'D-- | 8 30. 


. 
Fig. 11. 
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50, 2. Making the Perpendicular Radius, 


As Radius go 10.0000000 | As Radius go” 10.00c0000 


— — 


Is to BC 75 Feet 1 1. eee. Is to BC 75 Feet 1.87 50613 


60 Tan. 2050 510.175 1074 | So Sec. C565“ 10.255 2610 


To AB 112.3 Feet 12.050168) To AC 135 Feet 22. 1303223 


51. 3. Making the Baſe Radius. 
As Tan. ZA 33*%*45'9.8248926 | As Tan. A 33%45/ 9. 8248926 


Is to BC 75 Feet 1.8750613 | Is to BC 75 Feet 1. 8750013 
* Radius 90° 10.0000000/ ien. LA 33 > 1 10.0801536 


11.870613 A 11-9552149 
9. 8249926 9. b 


1 AB 112.3 Feet 2, | 2.0501687 To AC 135 Feet 2. ,1303223 


52. Caſe 4. Given the Baſe and Hypothenuſe, to 


find the Angles and Perpendicular, 


ExAMPLE, Let the Baſe be 300 Feet, and the 


Hypothenuſe 500 Feet: Quære the Angles and Per- 


pendicular. 


Conſtruftion. Make AB = 300 Feet, and raiſe I. 
BD; then, with an Extent in the Compaſſes = 500 
Feet, and one Point in A, with the other deſcribe 
an Arc, to interſect BD in C; join A, C, and A 


ABC | is that required. 
| Calculation. — [. Makiog the Hypothenuſe Radius, 


53. Tofind the Angles. To find the Perpendicular. 
As AC 500 Feet 2.6989700 As Radius 90 10.0000000 


Is to Radius 90% 10.0000000 Is to AC 500 Feet 2.698700 
80 is AB zoo Feet 2.4771212 | SoisS. L A5 3? 7 48" g. 9030895 


— 


12.471212 To BC 400 Feet 12.6020595 
2.6989700 | OF e e 


Tos. £C36%52/12"g 7781512 


eee eee, 


Of Right angled Plane Triangles: 
54. 2. If the Perpendicular be Radius, there is 
no Angle given, related to a given Side; and there- 


fore this Caſe cannot be ſolved by making the Per- 
pendicular - Radius. | Arg 


55. 3. Making the Baſe Radius, 
As AB 300 Feet 2.4771212 1 As Radius 90* 1 10,0000000- 


4 
— — ͤ—ͤůũ—l——ͤͤ 
0 


Is to Radius 10.0000000 | Is to AB 300 Feet 2.477 1212 
80 is AC 500 Feet 2. 6989700 | SoT.4A53%7/48 10. 1249372 


12.6989 700 To BC 400 Feet 12.6020584 
. 2-4771212 | | — 
Tos 2 99 10. 2218488 


56. Scbollum. When the Perpendicular is requi- 
red, and the Angles are not required, it may be 
found more expeditiouſly thus. Add the Loga- 
| rithms of the Sum and Difference of the Hypothe- 
nuſe and Baſe together; Half that Sum will be the 


Logarithm of the Perpendicular. . Thus, in the a- 


bove Example, the Sum of the Hypothenuſe and 
Baſe = 800; the.r Difference = 200. 
1 of 800 = 2. 9030900 
Ditto of 200 = 2.3010300: 


— — "r TEES 


5. 2041200 
Ez & 6020600 This anſwers in 
the Table to 4co, the | required. 

The Reaſon of this is evident from the Nature of 
Logarithms, and Art. 305, Elements of Geometry. 
57. Caſe 5. Given the Perpendicular and Hypo- 

thenuſe, to find the Angles and Baſe. 


ExamyLe. Let the Perpendicular be 80 Yards, 


and the Hypothenuſe 100 Yards': : Quare. the 
Angles and Baſe. 

Conſtruction. Draw a Line, DB, and at Braiſe thie 
2'BC'=-$0 Yards ; ; then, with the Extent of the 


D 2 Hypothenuſe, 


Radius. 
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Hypothenuſe, 100 Yards, and one Leg in C, with 
the other deſcribe a little Arc, to interſe&t DB in 
A; join A, C, and the Triangle ABC is that re- 
quired. 


Calculation. — 1. Making the Hypothenuſe Ra- 


wo dius. 
58. To find the Angles. j To find the Baſe, 
As AC 100 Yards, 2.0000000 | As Radius 900 10.0000000 


| Is to Radius 90 19.0000000 | Is to AC 100 Yards 2.0000000 
Sois BC 80 Yards 1.9030900 | $0S. 4. C 36%52/1299.7781523 


2.0000000 


11. 9030900 | To AB 60 Yards 11.7781523 


To S. A5 371450 9.9030900 


59. 2. Making the Perpendicular Radius. 
As BC 80 Yards 1.9030900 67 0 Radius go 10.0000000 


— 


ls to Radius 90 10.0000000 | Is to BC 80 Yards 1. 9030900 


80 is AC 100 Yards 2,0000000 | SoT, 4 C36% 2/12! 9. 87505628 


12.0000000 | To AB 60 Yards 11.7781528 


1.90 30900 | 
Sec. 4 C 
"+ re 2 10.0969100 


— — | 


60. 3. If the Baſe be made Radius, we have no 
Angle given, related to a- given Side; and there- 
fore this Caſe cannot be ſolved by making the Baſe 


61. Scholium, To find the Baſe, independent of 


the Angles, add the Logarithms of the Sum and 


Difference of the Hypothenuſe and 1, and take 
Half the Sum for the Logarithm of the Baſe. 
b | "> Iz BE 
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The Sum of the Hypothenule and perpendicular 
is 180 Yards ; its Logarithm . 2.235272 3 
Their Difference = 20, its Log. 1. 3010300 


— — * 


3.556302 5 


+ 1.778112 This 
" anſwers, in ha Table of Lo avithms. to 60, the 
Baſe required. The Reaſon of this is the ſame as 
in the laſt Caſe. 
62. Caſe 6. Given the Baſe and Perpendicular, 
to find the Angles and Hypothenule. 

EXAMPLE. Let the Baſe be 120 Feet, and Per- 
pendicular 90 Feet: Quzre the Fibrin and 
Angles. 

Conſtruction. Make AB = the Baſe, 120 Feet ; 
and, on B, raiſe a L BC, which make = 90 Feet; 


join A, C, and the A ABC is evidently that re- 


quired. 
Calculation, — 1. add the Hypothenuſe Ra- 


dius. 


Here is no given Angle related to a given Side, 


and therefore it cannot be ſolved by making the 
Hypothenuſe Radius. 


63. 2. Making te Perpendicular Radius. 


To find the Angles. To find the Hypothenuſe. 
As BC go Feet 1.9542425 As Radius 90 10.0000000 


— — ——jů 


PL II. 
Fig. 13. 


Is to Radius go 10.0000000 Is to BC 90 Feet 1.9542425 
So is AB 120 Feet 2.0791812 So Sec. 4 C 3 
as 53* 71 484 10.2218477 
12.0791812 = — 
1.9542425 To AC 150 Feet 12.1760902 | 


To T. C5 397/48) 10.1249387 | 


64. 


22 
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64. 3. Making che Baſe Radius. 


As AB 120 Feet 2.07918 12 | As Radius 90 10.0000000 


* — 


Is to Radius o 10.0000000 | Is to AB 120 Feet 2.0791812 
So is BC yo Feet 1.9542425 So Sec. 4 At 
| 30% 520 147 


117.9542425 
2.091812 To AC 150 Feet 12.1760917 


Le — 


— — eo. 


Tor. 4Azers 1. 8750613 


nm. EEE 


n Angle as above, 


and . the Hypothenuſe may be found by this 


Canon. As S. L A : BC :: Radius : the Hypo- 
thenuſe. 


66. Scholium. The common Caſes of right- angled 
Triangles might have been reduced to a much 


ſmaller Number, but theſe will not be found too 


many for the * inſtruction. 


® 008 0 . 
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67. D Every Triangle which has not a 


Right-Angle is called an Oblique Tri- 
angle. 


68. Before we proceed to the Caſes of Oblique 


. Triangles it is proper to premiſe a few Theorems, 


by Way of Lemmata, as the Solutions of the ſeve⸗ 
ral Caſes depend on them. 


Theorem 1. In all Plane Triangles the Sides are 


proportional to the Sines of their oppoſite Angles ;* 


Pl. II. 


ig. 14. 


et contra. 
Note, 


'® Demonſiration. Take AF = BC, and let fall the 1s CD, 
FE; let BC be made Radids, then is alſo AF Radius: Then, 


by 


| 


| 
| 


10.096910;5 | 
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Note, this is the ſame as is more largely expreſſed 
in Art. 20. 3 

69. Theorem 2. If, from the Half Sum of any 
two Numbers, be taken their Half Difference, the 
Remainder will be the leſſer Quantity; but the Half 
Sum, added to the Half Difference, gives the 
greater Number. 


70. 


by right-angled Triangles, FE is the Sine of the Angle A, and 
CD the Sine of the Angle B. The Lines, FE and CD, bein 
both L to AB, are parallel to each other; and ., the Tri- 


angles AEF, ADC, are ſimilar. Hence, as AF : FE ;: AC 


: CD. But AF = BC by the Conſtruction, FE the Sine of 
the Angle A, and CD the Sine of the Angle B; +.* the above 
| Analogy becomes, BC-: 8. ( A:: AC: S. 4 B. Q. E. D. 
Corollary 1. Hence it follows, that, if two As have one . 
in one = one Lein the other, and the Sides oppoſite to thoſe 
equal Angles arc equal, that will have the greateſt Baſe whoſe 
oppoſite Angle ie neareſt to a Right-Angle. 

For, by this Theorem, as 8. Z A: BC :: 8. C: AB, 


Hence, as A and BC are conſtant, the greater the 8. . C is, 


the greater will AB be: but the S. C is greateſt when the 
4. C is a Right- Angle; +,* AB will be greateſt when the 4 C 
is a Right-Angle. | | 1 

Corollary 2. Hence alſo, if the Angles A and C are equal, 
their oppoſite Sides muſt be equal; and the contrary. 


+ Demonſtration. Let 2x repreſent the greater, and 2y the 
leſter, Number. Then their Sum is 2x + 2y, or their Half 
Sum x + y ; and their Difference 2x — 2y, or their Half Dif- 
ference x -. | ; 

To x+y From x+y 
Add x—y Sub. x—y 


2x. Q. E. D. Remains +2y, Q. E. D. 

That x added to x is 2x, and that y being to be added to æ, 
and ſubtracted from x, will deſtroy each other, and fo that 2x 
is the Sura of x+y and -, is ſufficiently clear; but, per- 
haps, to ſuch as have not learnt Algebra, it may not be ſo evi- 
dent that x—y, ſubtracted from x+y, ſhould leave 2y, If fo, 
let it be conſidered that we are only to find the Difference be- 
twixt x+y. and x—y ; now x++y denotes a Quantity, Which is y, 
greater than &; and x—y a Quantity, y, leſs than &; conſe- 


quently, as one is y greater, and the other y leſs, their Dif- 
terence mult be 2. l 2 


Gumetrically 
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70. Corollary. From hence it follows, that, if 


from the greater of any two Quantities be taken 
their Half Sum, the Remainder vill be equal to 


their Half Difference. 


71. Theorem 3. In any Plane Triangle, as the Sum 
of any two Sides is to their Difference, ſo is the 
Tangent of Half the Sum of the two oppoſite 
Angles to the Tangent of Half their Difference. 


72. Theorem 4. As the leſſer Side is to the greater, 
ſo is Radius to the Tangent of an Angle: From 
that Angle ſubtract 45 and note the Remainder. 
Then, as Tangent of 45* (or Radius) is to the 
Tangent of that Remainder, ſo is the Tangent of 


Half 


Grometrically thus. Let the greater Quantity be repreſented by 
AC, the leſſer by CB; then is AB their Sum; which biſſect in 
D; ſo is AD or DB equal to Half their Sum. Take AE = 
CB; then, as AC 1s one Quantity, and AE the other, EC is 
manifeſtly the Difference, and +. ED = DC, the Half Dif- 
ference of the Quantities, Hence it plainly appears, that the 
Half Sum AD, + the Half Difference DC, is equal to the 
greater Quantity AC; and that the Half Sum, — DC the Half 
Difference, is = BC, the leſſer Quantity. Q. E. D. | 


t Demonſtration. Let ABC be the Triangle, About C, as 
a Center, with the Radius CB, deſcribe the Circle ZBDE ; 
produce AC to D; and join EB and BD. About E, as a 
Center, with the Radius EB, deſcribe the Arc Bd, and with 


* the ſame Radias, about B, as a Center, the Ark Ea; and 
draw EF | to BE. Then is AD = AC + CB, the Sum of 


the two Sides, and AE = AC—CB, (or CE,) the Difference 


of the two Sides by the Conſtruction. The 4 BAC + 4 
. ABC = £4 BCD“. But Z BED = +4 4 BCD, by Art. 145 
of our Geometry ; *.* 4 BED = + Sum of the Angles A and 


ABC. Now, the EBD, being in a Semicircle, is a Right- 
Angle, by Art. 148 of our Geometry; and . BD, the Tan- 
gent of the r by Art. 7. TE | 
Again: £4 CBA — £2 CBE (or CEB) = L EBA, the 4 
Difference of the Angles ABC and A, by Art. 70; of which EF 
is the Tangent. But, by ſimilar Triangles, AD the Sum of 
the Sides: AF the Difference of the Sides :: BD the Tangent 
of Half the Sum of the Angles at the Baſe ; EF the Tangent of 


Þ 


Half their Difference. QE. D. 
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Half the Sum of the two oppoſite Angles to the 


Tangent of Half their Difference“. 


This Theorem ſerves for the ſame Purf @ 


4 the third, 'only when we have the Logarithms 
of the Sides given, inſtead! of the Natural Num- 


bers, as is the Caſe in ealculating the- Places of the 
Pianets from eee eee n 


readier :N Practice; LA 369 £ u ine 0 * 


74. Theorem 5. In any — Triendleſ! as the 
Baſe is to the Sum of the other two Sides; ſo is their 


Difference to the ane of the: ren = is of che 4 


Bale, * 


- 


* 
- ” * 
60 * * ; $4 #3 « þ r 2 
1 * {SF 2 «7g %* 1 * 75 
* 


P Demonſtration, Let ACS — 4190 4 Tiiansle, it 
angled at C, and haying two Sides, AC, C5, ref; Dea — 
the two Sides, AC, CB, of the Triangle ABC. Then, = 
Theorem zd, in che right-angled Triangle ACS, As AC . 


£ AbC + 4 CAC 


25 


Cs : : AC — Cb :: (T, T 6 — 2 becauſe the 4 


Ach is a Right- Ang) =; 18 2 4 228. 


(but 90 — L. ASC = 4 CAb, +. „ ſubſlituting for CAb, we 


AbC — 4 CAb „ 24 ABC — go? 
= 2 n 2 =) = T, 


get, 7 


ZA — 459% Alſo, by Theorem za, in the Triangle ARC; 
C + 4 ABC + 4CAB 


A AC + CB 1 AC—CB f. — ;T,, 


2 


£4 ABC — CAB — 


r — 3 by Equally, as T, 45* o 7 — Py 


4 L ABC + 4 CAB . 2 APO _ e 


is the ſecond Part of the Theorems. Q. E. D. 


8 by the 6th Caſe of Trigonometry, As 4C (CB) : 
: Radius ; LL of 4 AUC; we 1s the iſt Part 
of he Theorem. Q. E 


+ Demanſtration. Let ABC be the Trian e, A the Baſs, 
| About C, a3 a Center, with the Radius CB, deſcribe the 1 


Pl. II. 
Fig. J 7o 


76. Corollary. This Theorem gives alſo twice the 

Diſtance of the Perpendicular from the Middle of 
 chaGaſs - {| -* 1 | 

For, if we put # to repreſent the Middle of the 

Baſe, and þ Half the Baſe; then AE = þ + NE, 

and BE DOME; and, conſequently, the Dif- 

ference of the Segments = 2E. 

76. The common Caſes of oblique Triangles are, 

Caſe iſt. Given two Angles and one Side, to find 

the other Sides. This is ſelved by Theorem 1. | 

pl. III. ExameLe. Let the Baſe AB be 150 Yards, the 

Fig-1. 4 A 30 d. and Z B 40 d. Quzre AC and BC. 

Conſtruftion. Make AB = 150 Yards, E A= god. 

J. B = 40d. and draw AC and BC to interſect in 


E! Of Oblique Triangles. 


C ; then is the Triangle ABC that required. 
Calculation. The 4 A 30d. + £ B 40d. = 70d. 
and 180d. — 70 d. = 110d. = 4 C. 481 
To find Bc. To find AC. 
AS. 4 C 110? 9.9729858 | As Sup. 4 C 70% 9. 9729856 


> — — 


Is to AB 150 Yards 2-1760913 | 1s to AB 150 Yards 2. 176091 
80 18 8. 4 A zor 9.6989700.] So is 8. 4B 40% 9. 808067 


—— — — — 


1 


cle GFBDG ; join C, F; biſect FB by the Line CE; then, 
CB being = CF, FE = EB, by Conſtruction, and CE com- 
i mon, the Triangles FEC and BEC are equal in every Re- 
il ſpect, by our Geometry, Art. 96. Therefore 4 FEC = 
| i 8 L CEB; or, in other Words, i Leo AB, The two Parts, 
=_ into which the Baſe is cut by the 1 CE, are called Segments. 
| In our Eſſay on Geometry, ' Art. 212, it is demonſtrated, 
that AB x AF = AD x AG. Hence this Analogy, As AB, ; 
* AD ;: AG : AF. But AB is the Baſe; and it is plain, from 
the Conſtruction, that AD is = the Sum of the Sides AC and 
CB; AG = their Difference, wiz. = AC — CG (or CB); 
and AF = AE'— BF (or EB) = the Difference of the Segments. 


: The above Analogy, expreſſed in Words, will be as in the 
Theorem. | FO 8 


| 11.8750613 F | 11,9841 588 
| 909729858 9-97 29858 
1 To BC 79-81 Yards 1. 9020755 | To AC 102.6 Yards 2.0111730 
9 * — | 8 — — 
, 77. 
| 


5 Of Oblique Triangles. 

577. Caſe 2. Given two Sides, and an Angle op- 
polite to one of them, to find the other Side and 
_ Angles. 4311.2 


ExAMpLE. Let AB = 82 Feet, AC = 66 Feet, | 


the 4 B = 49d. 307; quære the Side BC, and 
Anglia A .... 425-7 fo? 
Comprutiion. Make AB =: 82 Feet; 4. 3 2 
49d. 307: then, taking a Diſtance of 66 Feet be- 
tween the Compaſſes, place one Leg on A, and turn 
the other about to interſect the Line BD, which it 
will do in two Places, C and E; ſo that this Caſe 


27 


pl. III. 
Fig. 2. 


admits of two Solutions; for either of the Triangles, 


ABC or ABE, has the Conditions required in the 
Queſtion, and therefore this is called the doubtful 


Caſe, unleſs it is known, from ſome Circumſtance, 


whether the Angle oppoſite AB is obtuſe or acute. 
If acute, Theorem iſt finds the Angle E; if ob- 
tuſe, its Supplement to 180 d. is the Angle C: for 
it has been already obſerved, that any Arc and its 
Supplement to 180 Degrees have the ſame Sine. 


In the following Solution we will ſuppoſe the 


Angle oppoſite to AB to be obtuſe, and fo ABC to 
/ . 
To find the s C and A. To find BC. 

As AC 66 Feet 1.619439 As S. 4 B 49? 30! 9.8810455 


Mee UT — —.) 


Is to AC 66 Feet 1.8 195 439 


Is to S. ZB 49 30/ 9. 88 10465 5 
| $015 S. £ A 212209 5615010 


So 18 AB 82 Feet 1.9138139 | 


— ———__—____—______ 


- 


ToSup. 4.C70%2/11.7948594. 8 11.38 10449 
— „ „ $4: 0 6830455 
Hence AC = 180% — 70%; 2/' | 
= 109*8/; and . A 180% To CB 31.62 Feet 1.4999994 
—— 109% 8 - 40% 30 2219232 | ͤ— 


78. Caſe 3. Given two Sides and the Angle con- 


Sides 1 25 


- war” 


4 7 E232 The 


tained between them, to fihd the other Angles and 


— . . — ewageng 4 as 5 
— ñ— Tnrr oo ee r — Us ———_— 
„ 


= | Of Oblique 7. riangles. 
N The Angles are found by Theorems 3d and 
then the other Side hy Theorem iſt. | 


2d; 


pl. III. EXAMPLE, Let the Angle A = 22 d. 30“, AC 
Fig. 3. 300 Yards, and AB = 400 Yards : Quære the 
' AnglesatBandC, and Side BC.  - 
Conſtructlion. Make AB = 400 Yards, . A = 
22 d. 30',, AC = 300 Vards; join B. C; and the 
Triangle ABC is that required, _ 


To and from AB 400 


Add and ſubtract AC 300 


Gives Sum of Sides 700 


Their Difference 100 


nf; A 0 
Io find the Angles, 
As Sum of Sides 


700 Yards , { 2-8450980 | 
Fa — | Is to AC 300 Yards 2.4771213 


Is to theirDif. 100Y. 2.0000c00 
Sois Tan. 4 Sum 


unknown 45 10. 7013382 | 


78% 457 » 


2 


| 12.7013382 


ToTan.of Zthei 1 
TDif, 35241" J 5. 886g 0. 


Teoo and from 78% 45/ 
Add and ſudtrad 35, 41 


Gives £O 144 26 


4 B 43 4 


— — 


* 


2. 8450980 


| „ 

= ©7 „Frama ſo © 
Subtract 4 A 22 30 
— 


| Gives 2B A 4C 157 30 


vor of the 2s 78 45 


ONS. 


To find BC. 4 225 
As S. LB 43% 4' 9.834324 


So is S. A 22 300 9. 5828397 
5 3 


12. 0999610 
98343246 
To BC 168.12 Yds 2. 2256364 


* 


& This Caſe 


241 
114 
1. 1 


and by letting fall a Perpendicular, as in Pl. III. 
e 5 


way alſo be ſolved by: Theorem Ath, 


Of Oblique Triangles. 8 
Fig. 4, independently of either of theſe Theorems; 
for in the right-angled Triangle ADC will be given 


the Hypothenuſe AC, and Angle A, to find, by 
Right-Angle 1 rigonomertry, the Baſe AD, and 


Perpendicular DC. Then AB — AD = BD; 
and therefore, in the right-angled Triangle BDC, 
are given BD and DC, to find the Hy pothenuſe 
BC. | AFL. 


79. Caſe 4. Given the three Sides, to find the 


Angles. 


Method of Calculation. From the greater Angle let 
fall the Perpendicujar DC; with the Radius CD 
deſcribe the Arc BE,; then are BD and AD called 
Segments; and, BD being = DE, AE is the Dif- 
ference of the Segments, which is found by Theo- 
rem 4th : Then from AB ſubtract AE, and the Re- 


mainder is = EB; Half of which is ED, or its E- 


qual DB, the ſhort Segment. 


Now, the Triangle is divided into two right- 
angled Triangles; in each of which are given the 
Hypothenuſe and Baſe, to find the Angles, by 


Caſe 4th of right-angled "Triangles, or by Theo- 


rem iſt. Laſtly, the ACD, added to the . DCB, 
will give the whole CACB; or the 45s A and B, 
added together, and ſubtracted from 180, are = 
the Z. ACB, 1 ana „ A. 4 | | 


ExameLe. Given AB = 350 Feet, AC = 240 


Feet, BC = 200 Fret; to find the Angles. 
The Triangle is conſtructed by the Method ſhewn 
in Art. 224. of the Eſſay on Geometry. 


The Operation by the above Directions will be as 


35 CANON S. 


Pl. III. 
Fig. 4. 


— A mand 
— ——ů— — ond ws Ae 
———— 5 - 2 — by: 2 be. 


S 


ee 


* 180 — 74 587 = 
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CANONS, 
To find the Difference of the Segments 


As AB 350 Feet 2.4540680 | 


Isto AC+BC440F. 3. 6434527 
So is AC—BC 40F. 1. 6020600 


— 


4.2455 5127 
2. 5440680 


To AE Diff. 
of Segments, > 1.014447 


$0.99 __ 


To find the Angles A 
a ALD... 


As AC 240 Feet 2.3802112 


3 —ů ů—ů—rs — 


Is to Radius 90 100000000 | 


SoivAD 200. 14Feet 2. 3013 3339 


The EA 33 300 + 


2 


From AB = 350 
gubtract AE = = 35 29 


Ed or DB; the mort 
Segment 149.85 
0 AE = = 30.29 


| Gives AD long Segment 200.14 
| 


— —— 


To find the Angles B 
and BCD, 


As CB 200 Feet | 2-3010300 


4 


— z 


Is to Radius 90 100000000 
Sois DB149.85 Feet 2.1756567 


12. 3013339 = | 121756567 
2-3802112 | at 
8. 4 Acp 1 To 8. 4 DCB 
To 5, AC 1 9-9211227 | 480 w £ . 9.8746367 
1 — — — — — — 
And go® — 55 300 (LACD) | And go? — 48* 3 ry ( DCB) 
= 33* 300 = the . A. 4 ef = . 4 
; © Fo findthe Angle c. 


2 B 41? 287 = 74" Ut 


os ; 105? 2" = C. 


Or, LACD 56" 30' + £DCB 48" 32 = 109% 


. 


| i. 5 


0 , mags Fog # 
4 — 'þ : — * 
- « # , * 
* 


BOOK 


: 
1 "OE OO 


BO 0:0" 08:4 Ä 
Of the improved Navigation- Scale. 


8. TAVING, in many Years Teaching, obſerved, 
that the Navigation-Scale, commonly called, 
by Sailors, Gunter's Scale, was generally inaccurately, 
made, and very deficient in Lines of equal Parts, 
I long wiſhed for an Improvement, thereon ;. and, 
in the Year 1764, being in London, I took that Op- 
portunity to have ſome more accurately made, with 
ſome Improvements of my own; and, in the Be- 
ginning of the Year 1772, being again in Town, I 
readily embraced that N eee, to make ſome 
farther Improvements, and a new Pattern, with the 
Aſſiſtance, of a good Workman z; ſo that I flatter 
myſelf, if compared with the common Scales, they 
will be found more generally uſeful and accurate. 
Several incorrect pirated Copies, made in a, very 
unworkmanlike Manner, and ſome with even. t 
Diagonals drawn wrong, having been fold in London 
and Briſtol, and perhaps in ſome other Places, as my 
improved Scales; to prevent as much as poſlible 
my own Character from being injured thereby, and 
the Public from being impoſed on, I hereby deſire 
that any of the principal Shops, inclined to {el} 
them, will apply to me to know with whom I have 
left the Pattern for the Trade, and to put, under 
Improved by B. Donn, their own Names as Makers ; 
and the Public may be affured, that, whoever ſhall 
offer to Sale the Scale without my Pamphlet of its 
Uſe, is ſelling a pirated Copy of the Scale, and there- 
tore not-to be depended on. | e 
81. The ſeveral Particulars, in which this Scale, 
as now improved, excels the common Scales, wall 
plainly appear, from the following Deſcription 92 
„ | | Vie, 


bh 


Of the improved Navigetion-Scale. 
Uſe, to thoſe who wil! take the Trouble to com- 
are it with the common Scales, | 
82, The Plane or Plotting Side, viz. that which 
has the Bevil Edge, contains the following Scales. 
1. A Scale of Inches, divided into Tenths of 
an Inch. On the Leic, or ar the Beginning of the 
Inches, are ſeveral Braſs Pins, with Figures annexed, 
which ſhew the Weight of the Ball to any Diame- 
ter of the Gun. For Example: If the Diameter 
of the Bore of a Gun be 5 Inches and 4 Tenths, 
jr ſhews by Inſpection that ſuch a Bore Will carry 
18 Pound Shot. This Addition is made, as it may 
be uſeful to Numbers of Sailors; for whoſe Uſe it 
may be proper to hint, that the Weight of Powder 
for Service is generally about Half che Weight of 


the — | 


2. Under the Line of Inches, a Foot is divided 
into 100 equal Parts, ſo as by Inſpection to turn 
readily Inches into the Decimal of à Foot, or the 
contrary. Its Uſe is known to ſuch as are acquaint- 
ed with Menſuration. - Dimenſions may alſo be. 
taken in Feet and decimal Parts, inſtead #f Feet 
and Inches, Sc. and ſo the Content of any Piece 
of Timber, Sc. found by common Moultiplica- 
tion. For Example: Suppoſc a Plank is 20 Feet 
long, and 1 Foot go Hundredths broad; then 1.50, 
multiplied by 20, gives 30 Feet, the Content re- 
quired. This Line is not on the common Scales. 

3. The common Scales contain but few Scales 
of equal Parts; by which Means the young Navi- 
gator and Surveyor was frequently at a Loſs for a 
proper Scale to conſtruct his Scheme with. To 
remedy this, I have ſeen ſome Scales made, by 
the Direction of an ingenious Gentleman, which 
contained more Scales of equal Parts than the 


common ones; but, in Order to make Room for 


them, the Diagonal Scales were omitted. But, in 
Caſes which require particular Accuracy in con- 
ſtructing, the Diagonal Scales are neceſſary ; there- 
5 fore 


Of the inprovad Navigation - deal 
fore I have contrived to give even to more 
and yet retained tbe | Diagonal-Scalts,” by dilpoſing of 
the Lines in different —— The Scales of qual 
Parts are 10, 13, _ 25, 305% 35, 40, 45. 50, 
and 60, to an Inch. . 

4. This Side e likewiſe 1 of Rumba, 
Chords, Sines, Tangents, Sc. as: on the common 
Scales; alſo two Lines, correſpond ing to each other, 
one marked M. Lon. the other Chard, by which are 
ſhewn, by Inſpection, how many Miles make a 
Degree of Longitude in any Latitude. For Exam- 
ple, againſt 60 Degtees of Longitude, on the 
Chord, 7 you will find, on the M. Lon. that 30 Miles 
make a Degree of Longitude in chat Latitude. 

1 mall now proceed to deſcribe the Contents of the 
other Side, viz; that Which is commonly called 
Gunter s, from the Lagarithms of Numbers, Tags 
and Tangents, being firſt. laid thereon. by, PREY 
ward Gunter, 

83. For the Sake of this young Student, it oy be 
proper to obſer ve, that, to work a Canon or Propor- 
tion on Ganter's: Scale; we have only to enten the 

Compaſſes from the firſi Term to the ſecond, on the 

proper Line, then will the ſame Extent, laid the 
ſame Way from the third Term, (vix. from the 
Left to the Right, or from the Right to che Left, 
according as the ſecond Term lay from the firſt;) give, 
on its proper Line, the fourth or required N umber. 

84. As, in the common Rule of Three, it is no 
Matter which of the two middle Terms is placed 
firſt, ner the Pruduct is the ſame, ſo, in working 
on the Gunter's Scale; if at any Time it is found 
more convenient, we ma extend the Compaſſes from 
the firſt Term of the Proportion. to the third Term, 
then will that Diſtance extend from the ſecond 1 
to the fourth or required T.etm. . :: 57 

85. In counting on the Line of Numbers, ix may 
be proper to abſetve, that the Numbers 1, 124134» 
Se. Janet not only 1, 2, 3, 4, Ce. but 4d, 20, 

| F 


30, 


6 0 * * 
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30, Cc. Thus, if the Canon you are working of 
requires you to call the 1, in the Middle of the Line 
of Numbers, 100, then muſt the 2, 3, 4, 5, 6, 7, 


8, 9, 10, on the Right-Hand, be called 200, 300, 


2 5300, 600, 700, 800, goo, 1000; the q, 8, 7, 

6, 5, 4, 3, 2, 1, on the Lett, be called 90, 80, 70, 
60, 50, 40, 30, 20, 10. 

If the 1 in the Middle be called 1000, he Fi. 


gures 2, 3,4, Cc. on the Right, will be 2000, zooo, 
= Se. and 8. 8, 7, 6, Sc. on the Left, 900, 
c. 


800, 700, 600, 

Again, if the 1, in' the Middle of thi Line of 
Numbers, be called 10, the Figures 2, 3, 4, &c. on 
the Ri ht-Hand, muſt be 20, 30, 40, Sc. and, on 
the Left, 9, 8, 7, &c. will be only 9, 8, 7, &c. ; 

Alſo, if the 1 in the Middle be called 1, then 
2, 3, 4, Cc. on the Right-Hand, will ſtand for 
25 3» +, Ge. but 27 8, * „Sc. on the Left, will be 


on 7 T5. To» 15 


86. For the —— — the Canons, in com- 


mon Uſe in working a Day's Work, are Ramped on 
the Scale. Thus R: Diſt, :: SC : Dep. :: SCC: 

D. Lat. ſignifies, that, as Radius i is to the Diſtance, 
ſo is Sine of the Courſe to the Departure, and ſo is 


Sine - Complement of the Courſe to the Difference of 


| Latitude. 


Again, D. Lat.: Dep. :: Tan. 45: N Cams, 
is, as Difference of Latitude is to the Departure, 


ſo is Tangent of 45 Degrees to the Tangent on the 
Courſe. | 


Alſo, SC mid. Lat. : Dep. :: R : D. Long. is to 


be read, as Sine-Complement of middle Latitude is 


to the Departure, ſo is Radius go Degrees to the 
Difference of Longitude. . Or, to find the Diffe- 
rence - of Longitude by meridional Parts, D. Lat.: 
Dep. :: M. D. Lat.: D. Long. which is to be read, 
as Difference of Latitude is to the Departure, ſo is 


. meridional Difference of Latitude to the Difference 
of Longitude. 


Lal, 
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L.aſtly, SCL : So Dec. :: R: S Amp. is to 
be read, as Sine-Complement of Latitude is to the 
Sine of the Sun's Declination, ſo is Radius, or Sine 
of 9o Degrees, to the Sine of the Sun's Amplitude. 
87. The firſt Line on the Gunter's Side is marked 
S. Rumb, that is, Sines of Rumbs or Courſes. 
88. The ſecond Line is marked Numb. Sgr. and is 
the common Line of Numbers intended to be uſed 
with the Sines or Tangents, &c. in working the uſual 
Canons in Trigonometry or Navigation. It is mark- 
ed Numb. Sgr. becauſe, with the Line marked Root, 
it will ſerve for ſquaring Numbers, Sc. of which far- 
ther Notice will be taken preſently. - 
89. The third Line, marked 81 CS. | Sec. is the 
common Line of Sines, with the Addition of bein 
numbered backward: by ſmall Figures; by which 
Addition it now ſerves the ſeveral Purpoſes of a Line 
of Sines, Co-fines, and Secants, A Notion has pretty 
generally prevailed, amongſt Teachers of Trigono- 
metry and Navigation, that the Canons, in Which 
Secants are concerned, could not be ſolved by Gunter's 
Scale; and alſo amongſt ſome Writers on Naviga- 
tion; for Mr. K -x, in his Navigator's Tutor, 
and Mr. M v. in his Rudiments of Navigation, 
both poſitively affirm, that, I /here is a. Secant in the 
Proportion, the Operation cannot be performed by the 
Scale. But that they are miſtaken may be readily 
ſhewn, by only working one Example. Let us ſup- 
poſe the Angle A, or Angle at the Baſe of a Rt. 
| L A to be given, equal to 5o Degrees, and the Baſe 
86 Yards, to find the Hypothenuſe. If the Bale be 
made Radius, the Canon is, as Radius 1s to the 
Baſe 86, ſo is Secant-Angle, A 50 Degrees, to the 
Hypothenule, | e 2 7 0 
This may be worked on the Scale thus: Extend 
the Compaſſes from Radius, or Sign of go Degrees, 
to. 30 Degrees, on the ſame Line, counting back- 
ward from Radius, by the ſmall Figures, for the Se- 
cant; then, one Leg of the Compaſſes being ſet -1 
| F 2 | 8 o 
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96, on the Line of Numbers, that Extent will, turned 
the contrary Way, (becauſe the Secants muſt de con- 


ceiyed to run beyond the Scale,) ne to 134, the 
Iftance which was required. | 


90. The fourth and fifth Lines are the verſed Sines 


75 ＋ ngents, as on common Scales. 


e fixth is the Meridian-Line, which, on 


| te common Scale, is too ſhort to be of much Service, 


by making it on two Lines, we are enabled to 


go to 80 Degrees of Latitude, and yet have the De- 


rees ſufficiently large to divide the Meridian of 
rR1GHT's Chart into every ro Minutes, or leſs 
Parts. — The Length of the Degree of the Equator, 
correſponding to theſe of the Meridian, is annexed 


5 on the Left-Hand, and marked Eg. 


92. The Meridian-Lines being conſtructed by the 
diagonal Scale of 20, if, at any Time, in the Ab- 
ſence of Tables, we are inclined to know nearly the 
Meridional-Difference of Latitude between any two 
Places, we have only to take the Diſtance berween 
the two Latitudes PA rom the Meridian-Line, then, 
meaſuring the Diſtance on the diagonal Scale of 20, 
we ſhall have nearly the meridional Miles required, 
Thus, for Example, if it were required to find the 
meridional Diff. of Lat. between the Latitudes of 
20 and 30 Degrees, the Diſtance between theſe. 
Degrees, taken from the Meridian- Line, will, on the 
lefler diagonal Scale, meafure 663 (reckoning each 
primary Diviſion, or Half-Inch, 100 Miles) for the 
Meridional- Difference of Latitude. 

93. The ſeventh and eighth, or two remaining 


Lines of this Scale, are a ſingle and triple Line of 


Numbers, marked Numb. Root, Numb. Cube, which, 


together with the ſecond Line, or double Line of 


Numbers, marked Num. Sgr. are for /quaring or cu- 
bing Numbers, or for extracting the Square and Cube 
Root, or for working Proportions wherein Squares and 


Cubes, or the ua and Cube Roots, are NR of 


— 


Of the improve: Nauigetion-Scaie, 


* 4 


| give a few Examples of their Uſe. ES 
94. Exe 1. What is the Sqvare- Root of 


a FR * 


144? or, which is the ſame Thing, what is the Sd 


of a Square whole: Area is 144 Fe? 
Solution. Call the 2, at the Beginning of the Linge 
of Numbers, (marked Numb, Sgr.) 199, and exten 
the Compaſſes from that Point to 144 then, en 
the 1, at the Beginning af the, Laine of Numbers, 
(marked Numb, Ruot,) 10, and putting one Point of 
the Compaſſes in that Point, the other will extend to 
12, the required Rot. | pg! 


Squares | of their Circumferences, let us ſuppoſe the 
Weight of Cables, of unequal Circumferences by 

of equal Lengths, to be in the ſame Proportian, 
On chis Suppoſition, let it be required to find the 


Weight of a Cable whoſe Cieumference is $ Loches 


the Weight of one, of equal Length, of 10 Inches 
Circumference, being 25 Hundred. Here, by the 
Suppoſition, the Proportion is, as the Square of 10 
is to the Square of 8, ſo is 25 to the requited Weight. 

To ſolve this on the Scale, extend the Compaſſes, 
on the Line Numb. Raot, from 10 to 8, then, on the 
Line Numb. Sgr. will chat Extent reach from 25 to 46 
Hundred, the Weight of the Cable of 8 Inches. 

96. ExaMeLe g. What is the Cube-Rogt ef 
1728? or, which is the ſame Thing, if a A* or 
Die contains 1728 ſolid Inches, what is the Side af 
the Cube? ne ' 
This may be ſolved by a bare Inſpetion; fox. 
calling the 1, at the Beginning of the Lane Nums. 
Cube, 10co, and the 1 correſponding to it, on the Line 
Numb. Root, 10, then, againſt 1728, on Numb. 
Cube, you will ſee 12, the required Root, on Numb. 
Root. Le, 

a7. EXAMPLE 4. Suppoſe a Ship of 300 Tons 
to be 75 Feet by the Keel, it is required to find the 

| | Length 


7 
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Of thi improved Navigation-Scale. 


Length of the Keel of a ſimilar Ship of 500 Tons 


Burthen. | iT 
Solution. Similar Solids being in Proportion as the 
Cubes of their like Sides, we have, as 30o is to 500, ſo 
is the Cube of 75 to the Cube of the required Keel. 
Therefore, extend the Compaſſes, on the Line Numb. 


Cube, from 300 to 500, (or from 3 to 5,) then will 
that Extent, on the Line Numb. Root, reach from 7s 


to 89 Feet _—_ the Length of the Keel required. 
This Inſtance of a uſeful but troubleſome Quettion, 

if performed by Arithmetic, being ſo expeditiouſly 
ſolved on the Scale, by the Addition of theſe Lines, 


is a ſufficient Recommendation of their Uſe. 


98. What we have ſaid on the Uſe of the im- 
proved Scale is ſufficient for thoſe who are ac- 
quainted with the Uſe of the common Scales; as for 


others, it would be adviſeable for them to apply to a 


proper Maſter for Inſtructions. However, I intend 
to treat more fully of the Uſes of the ſeveral Lines, 


with their Conſtructions, in my Treatiſe of Naviga- 


tion, to which the Subject more naturally belongs. 
99. To prevent the Public being impoſed on, by 
the Sale of pirated Scales, it may be proper to ac- 
quaint them that I have appointed the following 
Mathemartical-Inſtrument-Makers, in London, to 


vend them, viz. Meſſieurs Adams, Heath and Wing, 


Lincoln, Martin, Nairne, Watkins, and Whitford : 


As they will not ſell any without the Pamphlet of 


their Uſe, and their own Names, as Makers, ſtamp- 
ed on the Scales, conſequently, their own Reputation 


' will not permit them to ſell any made in an inaccurate 
or unworkmanlike Manner. bo. n 


f*; 
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B 0 0 k IV. of aum 25 kene. 
| Cuay. I. Of Altimetry. 


 LTIMET RY is the Aenlicaion of the 
Doctrine of Triangles to find the Hache 
of Objects, whether acceſſible or not. 
101. If an Object ſtands on a Plane, ls that a 
Line may be meaſured from the Obſerver to the Foot 
of the Object, it is ſaid to be acceſſible, otherwiſe not. 
102. Prop. 1. To find the Height of an acceſſi- 
ble Ob jette 
This may be done ſeveral Ways, as in the follow- | 
ing Caſes. 
Caſe 1. To find the Height, when the Sun, 05 
Moon) ſhines. 
\ ExameLe, Let it be 5 to find the Heig ght 
of a Tower, the Length of whoſe Shadow, on 5 
horizontal Plane, was go Feet, at a Time when the Pl. III. 
Shadow of an upright Pole, of 10 Feet Hens, was Fig. 5. 
9 Feet. . 
Conſtrufion. Let AB repreſent the Plane; make 
AD 9 Feet, and L DE = 10 Feet: Alſo AB = 
9o Feet; and raiſe the L BF; produce AE to inter- 
ſect it in C; then it is plain BC mult be the Height 
of the required Tower. 
| Solution. It is manifeſt, the As ADE, ARC, are 
ſimilar: . as AD, the Shadow of the Pole,: DE, 
the Height of the Pole, :: AB, the Shadow of the 
Tower, : BC, the Height of the Tower, In this 
Example, as 9: 10:::90 : 100, the Height of the 
required Tower. 
103. Caſe 2. To find the Height, by a Walking- 
Stick or Pole, when the Sun does not ſhine. - 2 
ExAMpLE. Suppoſe I want to find the Height of 
the Tree CE, above the horizontal Plane AC, by 
Means of a Pole of 15 Feet in e 


: 100. 


Stick 


40 


Fig. 6. 


Alimetry. 


pl. III.. Stick the Pole BF I. to the Plane AC, at a con- 


venient Place; then walk backwards from it to A, 
till you ſee the Points F and E in à right Line: This 


done, meaſure from A to B, alſo from A to C. Let 


us ſuppoſe AB 10 Feet, AC 2 20 Feet, and the 
Height of the Obſerver's Eye, AH, = 5; Feet. 


TConſtrutlion. Make AB = 10 Feet and the L. BF 


= 15, ally/AC= 26 Feet, and erect L CI, which 
interſect by HF 7 E; then is CE evidently 
S tlie Height of the Tree require. 


Sb. Draw HD fI'to AC; then it is manifeſt 


the Av HGF and EDE are ſimilar. Therefore, 6 


HAB): GF{BF-BG) :: HD (AC) + DE. In 


„e 
Fig. 7. 


our Example, as 10: 10 :: 20: 20 DE. Then 


DE+DC (AH) = 2v+5=25 Feet, the Height of 
the Tree required. e 
104. Caje 3. To find the Height by Means of a 
Bowl of Water, or other horizontal reflecting Surface. 
Method, Let A repreſent the Plane of the refleQing 
Surface, DB rhe horizontal Plane : Walk backwards 
to D, till your Eye, at E, ſees the Reflection of the 
Top of che Object BC in the Baſon A; then meaſure 
DA W * me = 7 Feet, and AB = 70 Feet, 
rhe Height of We BY& DE, = Fee 
Conſftruftion. Make AD = y Feet, AB = 70 Feet, 


and erect Ls. Make DE = 5j Feet, and 2 BAC 


= Z DAE, then will BC be the Height of the Object 
required ; becauſe, by the Nature of Refle&ion, the 


4.5 DAE and BAC muſt be always = each other. 
See Art. 317 in our Eſſay on Geometry. 


Solution. The Ls ADE, ABC, being manifeſtly = : 


each other, we have, as AD: DE:: AB: BC, that 
is, in the above Example, as 7: 56 :: 0: 30 BC, 


the Height of the Object required. 1s. bs 
10;. Caſe 4. To find the Height, by Means of a 
Quadrant or other proper Inftrument to take the 


2 


ge of Elevation, of the Top of the Object. 


XAMPLE. Suppoſe, ſtanding at A, the Eye at D, 


the Angleof Elevation EDC is taken = 40 Degrees; 


and 


Altimetry. 
and from A to B the Foot of the Object meaſures 
100 Feet: Quære the Height of the Object BC, 
e the 5 D being 5 Ten che horizontal Plane 


„ Make AB = 100 Feet; the Lap pl. III. 
5 5 Feet; alſo erect the 1. BF, and draw DC, ma» Fig. 8. 
an Angle EDC, 40 d Then is BC evidently 
ing Height of the Odject required. 10 
Salution. By Tri gonometry, 28 Coline 4 D, or 
Sine . C, „ BExATB 2 SD: EC: ee EC 
| +EB (DA) @& BC, the required Height 1 


re Ar, by Lerch. 
As Coſine 40 d. 9. te 1. 


We 2. oo |; 
80 is Sine . 2 $080675 *. | 


11 BA | 1 #4} REV] 1 


D gore 5 
c i A 93⁴⁴ũ⁸ + EB = "855 Ter 
| — 


10 EC 65 91 Feer, 2.9238135. B = 88.91 Feer 


7 


106. Scbolium... A, perhaps, ſome af our Read- 
| ers may not be acquainted, with the Nature of a 
| Quadrant, it may be proper to ere _y 
monly.made Uſe of in Altimetr , 2 
BB _ Confrufion, On a Piece of Braſa, or Arp Board 
| that will not eaſily warp, make a Quadrant, or Quar- See theF. 
ter of a Circle, ABC. Draw a I to AB. About in Pl. IV. 
85 a, as Center, deſcribe the Are Ic; and, Goce the 
8 adius is the Chord of 60 Degrees, with the ſame 
Extent, and one Point of the Compaſſes in 5, with 
the other, make a Mark in the Arc at e 4 then biſect 
: the Arete indy take the Diſtance d and ſet from e to 
c and join ac; then is dd=de=Zec= 30 Degrees; and 
therefore the whole Are dec e or a 
ö Quarter of a Circle, dus 10 bun 215 . {ts 32167 


8 


* 41 24. i; 1 * : By 
« q 
W ad ' Yd 
* * 4 * , 


4+ 


ſubdivided into! Halves, Quarters;'or leſſer Diviſions, . 


Wires interſecting cach other at right Zs, ſo that 
each Interſect ion is exactly of the ſame Fact ght as the 
Hole in the Sight next the Eye. 


 Altimeily. : 
By a Trial or two, divide the Arc bd, de, and ee, 
Lach into 3 equal Parts, or every 10 Degrees : ; then 


| biſe& each of theſe into every 5 Degrees; laſtly, by 


a few Trials, into every Degree ; which, if the Qua- 
drant be ſufſiciently large, as a Foot Radius, may be 
viz. into every Minute, by Diagonals, as will be 

explained when we deſcribe the Quadrants' uſed at 
Sea. Make 4 bof'= L. far = I; d. draw fh1| ag and 
Ila, then will agfb be a Square, by the Conttruc- 


5 tion. Divide g, Ib, each into 400 or 1000 equal 


Parts. From the Center 4 hang a, Plumb-Lins 
aD ; the finer the Line is the better, a '+ Horſe-Hair 


Will do very well; the Weight may be either Lead 


or Braſs; and, if the Line be hung by a little Bow, 


on a Pin at a, inſtead of being run through a Hole, 


it will play better ; 

It only remains to-fix two convenient Sights, ik, 
on the Edge of the Quadrant, AC, or on any Line 
I thereto. "Theſe are commonly made only of two 
Bits of Brafs, with a little Hole in each, of the ſame 
Height: But as, by theſe Means, it is very difficult 
to ſee the Object through the fartheſt Sight, by Means 
of the ſmall Aperture or Opening of the Hole, 1 
generally make them in the Manner repreſented b 
the Figures i and & in the Plate. The large Ape 


tures are made ſufficientiy open to take in a ne 


Field of View, -and- lhäve Ciel. EHalrs or fine Silver 
ſo that 


If the Quadrant be too large to hold Reedy bY 


Hand, it may be fixed to a Ball and Socket, and ſup- 


ported by the Legs of a common Surveying Table, | 


(generally: called a wer en Ye or to a ole like 
| * — -a Barber's Block; >: 


Ihe Manner of uſing chis Quadttine, to 


take i > Angle of Altitude of any Object, is thus: 


Holding | 


4 Or fine Silver Wire, 


Holding the — ike in your Hands, 
lock — the Sights to the Top of the Object C, 
then will the Number of Degrees, cut by the Plumb- 
Line, viz. the Are GH, cxpreſe, _ Angle of Alt 
ud. 


baden ation. Draw DE. AB. . DE wing oo 


4 to the Horizon, hy che Nature of 1 Plumb, 
4 DIE muſt be a 
right-angled one; therefore, (by 82 of Geamerry;) the 
EDF (IDF) + 1 HFD .cIFD) a Right) z; and 
4 GED being alſola Right-Angle, the E GEHA 


TY 


Raghbt L., and: ſo=the' A DIE a 


HD a Right l Therefofe, taking away the 


1. HFD, common to both, the Z EDF: (the Angle 


| ef Elevation) is = L.GFH = 55 Number, 0 ** | 


grees in the Arc GE], 

The Angle of Depteſfion 2 an oe ny 32 
the LI. FK, (FK being |; BA,) 1 in pearly the 
ſame Manner, by ety placing the Eye at the Center 
of the Quadrant, F, (inſtead of: at D,) Hand leviding 


through che Sights TD. Then d 1bν⁰ FH 


= the 4 of Depreſſion, LFK. 90% 

108. Caſe 5, To find the Heightf an acceſſi- 
ble Ohject by 3 of! the Guaddlty aohich:! is of 
great, Hie when abſent. om rer, yoo Inſtru- 


Wegner gelculatmg .. 800% Cl 


ITbe Method is this. \Lodls': at: the Top of the 
Object through the Sights of the Quadrant, as before 
explained; then, inftead--of./ldoking; the Degrees 


on. the Art, count dhe Divifons between c and ui cut 


by che Plumb-Line ; whith reſerve; Concave a Bite, 
DE, II to AB, and BC L to both: Then,..#he 28 


| DEC, dab, being Rig ht Zs, and Zz. rd of 


Elevation, EDC, (as Chex been already ſhewn h Nhe 


Uſe of the Quadrant, ) it follows, cd muſt de 


DCE, by Art. 83 Ceometiy, Hence the As bid, 
DEC, are ſimilar: )* As bc : cd u DE»: EC. 


This is when the 4 of Elevation is leſs than 45: 4. or 
the Plumb falls between e and e, or on the Side 
the Quadrat called Siniſtra (or Left-Hand). But, 


6 3. 1 


Alltime ty 
when the L. of Elevation is more than 45 d. or the 


PI. ii. Plumb- Line falls between 2 and e, on the Side called 


11. Dextra, or Rig 


L pl. III. 
Fig. 10. 


Pl. III. 
| Fig. 12. 


fall the L DE, produce it to C, ſo that DC be ae 
_ = the Heig hr of the Eye, which we ſuppo ppoſe 5 


t-Hand, then, by ſimilar Triangles, 
as ad: ab :: DE: EC. | 


109, EXAMPLE. Standing at A, my Ey e being 


"mt D, 5 Feet aboye the — Plane AB, i found, 


by the Quadrat, that bc being divided into 100⁰ 
arts, cd was = 500; and from A to the Middle of 
the Baſe of the Obeliſk meaſured 80 Feet. "Guard 
the Height of the Obeliſk. x | 
By che above, as ch: PF :: DE (AB): EC. * 


in this Erample, by the e As el 


80 80 : 40 Feet. 


To EC = 40 Feet, | Fe 
Add BE = 8.8 = AD, the Height of the Eye. | 


"Gives "45 ; Feet, the Height required, 


| 110. Prop. 2. To find the Height of an inae- 
ge.. CE, Randing erect on an daggers mpg 

lane 

| Caſe 1. By the Quadrant. - 5 

15 a River, Ditch, or ſome a Obſtrue. 
tion, between the Foot of the Object and the Ob- 
8 ſo that the Diſtance BC cannot be meaſured 
on the Ground: Therefore, at B he can only take 
the c. DGE 30 d. and, walking backwards, tea- 
ſure a convenient Diſtance, BA, (ſuppoſe 67 Feet,) 
and then take the Z of Elevarion, DFE Z 35 d. 


Hence ic is required to'find che Height of the Ob- 


| Conflruftion, Make a Link: FG = 4 Beer, 46h 
produce it towards D at Pleaſure; . = — 27 


== od. L DFE = 33 d. then will the Point of 


interſection be the Top of the Object; and, letting 


7 14 3 han ic is manifeſt CE 1 is the Height require 
| Caleation. 


Fan ; 
our Beanie = 120 4. we L PPE NG ES 
165 d. which, ſubtracted from 180 d 15 25 
2 ig d, Hence, by Trig, as S. FF 
67 Peet : 8. . GFE 35 d.: GE = 145 
Now, in the Right d A GDE, we have, as] il jus 
9o d.: GE=148.5 Feet: S. LDGE=50 d. E 
2113.7 Feet; to which adding DC=; Vis, we 
have 75 z the Height of the Object required = 
118.7 Feet, 10 Y 

If the young Student i is inclined, he may find the 
Side EF bg ſaying, as S. . FEG: FG S. 4, FGE 

: FE. Then, as Radius : : FE :: S. Z DFE : DE. 
Which coming out the lame a8 before will beo a N 
of the whole Work. * 

If BC be required, As Redius-s Om” coline 

LDGE : GD = Bi... ont 
111. Caſe 2. But, if no Tables 3 then 
the Height may be found by the Quadrat. | 

Thus, ſuppoſe the Plumb cuts, on the Dextra- 
Side, 845 * and at A, on the Siniſtra-Side, 700, 
counting: each Side of the Quadrat 9 and 3 
Feet. Quzre the 2 

From the re "of. the Number, int 
which each Side of he Quadrat is divided, (thax'is, 
from , 10000, if the Side 1 is Aivided into 100 N 
or from 1o0οοοο, if into 0 Parts) fa tract zhe 
Proguet « of ay, Numbers 4 the Phan, on 9 


10 3:34 


- 34-* 1 110.5 (11 w# 213 1 Ty J fy; 3D:Y 15 Une 3 

. N e Let a = each Side of the Quadrat, . = ” 
Number cut by the Plamb. Ling on the Siniftra-Side, 4 zathe 
Number on the-Dextra- Side, m =, FG, OD then D 
rr Now, by Propoſition | i. Cale 5, 4A 4 


* m+x bg "Alley ae 7 = DB: 


Therefore, . 75 ===. Honee, ute And. +y 


md a | . 
* 2 —. . : | 
a*—5d 2 * 2 j 


Aline. | 
the Dextra and Siniſtra Sides, and reſerve the Re- 
mainder. Laſtiy, y, divide the continued Product of 
the Numbers cut on the Dextra-Side, the Siniſtra- 
Side, and Length FG, by the relerved Number; 


the Quotient will be = to GD: Then, by Pro fi 
Ws Caſe 5 „find DE. 5 


In the bote Example, we have, by this Rule 
the numerical Operation thus: + 


Multiply 38345 From 10 bõ˖ꝗ ©: 


By Joo Subtract 59150 5 
1 591500. CLE Los Lon . 
Moliply 591 500 4085)396305(97 eh, op 
TT V 56, 
| 4140500 | — oo 

09:3? 3549000 + ON U ,39G0 5 9.) 114 
— Wo l Wy ine 261 
£937 39630 en 5 er: | 22 


2 by Prop. 1, Caſe M As PP 2886607 : 
| 97 Feet : 114.8 Feet, nearly, = DE, to which ad. 

ding the Height of the Eye, 5 Feet, we have the 
whole Height CE: =T1918 Feet, 


11 2. Caſe 3. Ik the Numbers, cut by the Plumb- 
Line, are doch on the Siniſtra- Side, then the Rule is, 
multiply ® the leaſt Number cut on the Quadrat by 
18. _ divide the Prodet by che Difference of the 
two 


1 ui? 483 fach side of the ES, = the 
dae g = the greater Number cut on the Sini ra-Side S the 
Quadrat, m = FG, x= GD; then DA. By Prop. I, 


Caſe 5, A 4 1 I u r : 2. 


= DE: Again, 4: g : 
* 7 — DE. * 2 Er. — . W N = In-+ K. "There- 


fore, x =. 2, 2 _ 


Altimetry. 
two Numbers found on the Quadrat; the Quotient 


will be equal to GD. Then find * by Propoli- 
tion 1, Caſe 5. 17 Jn 


EXAMPLE. Let the Nuwbers, cut on the Siniſ- 
tra-Side of the Quadrat, be 49 and 74, counting the 
Side of the Quadrat 100, and FG = 78 Feet. 


a ee Yo 


_ Soliftion. Proceeding by the above Rüle, 
Multiply 78 From 74 28)3822 (152.88 


By — Io Subtratt "= — 
: 33 l ; Fx * . . | 132 ] . 
312 — 7⁴ 
; : e | 
"= "IT. 4 0 os 
200 


Now, 1 Pros E Caſe : 5, As 100: 74 :: 152.88 
Feet: 113.1 Feet = DE; to which adding the 
Height of the Eye, it gives CE. Or. we may ſay, 
As 100: 49. :: 78 FI5% 88 : DE, as above, 


113. Caſe 4. But if the Numbers, cut by the 
Plumb-Line, are both on the Dextra- MB, the EL * 
is the ſame as in the laſt Caſe. 32 


Exaurlz. Let FG = 54, the Numb cut on 
the Dextra- Side of the OR 82 and Merle courts 
ing the Nas 100. 


ER 


8 1 
Y L 
o L # 


* Demonſtration. | 7 a= 2 Side of hd sd N 1 1 
leſſer g = the greater Number cut on the Dextra-Side of, the 
Quadrat, m FG, 4 GD; aste. By Prop. 1, 


Gale 5, As]: ot, DE: and, LS CELELES 


* 14 


— —= DE. Hence . q % 44 2 5 p— 
/ £ 2 


GD. 2E. D. 5 


ww \ 


* TN — a EP 
2 the . rn 


— 2 4 . 5 
: rr re te cf 


32 


N 

5 
= 
11 
* 
+4 
= 

4 

wh 4 

. 

Bs 


Altimetry. 

n N. umerical Operation. | 
Multiply \ 64 From 82 91) 16743082 
. Subtrac̃t 2 —— GD. 
= Divilor "hag ed in 
Dividend *# — „ 1 120 

48.881 I. | 2 * 0 7 f 4 Anis 


— win . 4 44 = : > f 


By Caſe 5, As 41 : 100 :: 32:82 Feet: 106 


Feet, nearly, = DE. Or, As 82 : 100 :: 54+ 


32.82 : DE, as before. 


114. Propoſition 3. To find the Height of an 
acceſſible Object, AD, when the Ground riſes from 
it. 

Mesbod. Let F be the Place of the Eye of a per- 
ſon ſtanding at any convenient Place, G, on the 211 
chen, ſuppoſing FC an horizontal Line, by, a. Qu 
drant, take the L of Altitude of the Top > 
which will be equal to 4 CFD, which, for e 


Sake, we will ſuppoſe = 20 d. "and at the Tame Place 


take the L of Depreſſion = 40d. = BFC, (of a 
Hark ! B, ſet up from A on the Side of the Object 
AD, = the Hei ght of the Eye FG;) then mealure 
from G to A, fappole = = £00 ) Feet: : This done, the 

- Confiruftion i is, Draw-'a Line AH, and erect a l. 
AE. Take AB = Height of the Eye, ſuppoſe 5 
Feet; make . FBE = god. — 40d. and BF = 100 
Fert: laftly, make . BFD = 40 d. ＋ 20 d. Gd. 


then is AD the Height of the Object required. 


Lr pol Si god. L DFC 20d. — pane 
70d Hence, by Trigonometry, n. ZFDB o d. 
:'BF 100. Feet :: S, Z BFD g 60 d.: BD=92.16 
Feet; to which addig AB, the Height of the Eye, 

5 Feet, — AD, the Height of the Object requi- 
J =P 46 Feet. . 


o 
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? Allnet), ns 
©. 11 5. Propeſiion 4. To find the Height of an 
acceſſible. Obyect on the Top of a riſing Gtound, as 
BD. 
Suppoſe, wanting to find. the Hei ght of the Or. 
ject BD, ſtanding at A, the Eye at E, 5 Feet high 
take the 4 of Elevation FED=: 50 d. and (BC 54. 


Pl. III. 
Fig. 14. 


ing ſet off = AE = 5 Feet) the 4 of Elevation FR 


= 10 d. then, meaſuring from A to B, I found AB 
EC g 60 Feet. 

Conſtruclion. Make . FEC 10 d. and EC 

60 Feet: Through C let fall the I CF, arid produce 

FC upwards at Pleaſure ; make . FED = = 50 d. 
then js BD manifeſtly. the Height, of the ON re- 
| uired. 

1 Calculation.” Firſt, go 0.4; — FED 50 d. 775 40d. 
=, D: and EEB 50 4. — FEC io d. 40d. 
5 Z CED. By Trigo nometry, A3S..2 D404. *: 

EC 60 Feet :: 8. 8. CE 40d. : CD = 50 Feet; 

to which adding the Height of ke Eye. BC 5 Feet, 
it gives the Object's Height BD = 65 Feet. 

116. Propoſition 5. To. ind“ Dh Height of an 
Ob 258. on the Top of a Hill which is inacceſſible. * 
- Suppole, wanting to find the Height of an Object, 

DE, on a Hill, CD, which | is of too leep an Aicent 
to be. conveniently, mounted, I therefore ſtood at a 
convenient Place on the horizontaf Plane, '012.. the 
Eye being at B, I took Angles of Altitude CBE = 
61d, CBD = 39 d. chen, meaſuring backwards, took 
the Diſtance BA = 50 Feet ; and, the Eye being at 
A, the Angles of Altitude CAE = 42 d. and CAD 
= 22 d. Hence it is required to find the Height of 
the Object DE. .. 

N. B The Height of the E. ye is of ri Conſequence 
in this Propofition, | 
Conſtruction. Draw a, horizontal Line ABC, and 
make 2; CAD=22d. CAE.=42d. ſet off AB 
50 Feet, and make the Z CBE = 619, 4CBD = 
39 d. join the Points of interſection DE, then is DE 

the * of the Object required. 
; H Solution. 


15 


. 
Fig. 1. 


Altimetry. 
Solution; The . ABE = 180d, — 2. CBE 61 d. 


= 119 d. and 4 BAE 42 d. C ABE 119d.=161d. 
therefore AEB 180 d.— 161 d. 19 d. 


Or ſhorter thus: Producing ED to C, the A AFC 
is right- d by Suppoſition; and therefore the 2s 
AEC and BEC are Complements of the s CAE, 
CBE; „ the 4 AEB being the Difference of theſe 


Ss. CBE 61d. — Z CAE 42 d. , AEB = 
19 d. as before. TY tot thi mn 
Hence, in AABE, As S. AEB 19d. : AB 50 
Az d.: BE=102,8 Rer. 

Now the Z CBE 61 d. — £CBD 39 d. = Z DBE 
22 d. and, the A BCD being right- angled at C, 
the 4 BDE = o d. — 4 CBD 39 d. = 51d. and 
4 BDE=180d, — 4 BDC gi d. = 129d. Hence, 
As S. BDE 129 d. or Sine of its Supplement 51d. 
; BE” 102.8 feet :: S. , DBE 23 d. DEZ 49.5 


Feet, which was to be found. 


117. Propoſition 6. To lind the Height of an 


inacceſſible Gbject, when we can only meaſure on 


the Side of a Hill on which it ſtands. 

ExAMLEZ. Wanting to find the Height of an in- 
acceſſible Object, CD, at a convenient Place, B, I 
ſet up a Pole or Mark, BE, equal to the Height of 
my Eye, AF, ſuppoſe 5 Feet. Conceiving FG and 
EH || to the Horizon, ſtanding firſt at A, the Eye 
at F, I took the L of Altitude GFD = 46* 3o/ and 
GFE = 33d. then meaſuring from A to B(orFto 
E) I found that Diſtance = 38 Feet; then, with the 
Eye at E, I took the 4 HED = 61? zo“, and the . 
to the Foot of the Object, viz. HEC, = 18d. 
Hence it is required to find the Height CD. 

Conſtrudtion. Draw a Line, FG, to repreſent a ho- 
rizontal one; make GE 33 d. GFD = 46d. 
30; ſet off FE = 38 Feet; draw EH IFG; then 
make 4 HEC=18c. and HED = 61d. 307; from 
the Point of Interſection, D, of the Lines FD, ED, 


* 


Alimetry. 


let fall the 4 DC, and it is OMe the Height of 5 


the required Object above the Hill. 


Calculation. The 4 GFD 46 d. 30 GFE 33 d. | 


=13d:30= LEFD; and, for the Reaſon ſhewn 


in the laſt Pro poſition, the 4 HED 61 d. 30 — . 


GFD 46d: 30 FDE= 16 d. Hence, in AEDES 
we have, As S. L FDE Iz : FE 38 Feet :: 

EFD 13 d. 3e“: ED = 34.27 Feet. Now, {86D 
619, 30 HEC 18 d. CED 44d. 300; and 


the AEHC being right-angled at H. * ZECH= SY 


90 d. HEC 18d. = 72 d. But LECH is the 
Supplement of LECD. 
| Hence, by Trig, As S. LECD, or, whack is e equal, 


the Sine of its Supplement, ECH 7 2d. : ED:;: 8. h 


CED 43d. 30“: CD 24.88 Phe 9. E N 


118. Propoſi lion 7. To find the Height of an 


inacceſſible Object at the Foot of a Hill, when we 
can only meaſure down the Hill towards it. 
_  ExameLe. Wanting to find the Hei ght of the 
Object CF, the Eye being at A, I took he L. of Al- 
titude EAF = 18 d. and the Z of Depreſſion EAB 
= 21 d. then, meaſuring towards the Foot of the 
Object C, the Diſtance AB = 38 Feet; my. Eye 
being then at B, I took the . of Altitude DBF = 
48 d. and of Depreſſion DBC = 31 d. Quare che 
Height of the Object FC. 

Conftruftion. Draw a 3 Line AE, make 
LEAF=18: d. and Z EAB = 2144. then ſet off 
AB = 38 Fcet: Through B draw BD |1 AE,: make 
DBF = 489. and DBC 31d. From che Point 
of [nterieftion, E, let fall the I FE, which produce 
to C, to interſect the Line BC, then is CF the FRE 

ot the required Object. 


Calculation. Tar 4 EAF 18* 0. 1 


FAB 40 d. and, for the Rcaſon ſhown. in 
Prop. 3. the 2 DBF Ad. LEAF 182d. AFB 


= 5725 d, Now, by Trigonometry, As S. L AFB 


292 d F SBFees. = S. L FAIL 50 d. 2 


_ an. The 


„ 
Fig. 2. 
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ä Atimetry, | 
The LFBD 484. + 4 DBC 31d. = LEBC79 a 


and qe d.— Z DBC 31d. . BCD 5 gd Hence, 


by T rigonometry,” As S. 4 BCD fr ck BF 49.6r 


Feet :: S. . CBF 79d- : FC = 56.8 Feet. 2E. J. 


119. Propoſition 8. To find the Height of an 


inaccemble Object, CD, ſtanding on a horizontal 


Plane, BC, when I can only meaſure on the Side of 
an oppoſite Hill, BA. 

EXAMPLE. Standin at A, Froak d Ls of De- 
preſſion EAD=7d. EAC = 19d. FAB = 31 d. 
and, by meaſuring, found AB = 87 Feet. Quzre 
the Height of the Object CD, and BC the Diſtance 
from the Foot of the Hill | 

Conſtruction. Draw a horizontal Lide AE, Wale 
LEAD=75d. EAC gg 1g d. and 4 EAB= 31d. 


et off AB= 87 Feet, and draw BC AE; at the 


Interſection C raiſe CD 22 to BC ; then is C the 


Height required. 


Calculation. The 7 BCA = LEAC= = 19d. and 
FBA being = EAB= 31d. and the 4 FBA be- 
ing the Sup en of ABC, we have, by Trigo- 
nometry, As S. BCA 19 d.: AB 87 Face" S. 0 
4 ABC or Sine of the barrier 4 FBA 31d. 
er 137/68 Feet.- : 

The Z EAC 19 d.— 4. EAD d, = = ZDAC = 
12 d. and god. — 4 EAD 7d. = ADE = 83d. 
Hence, As S. £ ADC or Sine of its es Supplement 83d. 
AC 137.6 Feet :: S. AC 12d. : DC = 28. 83 


Feet. Q, E. I. 


If the Diſtance BC be required, then £ EAB 31d. 
— EAC 19d. . "Hence, As S. C. 
BCA 199d. : AB 8 Feet :: 8. 4 4 BAC 12 d. : BC 
35.50 Feet, Z. J. 

120. Propaſition 9g. To find th Height of an 
Object oppoſite a Houſe or Tower, by Angles taken 


at the Windows of the Houle, or at r opa and Bottom 
/ of the Tower. 


 ExameLe. From a Window at G, my Eye being 


5 Feetabove the horizontal Plane AB, 1 cook the 4 


f 


Allimetry. 
o Altitude CGE = 41d. 107; then, 7 in p to 
its 


another Window, F, n5 Feer higher, 2 
of Altitude DFE = = 275d. _ Quare the Heig of 
the Object BE. To 116 246% nenen 

Conſtruftion, Draw a böctzontll Line AB, and 


erect the L AF =15+5 = 20 Feet; make AG'= -— V. 


; Feet; draw FD and GC I to AB; make the 2 
CE 41d. 107, and Z. None 27 d. 30“; then 
is the Point of Interſection E the J. e OHect: 
let fall the L EB, and 1 it is GET = Rahe 
regie, ; KI 0 
Calculation. The L CGE 125 ids DFE 4. 
30 ig d. 400 24 FEG: and . EFD 27 d. 304. 
90 d. 117 d. 300 = L. EFG. Hence we havr, As 
S. £ FEG 139. 40: GF 15 Feet :: S. L GFE 
1174. 30%: GE 56.32 Feet. And, As Sine of god. 
: GE 56. 32 Feet :: S. CGE 41d. 10: CE 37.07 
Feet. Hence BE = 37.0775 = 42. 07 5 the 
Height which was required. A 
by the Diſtance AB (GC) be required, As Radius 
: GE, 56.32 Feet :: Coſine £ CGE 41d. 100 
8 8. £ GEC 48d. 300: GC AB g 42. 39 Feet. 
121. Propojition 10. To find the Height of an 
Object by the Barometer... 
We think we cannot oblige our Readers more 1116 
by giving them the following Paper (from the Philo/? 


7745 Vol 64, Part 1, 17740 as a Solution 1 this 
Propoſition,” N 


M. De Luc's Rule, far ES Heights f the Ba- 
rometer, reduced to the Englich Meaſure of Length, and 
adapted 1% Fahrenheit? Thermometer and other Scales 
f Heat, and reduced to a more aaruenien- Enprec ion. 
By the Aſtronemer»Royal. 


M. De Luc, F. R. F. ina 10 W valcabie 
Treatiſe ' upon the Barometer and Thermometer, 
lately pubſiſhed at Geneva, the Reſult of many Years 
Labour and Study, has“ given a Rule for the 
Meaſurement of Heights by the Barometer, SEE 
n rom 


| 84 


| „„ * : 
from his Experiments, and far more accurate than 
any publiſhed before; ſince it appears that he could 
determine Heights by it generally to 10 or 15 Feet, 
and that the Error ſeldom, if ever, amounted to 
double that Quantity, This valuable Degree of Ex- 
actneſs he has obtained principally by detecting the 
Faults of the common Barometer, and, in Conſe- 
quence, improving the Conſtruction of it, and by 
introducing the Uſe of the mercurial Thermometer, 
to accompany that of the Barometer. The principa 
Faults, which he found in the common Barometets, 
aroſe from the Repulſion of the Quickſilver. by the 
Glaſs Tube, from Air and Moiſture admitted into the 
Tube, and from the Variations of the Denſity of 
Quickſilver by Heat and Cold; another very conſi- 
derable Error aroſe, in calculating Heights from the 
Barometer, by not allowing for the Changes of the 
Denſity of the Air, whole Gravity affords us this 
Meaſure of Heights, owing to Heat and Cold. The 
firſt Cauſe of Error (that of the Repulſion of the 
Tubes) he remedied by ſubſtituting a Syphon-Baro- 
meter inſtead of the ſimple upright Tube, the Re- 
ulſion of the two Legs of the Syphon counteracting 
itſelf: The Error, ariſing from Air and Moiſture in 
the Tube, he cured by boiling the Quickſilver after 
it was put into the Tube, and other Precautions : 
The Errors, in the Eſtimation of the Heights, ariſing 
from the Changes of the Denſity of the Quickſilver 
and Denſity of the Air, by Heat and Cold, he ſhews 
how to correct by Allowances, depending on two 
Thermometers, one attached to the Frame of the 
Barometer itſelf, and the other made to'be expoſed 
to the open Air, to ſhew its Degree of Heat; which 
Thermometers are to be noted both at the Top and 
Bottom of the Hill. Laſtly, by a great Number of 
Experiments, made with accurate Barometers and 
Thermometers of his own Conſtruction, he has de- 
duced a Rule for calculating the Heights of Places, 
the Exactneſs of which he has ſufficiently proved by 
a 


: 3  Altimetry, 


a large Table of Experiments. But this Rule is ex- 
preſſed in French Meaſure, and is adapted either to a 
Thermometer, whoſe freezing Point is o, and that 
of boiling Water 80, or to Thermometers of parti- 
cular Scales. It may be therefore uſeful to reduce 
M. De Luc's Rule to Engliſh Meaſure, and to adapt 
it to the Thermometer of - Falrenbert's Scale, which 
is generally uſed in this Country,” 


122. M. De Luc, in W heated the Ai 

his Room to 28 great a Degree as he could, and nated the Ri 
of the Barometer, owing to the 5 ln Eee or 
ſpecific Gravity, by Heat; he alſo nated the Height of t 

Thermometer, both before and after the Room was Bea. 
Hence he deduced a Rule, that, when the Barometer is at 27 
French Inches, which was the Caſe in this Experiment, an 47 
creaſe of Heat, from freezing to that of boiling Water, will le 
the Barometer 6 Lines, or zath Part of che Whole, It is 6aſy 
to ſee, that, when the Barometer js bigher than 27 French In- 
ches, this Variation will increaſe in the lame Proportion, or will 
be always yzth of the Height of the Barometer ; therefore, if 
the Height of the Barometer be called B, the Riſe of the Baro- 
meter, far an Increaſe of Heat, from freezing to boiling Water, 


"will ben; and, as it will be leſs for a leſs Difference af Heat, 


therefore, if the Number of Degrees, marked on the Thermo- 
meter, between freezing and boiling Water, be called K, and 
the Riſe of the "Thermometer, from any given Point, be called 


H, the correſpondent Riſe of the Barometer will be STEER by 


the Increaſe of Heat from the given Point, by the Number of 
Degrees H. If the Heat, inſtead of increaſing, was to decreaſe, 
then H would ſignify ſo many Degrees Decreaſe of Heat, and 


the Barometer would fink by K The fixed Teanpera- 
ture of Heat, to Which M. De Luc thought beſt to reduce his 
Obſervations of the Barometer, is th of the Interval, from free- 
rꝛiog to boiling Water, above the former Point; and, if dhe 
Thermometer was higher than this Degree, he Pa 


For the Sake of ſuch of our Readers as do not underſtand algebaaic Expreſ- 
ſions, we have printed the greater Part of this Eſſay of Mr, Masxg1:vng's on a 
lefs Type, that they may not be deter:ed from reading the practical I?art, which 
is printed on a larger Type, and may be eaſily underſtood. | | 
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the Barometer; and thus he obtained the exact Height of the 
Barometer, ſuch as it would have been if the Denſity of its 
"Quickſilver had been the ſame as anſwers to the fixed Degree of 
* Temperature. He thus corrected the Height of both his- Baro. 
meters, (chat at the Bottom and that at the Top of the Hill,) 

for the particular Degree of Heat, indicated by a Thermometer 
attached to the Barometer, at each Station; for it might and 
would commonly happen, that the Degree of Heat would be 
di Fereft at che two Stations. The Heights of the Barometers, 
thus cprrected, were what he made Uſe of in his ſubſeq ent Cal- 
culations, Calling theſe two Altitudes of the Barometer B and 
6, nn and Log. & for the Logarithms of B and þ, 
* takiny only the four firſt Places of Figures, after the Character- 
iſtie, or confidering the remaining Figures as Decimals, and put- 
"ag © for the mean Height of a Thermometer, expoſed to the 
"Air at Top and Bottom of the Hill, the freezing Point being o, 
and the Point of boiling Water at 80, he finds, by his Experi- 
ments, that the Height of the Hill will be given in French Toi- 
ſes, when C is 16}, by ſimply taking the Difference of the 
Logsrithms of the Heights of the Barometer, or will be equal 
Log. B — Log.#; and in any other Degree of Heat will be 
greater or leſs, in Proportion as the Rarity of the Air is greater 
or leſs than the fixed Temperature; or greater or leſs by ,;th 
Part of the Whole, for every Degree of the Thermometer reck- 
oned from the fixed Temperature 161; and, conſequently the 
"Height of the Place will be expreſſed generally, in French Toi- 


H 5 « p 1 4 N 5 2 . 2 1 - : : _ 4 : „ | #> J 
. ** ; if it was lower, he added it to the obſerCed Height of 
4 ; 1. 0 p L 1 ; : E 1 2 * Ip") v4 4 ; 8 N , 4 


| (es, by this Formula, Log. B — Log b + Log.B—Log.b * 


5 __ — C — 164 | 
De a B — Log b x1 + — 15 . To reduce this 


Fos mula to Engliſh Meaſure, and to the Scale of Fabrenbeit's 
Thermometer, we ſhould firſt premiſe ſome Particulars, The 
"French Foot is to the Engliſh Foot as 1.06575 toi, as was found 
by a yery accurate Experiment : See Phil. Tranſ, Vol. LVIII. 
for 1768, P. 326: And. it is well known, that the Point of free- 
zing, on Papreaheit's Thermometer, is at 32, and tnat of boil- 
ing Water at 212, or the Interval between them 180 Degrees. 
But M. De Luc's Point of boiling Water, 80, was marked when 
the Barometer was at 27 French Inches; aud it is the Cuſtom of 
-our principal Z:g/iþ Workinen to mark the Point of boiling 
Water, 212, on Fabrenheit's Thermometer, when the Barometer 
ſtands at 30 Inches, which is equal to 28 Inches 1.8 Lines French 
Meaſure; or 13.8 Lines hight than M. De Luc's Barometer, 
when he ſet off the Point of bottling Water on his Thermometers; 
"2nd it is well known, that the Heat of boiling Water varies with 
| 1 the 


Altimetry. | 
the Weight of the Atmoſphere. M. De Luc finds, by his Expe- 
riments, this Rule, that an Increaſe of 1 Line, in the Heighe 
of the Barometer, raiſes the Quickſilver of the Thermometer, 
placed in boiling Water, by ;4;th Part of the Interval between 
the freezing Point and that of boiling Water: He afterwards, 
indeed, found that this Rule would not anſwer for ſuch large 
Variations of the Barometer as take Place in aſcending to very 
great Heights above the Earth's Surface; (wid. E/ai fur les wari- 
ations du chaleur de I can houilliez) but it is accurate enough for 


any ſmall Variation of the Barometer, on one Side or other of 


its mean Height, in theſe loweſt Regions of the Atmoſphere. 
The Change, therefore, of the Boiling - Point, on Fabrenbeit's 


Scale, for a Change of 1 Line in the Barometer, will be 1 


0.16; therefore 13.8 Lines will cauſe 0,16 & 13. 8 :. 2 Degrees 


of Fahrenheit's Scale; and « Thermometer, whoſe. Point of 
boiling Water was marked 212, when the Barometer ſtood at 
30 Engliſ Inches, (= 28 Inches 1.8 Line French Meaſure,) will, 
when the Barometer deſcends to 27 French, Inches, fink 2.2 De- 


_ grees in boiling Water, or to 209-8, or, in round en to 


210 Degrees, which is diſtant only 178 from za, the Point of 
freezing, Hence, an Extent of 80 d. of M. De Luc's Ther- 
mometer, anſwers, to an Extent of 1-8 of our Fabrenbeit's Ther- 


 mometer ; and, putting F for the Degrees of this Thermometer, 


(correſponding to C of M. Ds Luc's,) we ſhall have, C: F — 


32 * 980 : 178, and C= F732 K , which, ſubſtituted in 


164 


2 


56 


WE» 7 + Bk : 1 —— — 5 I . — 
M. De Luc's Formula, gives Log - B — Log. M X 1＋ 77 


— 


=Tog. E 80 3 * 1 + E: — 22 21 — 4 Log-8—Log.6 


215 
x 1+ oF Za == oe 16.75 = Tog.B— Log 3 x 
" * L78,X245 . 

— „ N : — 4 — 1 6 * 1 * F Yau 
FO 478.38 Logo r= Log E301 


Where the Anſwer will till come out in French Toiſes, 2 
adapted to Fahbrenheit's Thermometer, To bring it out in Enghp 
Fathoms, (or Meaſure of 6 Feet,) multiply the above Expreſſion 


by 1.06575, and we ſhall have Logarithm B — Logarithm 6 X 


F.— 69.27 , OR — — —F 
1 + — 1.06575 = Log. B — Log. & X 409.11 FF. 
== : a rol 

Oboe einen Ree CASE oo 
>” I o6 75 =Log b — Lage I Or, in round 
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123. In the foregoing Expreſſions,” H and , as has been 
mentioned before; fighify Heights of che Barometer at the lower 
and higher Utütiöfl, both cbffedted according to M De Laas 
'Direttiony, for the Difference/of Her Vetween a fixed Tein per- 
nature (namely, jth of the Interval between freezing and boilin 
Waer) and the preſent Heat, indicated by the Fhermetretér 
attached to the Barometer at eacſ Statio; but it is not neceſta 
to correct 3% Baromerers'for the Effect of Heat, but only one, 
for the Difference of Heat of the two; Which will be more con - 
venient, alſd, on another Account, becauſe the Differenee of | 
Heat, at th to Stations, will be generally ſmall; and the Cot- 
"reftioh, to reduce one Barometer to the Heat“ of the other, Will 
conſequently be ſmall alſo; whergas, the Difference of the pre- 
fent Heat and the fixed Temperature,” and conſequently the Cor- 
rection of both Barometers, may be freq dently very confidetable, 
This is evident: Becauſe, if the Heat of the Barometers, at both 
Stations, was the ſame, (however different from the fixed Te! 
erature choſen by M. De Luc,) no Correction would be neceſ- 
. A the Mercury in the Barometer, in both Stations, being 
expanded in the ſame Proportion, and conſequently the Differ- 
ence of the Logarithms of its Height, at both Stations, bein 
the ſame as if the Heat of both Barometers had agreed with that 
of the fixed Temperature, I ſhafl now, therefore, ſuppoſe the 
upper Barometer is to be corrected, to reduce it to the emp-. 
ature of the lower one, and that þ ſignifies the Height of this 
Barometer, as oblerv: d, and not vet correted ; The Correction, 
from what Has been ſaid above, calling D the Pifferehce of 
Height of the Thermometer attached to the Barometer at the 


4 
1 
7 


4 4 F 


| : 584 ——.. „ 
two Stations, will be 2 5K according as the Thermometer 
ſtands higheſt at the lower or upper Station; and the upper 
| N * 5 . ; . a D 3 110 15 
arometer, corrected, inſtead of 5, will be 2 = , Which 
1 corre | 1 | W 54K n. 


7 4 
: x $3 + # 


* | | | £ 7 9 DZ . 
4 irnted in the Formula, gives Log. B— Log. (32 
Aphten in ee ge, uy EM 5 Og. ( K * 


3 


14 1 — . But the Correction, on Account of .the Differ- 
* * hag es Hl 


149 e OI AL tate 
ence of Heat of the Barometer at the two Stations, may be re- 
5 | * Quced 
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Thermometer, is leſs than 40 d. 4 


Altimetry. 


duced to a ſtill eaſier Expreſſion, in which the variable Quantity, 
b, the Height of the upper Barometer, ſhall . not appear, The, 
Fluxion of a Logarithm is, to the Fluxiopg of its natyral Num- 


ber, as the Modulus, of the Syltem to the natural Number; and, 


4343.1s the Modulys.of the common Logazirhas, when the four 
Places, next following the CharaQteriftic, arg taken as whala 
Numbers inſtead of Decimals, which is meant to be done in the 
T0 $8 14; * 1 53 14 2 W 5 | ; 2286 * l 7 51 
Uſe al the foregoing Formula, Therefore IE deing very 
ſmall, with Reſpe& to l, we ſhall have, Variation of Lage 4. 
| Þ he i A DS 15 „ 5 2486 len 4 FR 
Variation of þ K 2: 4343 4,4, very nearly; and thence 


705 of ; 5 Ne b 1 Db 3 1 ® | > Te : , D 4 75 10 
Variation of Log, I = = N = * Which 


ing —T 17D} mes; . . He py 4 
(putting K = 178) = X 0.452. D. Hence IP. NR 


= Log. 1 452 D 4 which, being ſubſtituted in the Formula 
above, will give the Difference of Height of the two Stations in 
Engliſh Fathoms, in a more convenient Rxpreſſion; pamely; 


| —̃—r;ĩa —-V— — ooo 
Log. B — Log. 6 d. 45 2 DX 14 2 3 where the upper 


Sign, —. is to be uſed when the Thermometer of the Barome- 
ter is higheſt/at the lower Station, and the lower Sign, , is t6 
be uſed. when the ſaid Thermometer is loweſt at the lower Sta- 


tion. The firſl· Caſe will be moſt common; eſpeclally where 
the Difference of Height of the tWo Stations is conſiderable. Tt 
ſhould alſo be obſerved, that when F, the Height of Fahrentyit's 


— 0. — 8 ; £ 8 x — 
: becoming negative 
| 449 4 WP. , — 9 1 f * 


or ſubtractive, it muſt be applied in the Calculation accordingly- 


124, It may perhaps, be convenient ta repeat here the Meair- 


ing of the algebraic Terms uſed in the foregoing Formula, that 
any Perſon may wake Uſe of it, without having Oecaſion to re- 
cur to the foregoigg Inveſtigation, B Ggnifies' the obſerved 
Altitude of the Barometer at the lower Station, and & that at the 


- upper Station; Log. B and Log. & ſignify their Logitithms, ta- 


ken out of the common Tables, by Heiß the four firit 
Figures next following the Characteriſtic as whole Numbers, and 


e the three remaining Figures, to the Right-Hand, as 


)ecimals : D- ſignifies the Difference of Height of Farenheit's 
Thermometer, attached to the Barometer, at: the Top and Bot- 


tom of the Hill: and F ſignifies the Mean af the two Heights of 
ee f. „ 0 Haft l, oo K e 1 as e go ERR 


£ 


59, 


| = Altimetry. . 

F ahrenheit's Thermometer, expoſed freely for a few Minutes to 
the open Air in the Shade, at the Top and Bottom of the Hill. 
125. The Formula for the Meaſure of Heights may alſo be 


5 —— — and adapted to Thermometers of particular Scales, for 


the Convenience of Calculation, as M. De Luc has done; but 
theſe Scales will be different from his. The Thermometer, 
attached to the Barometer, had better be divided with the lu- 
terval berween freezing and boiling Water, conſiſting of 81.4 d. 
(=180 * .452) ; the Freezing-Point may be marked o, and 
the Point of boiling Water will be 81.4 ; for, then, if the Dif- 
ference of Height of this Thermometer, at the two Stations, be 
called d, we ſhall have 4 = 0.4532 xD; ford: D:: 81.4: 180 
21 0.452 : 1, and the Number of Degrees, expreſſed by 4, will 

ſhew immediately the Correction for the Difference of Heat of 
the two Barometers. If the Thermometer, deſigned to ſhew 
the Temperature of the Air, be divided with the Interval be- 
eween freezing and boiling Water = 200, and the Freezing- 
Point be marked —9, and the Boiling-Point +191, and E 
Heights of this Thermometer, at the two Stations, be called 


Gand I, we ſhall have 24 = & +: = 2 1 For 
7 — 1 2 & 500 1000 


F—40=F—32—8 is the Height of Fabrenhrit's Thermometer, 
reckoned from 8 Degrees above freezing, and 449 : 500 :: 180 


: 200 ::8: 9; and the Fraftion ==, if both the | 


500, will eee 429 * E —32 $92 — 9 
ö | T4. TT; 500 ooh ne bt "500 

8641 6414 . * i 
250 A wont oy ou = $8 x 22 


| Therefore, if the Thermometer of the Barometer has the free- 


zing-Point marked o, and the Point of boiling Water 81.4, and 
the Difference of its Height, at the two Stations, be called d; 
and if the Thermometer, for meaſuring the Temperature of the 
Air, be divided with the Interval of 200, between the Freezing- 
Point and that of boiling Water, and the firſt be marked —g 


and the latter + 191, and the Degrees, ſhewn by this at the two 


Stations, be called G and I; the Formula, that will give the 
Height of the upper Station above the lower one, in Eng/i/þ Fa- 


thoms, will be Log.B—TLog.3 + 4 * 1 + . 


1000 ? 


| ; Which 
conſequently, multiplied by 6, will give the Height in Engl 


Feet. It is to be obſerved, as before, that - or +4 is to 


uſed, according as the Thermometer, attached to the Barometer, 
"" 


n_ TT Li 4 a 
— 


Language; firſt, as adapted to Fabrenheit's Ther- 


meters of particular Scales. Take the Difference of 


the Height of the upper Station, found nearly, to 


: Altimeiry. 
i higheſt at the lower or upper Station; and, if G and 1 ſhould 
happen to fall below © of the Scale, or to be ſubtrattive, they 
mutt be applied accordingly in the Calculation. | "© IF 


126, I ſhall now add Nothing more, but give 
the Rule for finding Heights by the Barometer, ac- 
cording to the Formulæ delivered above, in common 


mometer, and, next, as adapted to the two Thermo- 


the tabular Logarithms of the obſerved Heights of 
the Barometer, at the two Stations, conſidering the 
4 firſt Figures, excluſive of the Index, as Whole 
Numbers, and the 3 remaining Figures, to the Right, 
as Decimals, and ſubtract or add th of the Dif- 
ference of the Altitude of Fabrenbeit's Thermometer, 
attached to the Barometer at the two Stations, ac- 
cording as it was higheſt at the lower or upper 
Station; thus you will have the Height of the 
upper Station above the lower, in Engliſʒ Fathoms, 
nearly; which is to be corrected as follows: Make 
this Proportion: As 449 is to the Difference of the 
mean Altitude of Fahbrenheif's Thermometer, (expo- 
ſed to the Air at the two Stations, from 40?,) ſo is 


the Correction of the fame ; which added or ſubtract- 
ed, according as the mean Altitude of Fahbrenheit”s 
Thermometer was higher or lower than 40%, will give 
the true Height of the upper Station above the [bh 
er, in Engliſh Fathoms; and, multiplied by 6, will 
give it in Engliſh Feet. Foe h | 
127. The ſame Rule, adapted to the Thermo- 
meters-of particular Scales, 1s this : | 
Take the Difference of the tabular Logarithms of 
the obſerved Heights of the Barometer, at the two 
Stations, conſidering the 4 firſt Figures (excluſive 
of the Index) as whole Numbers, and the 3 remain- 
ing Figures, to the Right, as Decimals; and ſubtract 
or add the Difference of a Thermometer of a parti- 
cular Scale, attached to the Barometer at the two 


Stations, 


— 
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Allimetry. 
Stations, according as it was higheſt. at the lower or 
upper Station, and you will have the Height of the 
upper Station above the lower one, in Euxliſb Fa- 
thoms, nearly „ Which is to be corrected as follows: 
Make this Proportion: As 1009 is to the Sum of 
the Altitudes of a Thermometer of a particular Scale, 
expoſed to the Air at both Stations, ſo is the Height 
of the upper Station above the lower, found nearly, 
to the Correction of the ſame ; which added or ſub- 


tracted, according as the Sum of the Altitudes of 
the Thermometer, expoſed to the Air, is poſitiye or 


negative, will give the true Height of the upper 


Station above the lower, in Engliſß Fathoms; and, 
multiplied by 6, will give it in 25 


El Feet. 
128. As ve could not abridge this Paper without 
injuring it, we doubt not but that the ingenious 


Author would rather ſee it printed here entire. 


Samuel Horſley, L. L. D. has alſo, in the ſame. Tranſ- 
actions, a very curious Paper on this Subject, on 
M. De Luc's Principles; but Room will only permit 
us to give ſome of the Tables he has calculated, (to 
render the Practice eaſier,) and to illuſtrate their Uſe 
in a different Manner, which, perhaps, may be more 


. eaſily underſtood by the practical Surveyor, than that 
of the learned Author. ere 
1129. The Heights of Hills may be eaſily compu- 

ted, by Means of the following Tables, by thele | 
. Rules: Firſt, take out the 4 


garithms of the 
Heights of the Barometer, at Top and Bottom of tbe 
Hill, from a Table which has them to 7 decimal 
Places; but the Index and all the decimal Places are 


here to be conſideted as whole Numbers. Subtract 


the leſſer Logarithm from the greater, and divide 
the Remainder by 1000, which is readily done, by 
cutting off 3 Figures on the Right-Hand; the Quo- 
tient will give a Number of Eugliſb Fathoms, (each 


6 Feet, ) which we will call the Groſs- Height. 


EXAMPLE. 


a 


— 


ren EXT OC 


meters in the Caſes of your portable Barometers,) take 


Ry correlponding rheyets, nch call the Zywa 


ExAu FEE. Let che lower Brodie ſupp6ſed 


to ſtand at 2918 68 Inches, the uppet at's 5.28 Inches: 


The Log- of 29.68 = 14724649 raken aswhole 
Log. of 25. 28 2 8 272231 ne 


The. a it by 1990 = e 1 
Hill, in al mg. 


. B: Whatis wee ealied the Groſs-Heig hr of the 
Hill is tlie u Heigbi, whenthe' Thermometer ſtands 
at 40 both at Top and Bottem of che Hit; bar, if 
not, it will requite two Corrections, as will be en. 
plained in che following Rulez. 

130. Secbndiy, Wich che Difference of che Tem. 
peratures of che Ouickſilvet, (as ſewn by the Thetmo- 


out 6 Table IL. from” the Com of Fathoms, the 


tion of the Marty = Bü, ;M-che Thermometer, in the 
higher Station; gives a warmer Air than itt che HE. 
Station, then we muſt add this Equation to,” otherwiſe 
ubtratt it from, the Groſs-Height, and the Sum 
Remainder, will be the a=. 
EXAMPLE, Let the Groſs-Height of a EL, ba 
* the laſt Article, be 60 696.858, and Tet us ſuppofe 
the Thermomicter, at the Bottom of the Hill, food 


at +57, and; At the Top « of the Hil, *. 435 fn 


Difference i W147 4 
8 * in the 3d Column a TaleL is © OY 


— 
The Sum is the Equation of, che Mera ary 6. 325 


ABS gw Sib 4+ 
3 £84 


Fr rom the Groſs-Height of the Hill 696.6 
Subtract the Equation of Mercury 6. £325 5 


| Gives the Approximate Height 690 wk 


„ — 


b 7 > 31. 7 
- 


N. 


Altimetry. 


| 131. Thirdly, Add together the Temperatures 
of the Air, ſhewn by the Thermometers (in o 

Air) under their proper Signs, and call Half the Sum 
the Temperature of the Air, being the mean State of 


the Air. With this Temperature, from Table II. 


find Part of the Equation for the Air thus: Look at 
Top for the Number of Decades (or Tens) next leſs 
than the Temperature of the Air; and from that 


Columna collect (by ro ated Entries, if neceſſary) 
the Corrections for the Units, Tens, and Hundreds, 


ol Fathoms, in the Approximate-Height: (And, if 


you ſhould want for Thouſands of Fathoms, it is 


only removing the Decimal-Point 'in Hundreds of 


Fathoms, by the Rules of Decimals:) Find the Sum 
of theſe ſeveral Parts of the Correction, and call It 


To find that Part of this Equation, called x, which 
correſponds to the Degrees in the Temperature of 
the Air, which are over and above the. Decades, ob- 
ſerve, that the Correction for 1 F ly at the ſeve- 
ral Degrees, is here annexed, 


. L 84.2 


eee 


Therefore, to find x, we have only to multiply the 


Equation: for 1 Fathom, taken from this lictle Table, 


= the Number of Fathoms in the Approximate- 
ht, and the Product will give n. 

150 the Sign of the Correction, N, found by Table 
n. is +, add the Sum N to the Approximate- 
Height; but, if the Sign of Correction, N, is —, 
ſubtract their Difference, viz. N-, from the Ap- 
proximate. Height, for the correct Height of the 
Object, which was required. 

ExameLe. Let the Approximate-Height be, as 
found by the laſt Article, 690.543, and the Height 
of Mercury in the Thermometers, out of Doors, 


6; and 573 required, the true Height of the Hill. 


Thermometers 


Thermometers Heights 14 gt 
bon 99 6 


The — of Air 492 = 40*+9x d. 
In Table II. in Column 40+, the Equation 1 is o; 
therefore NZ+0. In the little Table, in this Art. 
the Equation for 1 Fathom, correſponding ro i De- 
gree, 1 — 002 3 and therefore to 2 a deg. 80 5 
Rad Under d. = 8620 
— 
Flence 92 d. = 02 4085 


* by Number - Fathoms, 690, gives 14. 49 25. 
the whole en N ＋ S o+ 14:49 = 11 49 
Fachoms 


; 1 
To the approximate Height 690.543 
Add [ quation, for the Air Nn = 2 : 


The Sum 1s the required Height = Jos 03 3 


1 


132. ExaurtE z. Let the Heights aac Meronry 


in the Barometers and T hermometers be as under: 


| .herm. Therm] Temp. 50 5 


\Baromerer. | in. 2 iff, out. of Air, 
lower 29.45] +38 | 45 | Tal 1435 3322 
Upper 26.80 +44 | + 38: bf 35 os. 3 


— 
1 


Log. of 29.45 14690852 
Log. of upper 26.82 2 


— — 


Their Diff divided by 1000 == 394-945 the afolh 


Diff. of Therm. in being 3 Deg. } Height in 
gives Equation of Mercury, > ＋ 1.356 Fathoms. 
by Table l. | — 


Approximate Height 396. 30 i Fathoms. 
K . Now, 


66 : Aliimeiry. 
Now, to find N, we have given the he Temperature 


of the Air = 33*=30*+3®. | 
1 Table II. 30d. upon 300 Fathoms give 6.683 
| Upon 90 2.005 
Upon 6 0. 134 


Sum is N = 8, 822. 


To find n. By the little Table in Art. 1 31, under 

3 Degrees, we have for 1 Fathom .007, this xd by 
396 gives 1 = 2.772. Now, N being — and x al- 
ways +, the Equation is the Difference of theſe 
Numbers, (viz.) 8.822 — 2.772 =6.050. 


From the approximate Height 396.301 Fath. 
Subtract Equation for Air N— = 9,049 


Gives the correct Height | in Fathoms 390.2 51 

133. EXAMPLE 3. Let the Heights of the B. 
rometers be 30.0 and 29.9 Inches, and the Heights 
of the Thermometers each +40 of Fabrenbeit's Scale. 


Log. of 30.0 = 14771212 

Log. of 29.9 = 14756712 
Their Diff, — — by 1000 = 14500 Fathoms ; : this, 
multiplied by 6, gives 87 Feet; the Height anſwer- 
ing toy of an Inch Fall of the Mercury, in a mean 
State of the Air; viz. when the Thermometer ſtands 
at 40 d. and the Barometer at 30 Inches. 
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1246, Il. IE 
3 | | N 80 40+ 50+ 60+ 70+} 80+ 
4 Kr 4% .c6 Q | |} 30— | zo] 10—| om 
x * 804 |—— | — — 
4+ 21 83150 1] © | 0.022] 0.044| 0.067] 0.089 
_ 1 8 8 8 2 © | 0,044] o. o89 0.134] 0-178 
2 2 XY 82 { 3] © | 0-067] o. 134 0.200} o. 267 
55 85 88 8 4| © | 0.089] 0.178] 0.267] o. 356 
— 28 | 5] © | 0-111] 0.223] o. 334] 0.445 
er 1 6] © | 0.134] 0.267] 0.401] o. 5350 
by 7] © | 0-156] 0.312] 0. 468 0.624 
41 1 | 452] 0.452] 80 0 0.1780 0.356| o. 5 35 0-713]. 
fo 2904 0.904 9| © | 0.200| 0.401] 0.601] 0.802 
: 3 | 1355| 1.355 10] © | 0 223] 0.445] 0.668| 0.891] 
4 | 1807| 1.807 20 ' © | 0.445] 0.891] 1.337] 1.782 
5 2259 2-259 30] © | 0.068] 1.337] 2. 005 2.6734 
; 6 | 2711] 2.711 40] © | ©0.891] 1.982] 2.673] 3 3-564 925 
7 | 3163| 3.163 500 O| 1.114] 2-228| 3.342 4-455, 
8 | 3614| 3-614 60] © | 1.337] 2-673] 4.010] 5-347]. 
94066 4.066 70] 1.559 3-119] 4.678] 6.238 
lo | 4518] 4.518 80] © | 1.782 3-504| 5-347 7.129 
| 209036 9.03 go] © | 2.005] 4-010]'6,015| 8-020] 
a- 30 [13554/13-554| | [ioo| o 2.228 4:45 6.683] 8.911 
its 40 [18072[18.072] 200 © | 4:455] 8.911113.367[17.822 
* | 50 22590022. 590 zoo o | 6.68301 3.36720. 050026. 733 
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Longimetry. 
135. 1 ONGIMETRY fſhews how to 2 the 
Doctrine of Triangles to find the Diſtan- | 
ces ot Objedts. 
Prop. 1. Standing on an Object of a known Height, | 


to _ its Diſtance from another Object. 
K 2 EXAMPLE» 


4. 


68 
pl. v. 
Fig. 5. 


Longimetry. 

ExAMPLE. The Eye being at the Window of the 
Houle C, 20 Feet above the horizontal Plane AB, 
and the 4 of Depreſſion ACD (DC being conceived 
to be |} to AB) 25 d. required the Diltadce of the 
Tree from the fe; viz. AB. | 

' Confttattion, Make 4 BAC=25;4. (for Z. BAC 

DC, by the Nature of Is, ] and conſtruct the 
as in Cafe 3 of right-angled As. Then, by that 
t [ VV 
Calculation, As Sine of 4 A 25 d.: BC 20 Feet 
:| Cofine of L A: AB A 42.89 Feet. ©. E. I. 
136. Sebolium 1. In a ſimilar Manner may be 
und the Depth of a Well, which is of the ſame 
igneſs at Top and Bottom. For, meaſuring AB, 
the Width of the Well, and taking the L of De- 
preſſion BAC, we have, As Coſine of CAB: AB 
: S. CAH : BC, the Depth which was required. 
137. Scholium 2, In Order to take the horizon- 
tal s, the Quadrant may be ſupported by a Ball 
and Socket, fixed to the Middle of the under Side, 
and the Whole fupported by the Legs of a common 
Surveying-Table. But as, in Practice, it may fre- 
quently happen, that the L to be taken may be 
obtuſe, it will be better to make Uſe of a Semicircle, 
inſtead of a Quadrant, which may be thus made. 
Let ADB be a Semicircle of Braſs, of a Radius 


„; ſufficient to be divided into Degrees and Minutes; 


which being carefully done, and numbered both 
Ways, viz. from A towards B, and from B towards 


A, (by the Method ſhewn in Geometry, Art. 211, 


on the Center C place a ſtrait Rule to move round 
the Center, and at the End E a perpendicular open 
Sight, with a vertical Catgur-String or Horſe- Hair 
and at the End F an Eye Sight, having a vertical 
Slit for the Eye to look through: At G may be 
placed a Compaſs; but, if the Poſition with Reſpect 
to the Meridian be not required, and it is only re- 
quired to find the Diſtances of Objects, the Compals 
is not abſolutely neceſſary. e 


138. 


ö 
4 
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Longimetry. 


138. This Inſtfument being properly ſupported 
on the three · legged Staff, the Manner of uſing it, to 


take an L., is very eaſy: Viz; if it is required to 
take an 4. ICH, lay the Index, or Rule, ſo that the 
middle Line of the Index may correſpond with the 
Line AB, and through the Sight you ſee the Object 


I; then, turning the Index about till, through the 


Sights, you ſee the Object H, the Number of De- 
82 in the Arc BE, is manifeſtly = the £4 required. 
n 


In like Manner, the oblique. Angle KCH may be 
taken, and the Number of Degrees, in the Arc AE, 


ſhews the required - eee, 21 
139. If the Objects are at a conſidetable Diſtance; 
it would be proper to have a Teleſcope inſtead of 


plain Sights, alſo a Spirit-Level, c. But as, when 


we treat of Surveying, we ſhalt be obliged fully to 
deſcribe a Theodolite, an Inſtrument much better 


adapted to this Purpoſe, when properly conſtructed, 


we judge it improper to ſay. any Thing farther on 


this Subject here, and therefore paſs on to 


140. Propoſition 2. To find the Diſtance of two 


Objects, which are inacceſſible from each other, but 


both acceſſible from another Place, A. 


ExAamyLs, Wanting to find the Diſtance of two 


Towers, B, C, at a convenient Diſtance A. I took the 
L contained BAC = 40d. then I meaſured AC; 
which was 2.72 Miles, and AB 2.5 Miles: Requi- 
red the Diſtance aſunder of the Towers, B, C. 
This is the ſame as Caſe 3 of oblique Triangles z 


dy which BC will be found = 1.997 Mile. 


141. Propoſition 3. To find the Diftance of an 
inacceſſible Object, or Breadth of a-. River. 
FExAurLZ. Wanting to find the Breadth of a Ri- 
ver, I obferved a Tree cloſe to the other Side: Ata 


convenient Station A, by the Bank of the River, I 
took the 4 CAB = 50d. then meaſuring AB = 100 


4 1 took the 4. CBA = 60d. Quavxe the A. 
Breadth of the River. We 


Conſtruction. 


> 
Fig. 8. | 
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Cynſtruction. Draw AB = 100 Yards, make 2. A 
=/50d. and 2B = 60 d. then is the Place of Inter- 
ſection, C, that of the Tree on the oppoſite Bank of 
the River. 

Calculation, Firſt 50%+ 60*=110", and 1Bo? — 

=70*= EC. Then, As S.4C70* : AB 100 Yards 

: 8. LB.: AC 92.16 Yards, the Diſtance of the 
Object C from the Place A, required. 

Again, letting fall the L CD, we have, in the 
right-angled A ADC, As Radius go: AC 92.16 
Yards, :: S. A 50% :: DC = 70.59 Yards. Q, E. I. 

142. Schokum. By this Propoſition it is that the 
Trees, where Bees hive, are diſcovered in New-Eng- 
land. For, in the Philoſophical Tranſactions, Number. 
367, Jan. 1721, Paul Dudley, Eſq. remarks to this 
Purport. The Hunter, in a clear ſun-ſhiny Day, takes 
a Plate or Trencher, with a little Sugar, Honey, or 
Melaſſes, ſpread on it, and, when got into the Woods, 
ſers it down on a Rock or Stump there; this the 
Bees ſoon find out ; for it is generally ſuppoſed a Bee 
will ſcent Honey or Wax above a Mile's Diſtance; 
and it is obſerved, when one Bee goes Home from 
the Sugar-Plate, he returns with a conſiderable Num- 
ber from the Hive. The Hunter ſecures in a Box, 
or other Conveniency, ſome of them, as they fill 


themſelves, and, after a little Time, lets one of them 


go, obſerving very carefully the Courſe it ſteers, by 
a pocker Compaſs; for, after it riſes in the Air, it 
flies directly to the Tree where the Hive is. Then 


the Hunter walks away (as nearly as he can at 


Right-Angles to the Courſe of the Bee) a convenient 


- Diſtance, which he meaſures; then he lets another 


Bee fly away, and obſerves, by the Compals, his 
Courſe towards the Tree alſo: Hence he knows, by 


this Propoſition, the Diſtance the Tree is from him, 


and, conſequently, the Courſe being allo known, he 
can find whereabouts the Tree 1 1s, and 1 come at the 


| aeg | tr e 


143. 
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 Longimanry, 


Propoſition 4. To find the Diſtance of 1 two 
acts ble Objects, 


ExameLe. Wanting to find the Diſtance-ofii2 boo 


Churches, ſeparated from me by a River, I fix on 


two convenient Stations A, B: Then, at A, I tale 4 


BAD = 110% and . BAC = 39, then meaſuring 27 
AB = 1 Mile, at B, I take the Aer roh and 4 


ABD=54* 30. 

Conftruttion. Draw AB=: 1. Mile; 3 — che Ls 
as in the Example ; then will the Places of Interſce- 
tion, D and C, be the Places of the two Nr 
whoſe Diſtance aſunder is require. 5 

Calculation. The Z DAB 110%+ An — ok 
164*30/,and180% 164 30015 300 4 ADB. Now, 
as S. ADB 152 30“: AB 1 Mile :: S. ABD 54 


30: AD 3 046 Miles. Ain: the ZL ABC 1062 


+ £ BAC 59*\= 165%. ' *.*.C ACB = 180% 168%= 


15%, Hence, by T Far As S. Z ACB Ag“ 


A1 Mile :: S. ABC 106 : AC 3.714 Miles. 


Now, in the Triangle DAC, we have given DA 
3.046 Miles, CA = 3.714 Miles, and the — 


tained DAC (= DAB 110 BAC 59? =) 31; 
which is the 3d Caſe of oblique Triangles, by which 
DC will be found 2.9% Miles. 2, E. J. 
144. In the ſame Manner the Diſtances of three 
or four Objects may be found. When, by theſe | 


Means, the [Diſtance of two Towers or- Objects is 


found, that may be taken for a new Baſe; and, by 
ſuch Means, others may be found, and ſo. a Chain of 
Triangles formed; by which Means, if the Cs are 
carefully taken, by Inſtruments accurately. divided, 
the Situation of the principal Dowers, Hills, Ec. in 
a Country, may be taken. 

145. ' Propoſition 3. To find the: Diſtance and 
Poſition of a Place from three other Places, whoſe 


Poſition and Diſtances from each other are given. 


This Propoſition admits of 6 Caſes ; moſt of which 


are of frequent and great Uſe in SUrvenings as will 
1 58 by the Examples. | 


| Caſe 


=_  - Longimary, 
Caſe 1. When the Station is without the Trian- 
gle made by the three given Objects, but in a Line 
with one of the Sides produeed. 
ExAMPLE. 2 in a Map of an Eſtate, found 
u V. three Trees, A, C, B, planned, but the Tree D in a 
Fig. 11. direct Line with the Trees A, C, I found, from A to 
C meaſured 8.90 Chains, A to B 12.20, and B toc 
5 z and that the C CDB was 27 Quere the 
Diſtance AD, in Order to ſet the Tree in its proper 
Place in the Map. 
CL.anſtruction. The A ABC beivg banda. (and 
® 70g. the 4 BAC being ® == the two internal and oppoſue 
£8 D and DBA) make the DEA = the Difference 
of the 4.8 BAC and EDA, then will BD cut CA, 
produced, in D, the Point.required, 

| Calculation, The three Sides of the Triangle ACB 
being given, find the . BAC by Caſe 4 of oblique 
Triangles ; which, in the above Example, will be 
found = 39%“: Then Z BAC-39%  — L ADB 
27*=12*= 4 DBA, for the Reaſon given in the 

_ Conſtruction. Hence, in A DAB, we have, As 
S. . D: AB :: S. Z DBA: DA, =, in this 1 
ample, 5.587 Chains. E. I. 
146. Caſe 2. When the Station required is in 
one of the Sides of the given M 
Pl. V. Exaurlz. Let the AABC be the ſame as in the 
Fig. 12. firſt Example: And, having Occaſion to lay down 
an Object at D, I took the 4. BUC = 730 Quæte 
the Diſtance DB or DM. | 
Conſtruction. Make £4 BAE E the ee K. 
BDC, in our Example, 73 d. draw CD (1 EA; 
then is D manifeſtly the Place required. 

Calculation. In the A ABC, by the 4th Caſe of 
oblique Triangles, find the Z. B; then, the s B 
and BDC being known, the 4 DCB ls allo known. 
Hence we have, As 8. £BDC : BC :: S. &DCB : 
BD, equal, in the above Example, to 6. 996 Chains. 

147. Caſe 3. When the three given Places are 
in a Right-Line. 


EXAMPLE. 


Longimetry.. | 
Exaurrz. Being at Sea, near a ſtrait Shore, 1 
obſerved three Objects, A, B, C, which were truly 
laid down on my Chart; bur, wanting to lay down 
the Place of a ſunken Rock, D, by Hadley s“ Octant, 
I took the . ADB 26 d. 15 / and {BDC=23d. 307, 


and, by meaſuring on the Hinds found-AB = 2.2 
Miles, BC= 1.55: Mile. 


73. 
PL V. 
Fig. 13s 


 Conftruftion, On AB deſcribe$ the Segment of a a 5257. B 


Circle, ADB, capable of containing an C 26d. 15/, 
and, on BC, the Segment BDC, capable of contain- 
ing an C23 d. 300: Then, as the Point D muſt be 
ſomewhere in the Arc of the Segment ADB, and 
alſo ſomewhere in the Arc of the Segment CBB, it 
muſt be where they interſect in D: Therefore, join- 


ing D, A, D, B, and D, C, it is manifeſt DA, DB, 2 221 


and DC, are the Diſtances required. 642] 
Calculation. Having drawn the Radii AE, ED, 
EB, alſo the Radu'FD, FB, FC, from the Middle 
of BD, viz. G, draw Lines GE, GE : Now, the 3 
Sides of the Triangles EDG, EBG, being reſpectively 
equal, (viz, ED=EB, BG=DG, by Conſtruction, 
and EG common, ) theſe As muſt be equal to each 
other in every Reſpect; and. 4 EGD=EGB; and 

each a Right- . For the like Reaſon, the . 


Pl. v. 
Fig. 14. 


DGF is a Right- Z.; and, conſequently, EGF, joining 


the Centers of the two Circles, is a Right-Line. 
Let fall the Ls EI, FH; then, the 4 at the Cen- 


ter being double Þ the 4 at che Circumference, the 1 145. g 


AEB = twice the 4 ADB, . Half the Z AEB, 


viz, IEB = E ADB = 26d. 16 . IBE OO 


—LIEB 26d. 1;5/=63d: 45“; and, for the ſame 
Reaſon, 4 BFH = L BDC = 23 d. 30/, and ſo 4 
FBH =90d.—23d. go FOES. 20; yi the IBE 
+ 4 EBF+ : FBH= 180d. *  LEBF=180d. — 
IBE 63d. 45'— 2 FBH 66 d. 30/=498. 43 


In the right - A IBE are now given IB = Half 


AB=1. 1 Mile; and As to find EB, the Radius of 
1. | 55: me 


The Manner of vkbe ſach Anh, by Hadlty's Octant, 


will be ſhewn in our Elements of Navigation, which are nearly 
ready for the Preſs. 


Longimetry. 
the Cirele ABD, =2,487 Miles. Alſo, in the right- 


44 & BFH are given BH=Half BC = 0.775, and 


s to find BF, the Radius of the Circle BCD, '= 
1.944. 
Henee, in the A EBF, we have now given EB = 
2.48 75 BF =1.944, and contained LEBF =49d. 430 
(as found above) to find the BEFEF = 30 d. 19. 
Then, in the right- 4 A BEG, are given BE and 
BEG to find BG = 1, 914 Miles.” But BG = Half 


BD by Seer >. „BD = twice BG = 3.828 


T 145+ & 


* es. 
on the 4 BAD being at the Circumference, 
L e . BED at the Center, of the ſame Circle 
BAD, and ſtanding on the ſame Baſe BD, the . 
BAD, is = Half“ the L BED, viz. =4 BEG = god. 
19/ above found. Hence, in the A BAD are given 
£5 A and D, and conſequently the Z B 103d. 26, 
allo the Side AB or BD to find the Side AD = 4.838. 
Laſtly, in the Triangle ADC are given the Sides 
AD, AC, (ABT BC,) and CAD (BAD) to find 


DC23,781 Miles. | 
Or thus, 
148, \ConftruZion. Make C ACE = LADB.= = 


. 26d. 157, and . CAE g 4BDC=23d. 30/; and, 


from the Point of Interſection E, through B, draw a 
Line to ED to interſect the Arc ADC; join A, D, 

and D, C; then are DA, DB, DC, the required 
Diſtances. | 
Demonſtration. For the s ACE and ADE (ADB) 
ſtand on the ſame Baſe, AE, in the ſame Segment 
ADCE, and are therefore equal, by Art. 146 of our 


Geometry, Alſo the 4 EAC and 4 EDC arc equal, 


being on the ſame Bale, EC, ot the ſame Segment 
EADC. 

Calculation, In Triangle AEC are given s EAC, 
ECA, and conſequently 2. AEC; allo AC to find 


AE 232.173 Miles, Then, in A ABE will be given 


two Sides AB, AE, and contained rz d. 
ms ag er 57 ABE = 76d. 355 
| ut 


.* 


But DBC L. ABE, "bs Art. Ghi Geometry, Hence, 
in A BDC are given ZD and DBC, and eonſe- 
uently Z BCD is alſd known; alfo BC is given 
% Queſtion, whence may be found BD = 3-82 

and DC = 3.781. | 

Laſtly, in AAED are given 4s ap, an. od 
Side AE, to find AD= 4. 838. 

149. Caſe 4. When the three Objects Forts a 
Triangle, and the Station is without the Triangle. 

ExameLe. Wanting to determine the Pofition of 
a Rock, at a Diſtance from the Shore o main Land, 

by Hadlty's Octant, I took the 4. ADC = 3A d. 2 
CDB = 33 d. and, by meaſuring on an actual Suk. 
vey of the Coaſt, I found AC=2, 27 Miles, B BO=1.55 
Miles, and AB= 3.3 Miles. Hence it is required to md 
the Diſtance of —— of the 3 Places from Station IT, 

The Conſtruction is nearly the ſame as in the lalt ; 
viz, on AC deſcribe a Circle capable of containing 
an 2 ADC=54d. and on CB a Segment capable of 
containing an Z CDB of 33d. then is the Point of 
Interſection, D, the Place required. 

Calculation. Conceive the ſeveral Radn, S.. to be 
drawn as in the Figure: Ihen, in A ABC are given 
three Sides to find Z ACB = 1184. 17: And, for 
the Reaſon ſhewn in the laſt Caſe, in the right. 'Ld 
A CEF are given EC = Half AC=1.135, and . 


5 


Pl. VI. 
Fig. 1. 


Pl. 


| EFC=z ADC=54 4. to find the Radius FC. 40%. 


Alſo, in the right- 4 A CHG are given CH = = Half 
CB = 0.775, "and 4 CGH = 4 CDB = 3300 40 
find the Radius GC = 1.423. 


| Now, the Z. ECF - =90 d. EEC 544. S364. 5 


and 42 GCH =90 d. — 4 CGH 33 d. = 7s got 

LACB118d. 2 7 1h 36 d. — L GCH 

= 4FCG= 254: 17. Hence, inthe A FC Ao 

given che two Sides , GC, 8 FCG, 

to find ZFGC= 55 d. 335 and 4 GFC 7 bh 

Now, in the right- . & Gl C are gtv Even 8555 

1IGC (FGC) to find IC = 1.38, vhich, As, 

gives DC = 7 564 - "i, LGB being = twice 
4. 


0 4 


8 


 Longumetry, 
CGH =66d. and CG being = twice 4 CGI 
= twice 75 d. 33 = 151d. 1&, the 4 DGB=360d. 
— 2 CGB 66d. — £CGD 151d. 16 = 142d. 44 
Hence, Sum of the s GDB and GBD=180d. — 
DGB 142 d. 44 = 37 d. 16. But s GDB and 


. . GBD are =; . each = Half of 37 d. 16 = 18d. 387. 


- EY — _ 3 


. » 
= 
b 1 
| F 
l N 
= 
= 
=. 
— 
Load 
5 
E 
0 
1 
5 
2 
j = 
= 
RE”. 
3% 
IF 
1 
= 
Es” 
- 
» 3 
ſn - 
\ 78 
| = 
U 
= 
N 
193 
* 
| = 
* 
Fs 
= 
F 
N 
COL 
= o 
——_ 
| bn 
„* = 
* = 
"- . 
oo l 
0 
8 
RT] 4 
— 
= [ 
pl bf = 
—_— 
Cor 
* = 
Z M7 
= +. 
4 l = 
8 
2 
_ © 
—_—_ 
== 
* 
* 
of 
* 
3 
1 
= 
wall 
- 
_ 
"Nh 


„ 9 


Rn R k l _ * 0 N LY SI il = \ = R LAY - 
. 6 i N F 
T 


I 


Fa Axa 9 


** 7 8 


e ORE N _ \ 
1 = : 1 - * l 
broad & won ol Hom Foy; 
1 4 FAR a Ss ILSS 


R 
e 7 A N = L „ wb \ N 
© * ts =_ U L 


F 
Feen 
en, 


+. 


e 3 1 go 
—— = 7 ; 0 
6 _ g Wy 4 Fi % 
„ Eh 
\ _ Ch — 6 — — 1 "TI ay + o_ 


Now, in A DGB we have, As S. Z B 18 d. 38': 
; wy (GC) 1.423 :: S. DGB 142d. 44: DB = 
4 the ſame Manner, AFD may be found = 
360d. —, L AFC 108d, — 4 CFD 138 d. 20/ = 
3d. 40, and 180d, — AFD = Sum of the 4s 
FAD and FDA, which, being equal, will each be 
= Half chat Sum, viz. 43 d. 10“: in A AFD 
we have, /aftly, As S. ADF 43d. 100: AF (FC) 
22 8. C. AFD: AD = 2:0479. 1 1 
| 9 3 
150. Conſtruction. Make 1EBA= L ADE gad. 
and 4. BAE = L EDB = 33d. Then, through 
the Points A, B, and the Interſection E, deſcribe a 
Circle AEBDA ; through E, C, draw EC and pro- 
duce it to interſect the Circle at D; join AD, BD; 
then will the Diſtances AD, CD, BD, be thoſe re- 
quired. For Zs BAE and BDE, ſtanding on the 
ame Baſe, BE, in the ſame Segment BDAE, are 
equal, and alſo s ABE and ADE, ſtanding on the 
33 AE, in the ſame Segment ADBE, are 
equa : BE 
5 8 Firſt, in A ABC are given three 
Sides to find Z BAC g 24d. 26. Now, in A AEB 
are given 4 BAE = 33d. 4 ABE = 54 d. and / 
AEB = 934d. and Side AB = 3.3 to find the Sides 
AE = 2.674 and BE = 1.8, Then, in A ACE 
will be given the two Sides AE and AC 2.27, and 
their contained . EAC = 4 BAE 33d, — 4 BAC 
24 d. 26' = 8d. 34, to find AEC = 38 d. 19“. 
Again, in A AED are given AE = 2.674, 4. 
AED = 38d. 19%, ADE 54d. and conſequent- 
ly DAE = 879. 41” to find AD = 2,049. Then 


Longimetry. 
2 ADE 54 d. + £4 AEC 38 d. 197 = 92d. 1, 
and 180d. — 92 d. of = . a4" = ＋ DAB. 
But LEAD 87d. 41 — LEAC 8d. 34 QCAD 
= 79d. /. Hence, in A ACC are give uy 
2.27, . ADC = 54d. and CAD = = 79 8 
find CE 2.755; * 

Laſtly, £ AEB 93d. — 4 AEC 38 d. 1918 7 
DEB = 54d. 41/7; Hence, in A DEB are given 
EB = 1.8, . DEB = 54 d. 41, and 4 EDB = 
33d. co find BD = 2.696. 

Vi. B. In this Method of conſtructing, when the 

4. BDC is leſs than the 4 BAC, the Point C vill be 
above the Point E; but the Calculation will be ſo 
exactly like the above as to require no particular Ex- 
planation. When the Points E and C happen tp 
fall too near together to produce EC towards D with 
Certainty, the firſt Method of Conſtruction will be 
more accurate. 

151. Caſe 5. When the Point D, or our Station, 
falls without the A ABC, but the Point C falls 
towards D. 

ExAMPLE. Let A, B, C, repreſent three Dae 
whoſe Diſtances from each other are known: Via. 
AB = 3.3 Miles, AC = 2,27-Miles, and BC = 
1.55 Miles. On another Tower, D, , took the 4 
Ab C = 34 d. and Z BDC = 17 d. 30“. It is re- 

quired to find the Diſtance of the Tower D from 
each of the other Towers, 

Conſtruction. On AC and BC deſcribe Segments 
of Circles capable of containing Angles of 34 d. and 

17 d. 30“ reſpectively; then will the Place of their 
Interſection, D, be the Point reguireds: as in the laſt 
Caſe. 5 
I he 13 muſt, * this Time, be able to ſolve 
the common Caſes of Plane Trigonometry, and there- 
fore we may now ſave ourſelves the Trouble of com- 
Faun the Numbers, it being ſufficient, for the 
Future, only to explain the Method of Solution, 
roving the actual Computation for bis own Exerciſe. 


Method 


mb. 
— 
= 


78 Tonpimerry. 
Method of Calculation. Conceive the ſeveral Radii, 
Ec. to be drawn as in the Figure: Then find the 
4 ACB, the Radii GC, and FC, as ſhewn in the 
laſt Caſe. Alſo the s FGC and GFC, alſo CD. 
Now the L CGB is = twice the Z CDB by the 
Conſtruction ; alſo the CG D = twice the CGI 
(CGF) CG being = GD, and therefore the A CGD 
Iſoſceles. But, by the Figure, BGC + £CGD= 
4 BGD; and therefore, as the A BOD is I ſoſceles, 


the 4. GBD 4.GDB, and each to. BGD 


Hence, by Trigonometty, BD may be found, by 
ſaying, As S. . DBG: GD :: S. Z BGD : BD. In 
like Manner AD may be found. We have been but 
ſhort in explaining this, becauſe, if the Learner un- 
derſtands — laſt Caſe, what 1 Is here ſaid will be ſuf- 
ficient. 


— — —— — 


Otberwiſe tbus. 5 

152. This Caſe may be conſtructed exactly like 
the ſecond Method 3 in the laſt Caſe, an then 
the Calculation will be as follows. 

pl. VI. Firſt, in the A ABC are given the three Sides 
Fig. 6, to find the Angle BAC, 

Secondly, in the A AEB are given AB and 2s 
EAB, EBA, and conſequently the C AEB, to find 
AE and EB. 

Thirdly, in the A ACE are now given AE, AC, 
and the contained EAC, (SLBACT LEAB, 
to find the 4 AEC. 

Fourthly, in the A ADE are given AE, L AED, 
(AEC, ) and 4 ADE, to find AD. 

Fifthly, in the A AED, the Zs AED and ADE 
being known, the 4 EAD i is alſo known, Burt the 
LEAD — LEAC L CAD. Hence, in the A 
CAD are given AC, and 2s CAD, ADC, to find 

| -DC. 
Slirxthly and laſtly, the 4 AEB — 4 AEC = 
DEB. Hence, in the ADEB are given EB, 8 
DEB, and EDB, to find BD. 
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153. Scbolium. This Caſe is ſo much like the 
laſt, that perhaps ſome of our more learned Readers 


may think we might have contented ourſelves with 
the fourth Caſe only; but, as we are writing an In- 


troduction, it feems more excuſable to ſay rather too 


much than too little. | 


164. Caſe 6, When the Station falls within the 


Triangle made by the given Objects. 

 ExamPLE.. Let A, B, C, repreſent three Towers, 
whoſe. Diſtance from each other is known: And, 
wanting to find the Diſtance from another Tower, D, 
to each of theſe Towers, I took the Angle ADC = 
116 d. 4 BDC = 110d. and, to prove the Truth 
of theſe Angles, I alſo took the 4 ADB = 134d. 
which, together, making 360d. or a whole Circle, 
proves them to have been accurately taken. 


Canſtruction. On two of the given Sides deſcribe 


Segments of Circles capable of containing the given 
Angles. For Example. On AC a Segment to 
contain an Angle of 116 d. and on AB one to con- 


tain an Angle of 134 d. Then will the Point of In- 


terſection, D, be manifeſtly the Place required. 
Calculation. Let F and G be the Centers of the 


two Circles whole Segments are deſcribed, and let 


GH be drawn 1 to AC, and FE L to AB, and join 
F, G; alſo concetve-the Radu to be drawn as in the 
Fign. e | 

Firft, in the A ABC are given the three Sides to 


find the 4 CAB. 


Secondly, conceive, in your Mind, the Circle of 
which the Arc ADC is a Part to be completed, and 


that Lines bedrawn from the Points A and C to any 


Point in the oppoſite Segment, ſo as to form, with 
the Lines AD, CD, a quadrilateral Figure inſcribed 


in the Circle; then the Z ADC + the Angle in the 


oppoſite Segment being 180 d. the Angle in the 


oppoſite Segment muſt be =180 d. = £ ADC. And 


+4. at the Center, viz, 4 AGH, = the Angle in 
that oppaſite Segment. Hence, in the right-angled 


Pl. VI. 
Fig. 7. 


Pl. VI. 
Fig. 8. 
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Longimetry. 
A AGH are, now given . AGH and AH = + AC 


| 0 find the Radius AG. 


Thirdly, in like Manner, the Angle A PE may be 
dawn to be = 180 — . ADB. _— in the 


right-angled A AEF are given AE = * AB, and 


- AFE, to find the Radius AF. 

F ourthly, the GAH bein = ow #4 AGH 
becomes known; and, in like Janner; the Z. FAE 
is known. Hence, 4 FAG becomes known, being 


42 ing = LGAH+4CAB-+ LFAE. Hence, in the £ 


GAF are now given the Sides AG, AF, and their 
contained . GAF, to find the Angle AGF. | 

Fifchly, for Reaſons already ſhewn -in former Ca- 
ſes, the Line G, joining the Centers G and F, di- 


vides AD in I into two equal Parts, and is perpendi- 


cular thereto : Therefore, in the right-angled A 
AGI we have now given AG and z. AGI , 45 to 


find Al, which doubled gives AD. 


Sixthly, hence, in the A ADC are now given two 
Sides; AC, AD, and 2. ADC, to find PC. 
Seventhly and laſtly, in the A CDB we have. now 


given two Sides, CD, CB, and the 2 A to find 


DB. 
Otherswiſe thus. 


155. Conſtruction. This may be done in nearly 
the fame Manner as the ſecond Method in Caſe 43 


viz, make the Angle ABE = E. ADE viz. = 180 


3 ZADCx: and: . BAE = L DDE via. = 180* 
— 4 BDC. Then deſcribe a Circle through the 
three Points A, B, E, and join E, C, by the Line 
EC; then will the Point D, where the Line EC in- 
terſects the Circle EADBE, be the Place of the 16+ 
quired: Station. 

Demonſtration. F or, by the Conſtruction, the 
Angles ABE,: ADE, are in the ſame Segment, 
ADBE, and ſtand on the ſame Chord AE, and theres 


fore muſt be equal, by Art. 146 of our Geometry: 
Alſo the Angles BAE, BDE, are equal to each other, 


| being on the ſame BE, and * ſame 1 2 
{> B AE 


=» % 6 a. 0 OWE 


BDAE. But the Angles ADE, BDE, are Supple- 
ments of the Angles ADC, BDC; and the Angles 
ABE, BAE, were made equal to theſe Supplements in 


the Conſtruction; . the Point D is manifeſtly that 


required, 


Calculation. Firſt, in the A ABC are given the 


three Sides to find the Angles A and C. 


Secondly, in the A AEB are given AB and all 


the Angles to find AE. 


Thirdly, in the A CAE are now given CA, AE, 


and contained Angle CAE, = £CAB+ZBAE, to 


find the Angle ACE. | = | 
Fourthly, In the A ADC are now given AC, and 
Angles, to find the required Diſtances AD and DC. 


Fifchly and laſtly, in the A CDB are now given 
BC, DC, and their contained Angle DCB, = 4 ACB 


— Z2 ACD, to find DB, the laſt required Diſtance, 


156. Propaſition-6. Given, the Diſtance of two 


Objects, A, B, and the Angles ADB, BDC, BCA, 
ACD, to find the Diſtance of the two Stations, D, C, 
from the Objects, A, B. 1 


Pl. VI. 
Fig. 10. 


Conſtrutlion. Draw DC any convenient Length, 


at Pleaſure, and make the Zs ADB, BDC, BCA, 
ACD, = the given Angles; and join the Points of 
Interſection by the Line AB; Then, if AB be made 


on the Sector = the given Length, DC, DA, &c. 


may be meaſured on the Sector, 


157. A Sector is generally given in a Caſe of 


Pocket-Inſtruments, and is a very valuable Inſtru- 


ment; bur, as its Deſcription and Uſe would take 
up more Room than we can ſpare in this Place, we 


muſt defer its Deſcription, Sc. till ſome other 
portunity : And, therefore, for the Sake of ſuch as 


are not acquainted with the Uſe of a Sector, it is 


neceſſary to give another Conſtruction, viz. 


Make de = any Number, at Pleaſure, and make 


the Angles dc, adc, acd, bca, reſpectively, = the gi- 
ven Angles BDC, ADC, ACD, BCA, and join a, 5; 
then it is plain this Figure muſt be ſimilar to that re- 
| 3 5 M quired: 
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82. Longimetry. 
| . Therefore, having drawn AB = the given. 
' Diſtance, make the Angle ABC = L abc, and 4 
BAC = L. bac; allo the s BAD, ABD, reſpective- 
ly, = the. Angles bad, abd; then will the Points of 
Interſection, D, C, be choſe required. Join D, C. 
Calculation. In the H ade are given dc = the aſ. 
ſumed Number, the Angle ade = adb. + bac, and 
Angle acd, and conſequently | the remaining Angle 
dac, to find ad, ac. 
In like Manner, in the A ba, are given the three 
Angles and the Side dc to find db, bc. 
Now, in the A adb are given the two Sides 2d, 34, 
and contained Angle adb, to find ab. Hence, by 
the Nature of ſimilar Fi ures, we Muy. As ab : AB 
e 15 * „„ . 1 
+BY, _ 1 BC... 
Pope * tion 7. Given, the Diſtances Xn 
PI, VI. Ob Ns A „B, C, trom each other, the 25 ape 
OL CDE, CED, and CEB, to find the Sides AD, DC, 
| DE, EC, and EB. 
Conflrudion. Aſſume any Line, de, at Pleaſure ;; 
PI. VI. make the Angle cde= 4 CDE, and Angle ced = . 
, CE; alſo the Angle cda = CDA, and C wh =: 
CEB. Produce ad and be to interſect each ether, 
at f, and join . 

Then, it is manifeſt, the Figures s cdſe, CDF, are 
ſimilar. Therefore, on AC deſcribe a Segment of a 
Circle capable of containing an Z AFC g L. afc; 
and on CB a Segment capable of containing an An- 
gle CFB = 4 «fb. From the Point of Interſection, 
F, draw FA, FB, FC. Make the Angle FCD = . 


| fed, and FCE = A. Fez... which completes the 
Conſtruction, 


Calculation. Aſſume de = any Number; chen, i in 


the & def are given de, L ſde = 180” — the Sum of 
the Angles ade, cde, and £4 def = 180% — the Sum 


of the Cs bec, ced, and conſequently the remaining 
L dfe, to find df and fe. Alſo, in the A ace, the 
Angles and Side de are given, to find the Sides dc 


and 


Gs © YE WY PU @&, 


Den 


and ce. Hence, in the A def are now ue df, 


and contained C. cdf, to find £ dfc. Hence, allo, 
L cfe becomes known, being = £ dfe — - £-dfc.” We 


| ws now given AC and. Angle AFC, alſo BC and 


Angle BFC, which reduces the Problem now to the 


ſame as Prop. 5» Caſe 4, by which may be found 
FC, FB: Then, by 1 —_ Jes? As 


cd :: PC: CD; and as fe : ce :: CE. 
"Noa in the A ACD are given AC, DC, and 5 


ADC, to find AD. 


Laſtly; in the A CBE are given CB, CE, card 
Rage BEC, to find BEE. 

Scbollum. This Solution fails“ en AD 

is Pale to BC; or, which is the ſame, when 

the Angle ADE ＋ BED is = 180% For, in ſuch 


Caſe, from the Nature of Parallels, AD and BE, 


produced, could never meet. For which Reaſon, it 
may be proper to give another. Method of Solution. 
Conſtruction. Having deſcribed the Segments 


ADC, BEC, to contain the given Angles AD Pl. VI. 


and BEC, reſpectively, draw the Line CF to cut off Fig: 13. 


a Segment = Angle CDF, andthe Right- Line e 
to cut off a Segment = Angle CEG; then, it is ma- 


_nifeſt, the Points G, FP, muſt be in the Right-Lind 


DE: | Therefore, join G, F, and produce the Line 
each. Way till it interſects the Segments, then will 
the Points of Incerſe@tionz' D and E, be the Stations 
required. 

Calculation, Conceive the Radii and Perpendieu- 
lars drawn, as in the Figure is ſhewn by the dotted 
Lines; then, by Trigonometry, in the right- angled 
A'CIH, we 1 As S. HC (= 0 4 : 
IG ob AC) 2 IP HC. 

Secondiy, in _ right-angled A CKH, As N. 
HC: 4 KHC my Auge SN N CK. Then 
2 CK = CF. 

Thirdly, in like Manner, by he other Segment, 
. be found CG. 2 
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come known: And, the Trapezium ACFDA. being 


the ſame as above, i 


TIES Lonęgimetry. | 25 
Fourthly, the Angle ICH = 90* —4 IHC; and 
HCK O z. KHC ; then Angle ICH + 4 HCK 
= L. ACF. In like Manner, the Angle BCG be- 
comes known, being equal to the Angle MCL-+ 4 
LCN. But the Angle ACF + 4 BCG — L ACB 
= 3:4 GCF.::. 65 
Fifthly, hence, in the A GCF are now given 
GC, FC, and the contained Angle GCF, to find the 
other Angles, Hence, the Angles CGD, CFE, be- 


na Circle, the Angle DAC+ E DFC = 1809, and 
conſequently Angle DAC = 180% — DFC. In 


like Manner the Angle EBC becomes known. 


Sixthly, hence, in the A DAC we have now gi- 
ven AC, and Angles, to find DC and D. 
Seventhly, in like Manner, in the A EBC are 
given BC, and the Angles, to find EC and EB. 
Eighthly and laſtly, in the A DCE are now given 
DC, EC, and all the Angles, to find DE; and ſo 
the Problem will be completely ſolved. | 
160. Scholium, From this Conſtruction it ap- 
ears, that, when the Points G and F coincide, the 
ropolition is indeterminate; as, in ſuch Caſe, the 
Line DE may be drawn in any Direction. 
On my communicating this Problem to a Friend, 
he brought me a Solution nearly the ſame, in Sub- 


ſtance, as the. ſecond Method here given. 


101. If Room would have permitted in the Plate, I 
intended to have given other Methods of Solution. 
Would Room admit, I might alſo have added ſeve- 
ral other Problems ; but theſe are ſufficient to mw 

Ban the 


If the Truth of this Equation ſhould not be ſufficiently 


plain, it may be ſhewn thus: 


For the . AcG 4GCF = 4 ACF | 
And BCF + ZGCF = 4 BCG 55 


Sum ACG T 4 BCF+24 GCF= ZACF+4BCG: 
But ZACG+ Z BCF+ £GCF=ZACB, 


By Subtraction, the 4 GCF = 4 ACF+ 4BCG—AZACB, 


Longimetry. | | 
the great Uſefulneſs of Trigonometry in taking 
Heights and Diſtances of Places, and in ſurveying ot 
Counties, Sea-Coaſts, and Harbours; and, if the 
young Student will make himſelf Maſter of theſe, it 
may be ſuppoſed he will not meet with any Difficul- 
ties, in real Practice, which he cannot readily over- 
come, as very few of our Surveyors even take the 
Pains to underſtand thus much. However, we|mpy 
perhaps, hereafter, take another Opportunity tb ad 
ſome more Problems, either in our intended Tieatiſ 
of Surveying, or in a Treatiſe to be entitled 7 
metrical Eſſays. In which, if Time, Health, an 
Encouragement permit, IJ propoſe to ſhew, firſt, A 
Method of conſtructing Tables of natural and artifi - 
cial Sines and Tangents, c. with the Conſtruction 
of Scales of Sines, Tangents, Sc. as hinted at in 
Art. 26 of this Eſſay. Secondly, The Conſtructio 
and Uſe of the Sector, c. Thirdly, The Meth 
of ſolving Triangles, independent of Tables or In- 
ſtruments. Fourthly, The algebraical and geome- 
trical Solutions to a Variety of Queſtions; with the 
Method of deducing geometrical Conſtructions from 
algebraical Solutions, &c. VVV 
162. Agreeable to our Promiſe, in Page 12, we 
Al conclude this Eſſay with the following uſeful: 
ably, © '- „ | 
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W # - 
n 


Tang. |Co-Tan. | Sec. Co- Sec. ö MID | 
\ oo Infinite. 1.0c0 Tafnite, 0090 
7 -0003 | 3438. 1.000 3438-— ũ | 
: .0029 | 343-8 panel 345-0 50] 
1 . 0058 [171.9 I. O00 171.9 c 
a oo np, . oo 114.6 29 
5 0116 85:94 . 0 85.95 200 
3 1442 68. LI. oo 68. 70. zo | 
; |-or74 | 57-29 [1.000 37-30 | off 
"A 0203 49.10 1.000) 49-11 50 4 
F 0233} 42:95 [1.000] 42:97 40 
= [0262 | _ 38.18 [1-000] 38.20 130] 
. 229 26 „ef 38 . | 
Ef .0320 | 31.24 | 1.000 31.26 [10 * 
1 4 [-0349 | 28.64 [1.000] 28.65 [088 
F. .0378 | 26.43 [l. oo 26.45 150 
4 .0407 | 24:54 [1.000] 24.56 fo 
= 0437 22 90 | 1-000] 22:92 30 
5 1.0466 21-47 [1.001] 21.49 [2c 
0 0495 | 20.21 [1,001] 20.23 [0 
5 .0524 19.08 [1.001] 19-11 | of87| 
4 0553 18.07 [1.001] 18.10 50 
= 0582 17-17 [1.002] 17. 20 0 
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Natural-Sines, Tangents, and Secants. 
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4383 
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Natural-Sines, Tangents, and Secants. 


— 


M. 


Sine. 


(Coſines 


Tang. 


| 


407 
4094 
4120 
4147 


[-4173 


4200 


9123 
9112 
9100 
9087 
-907 3 


| 
[-9135 
| 


+4452 
4487 
4522 
4557 
4592 
4028 


2.246 
2.228 
2.213 
2.194 


2.177 
2.161 


Co-'Ta.\Secants 


895 
090 


097 


100 
102 


2-453 


#:443 
2.427 
2.411 
2.396 
2.381 


| 
Co-Se. u. 


4220 


425 2 


1940/9 


4305 
4331 
35 


|-4354 


4410 
4436 


14402 
4.44858 


4 
43540 
-4505 
439% 
4017 


5004043 
4609 J.8843 


9003 
9051 
9038 
9020 
9913 
9901 
Pee 
8975 
8962 
8949 
8930 
8923 
8910 
8 197 
8883 
8870 
8856 


+4031 
4698 
4744 
4770 
4805 
4841 


2.144 
2.128 


2.112 
2.090 
2.081 
2.065 


I 
I 
I 
1.099 
l 
I 
1,103 
1.105 
1.106 
1.108 


1. 109 
1.111 


2.366 


2˙337 
2.323 
2.309 
5.294 


. 


4877 
4913 

4950 
.4930 
5022 


2.050 
2.035 
2.020 
2.006 


1.991 


:5c58 11.977 


1.113 
1.114 
1.116 
1.117 
1.119 


1.120 


2.281 
2.268 


2.254 


2.241 
2.228 


395 
5122 
5 169 
5200 
5243 
5280 


095 
4720 


44740 


4771 
4797 


1.4821 


4848 
4873 
499 


4949 


Coſine. 


4924 


8829 
8810 
. 8802 
8788 


8774 
8760 


8417 
5354 
5392 


5429 [„. 


874 
8732 
8718 
8703 
8689 


8660 


108675 |. 
500 


Sine. Co-Ta * 


1.122 
1-124 
1.120 
1.127 
1.129 
0.431 
1142 
1.134 
1.136 
1.138 
1.139 
1.141 


2. 203 
190 
478 
166 


2.154 
2.142 


2.130 


2.118 
2.107 
2.096 
2.084 
2.073 


2.215 


1143 
1.145 
1.147 


1.149 
1.151 


1.153 
1.155 


2.003 
2.05 2 
2.041 
2.030 
2.020 
2.010 


2.000 


Co-SE, 


Secant. 
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Natural. Sines, 7 angents, and Secants, 


D. 


.| Sines, 


Coline:|Tang, 


30 


5 000 
5025 
+5050 
5075 
5 100 
5 125 


55600 
8645 
8631 
8616 
8601 
8586 


5771 
5812 
5851 
5890 
59390 
-5909 


5150 
5175 


3225 
3249 


2221. 


5 200 


8556 


85 26 
8511 
8496 


8572 


8541 


6048 
6088 
6128 
6168 
6208 


6008 


Co- Ta. 


1.732 
1.720 
1.709 
1.698 
1.686 
1.675 
1.004 
1 053 
1.042 
1.632 


1.641 . 


0,611 


Co-Se, 


1.990 
1.980 
1.970 
1. 90¹ 
1.951 


2.000 


1 923 
+934 
1.995 
1.896 


1.942 
1.932 


5299 
5324 
5348 


5397 


3773 


8465 
8449 


8434 
8418 


8480 


-8402 


.6289 
6330 


6371 
6412 


0248 


1.600 
1.590 
1.5 80 
1.570 
1.559 


648 


1.887 
1.878 
1.870 
1.861 
1.853 
1.844 


8387 
8371 
8355 
8339 
8323 


+5508 8306 


6494 
6535 


6577 
6619 


6661 
6703 


1.5 40 
1.530 
1.520 
1.511 
1.501 


1.836 
1.828 
1.820 
1.812 


1.804 


1-796 


8274 
8258 


8241 


8225 


8208 


8290 


6787 


6873 
6916 
6958 


6745 
6830 
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6 |.8191 


8175 

8158 
8141 
8124 
8107 


3 |.8090 


7 002 
7045 
7089 
7133 
72177 


——_—. 


.7265 


7221 1. 


Sine. 
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Natural-Sines, Taygents, and Secants. 


| D.] M.] Sines. Co ne: Tang Co- Ta. Secants Co- ſec.¶ M. D. 
36| © 5878 809 |.7265 [1.370 [1-236 [1.701 | © [54 
1c|-5g01 |.8073 [7310 [1.368 [1.239 11.694 [50 
| 29145925 89567355 [1-359 [1-241 1.688 [40 
39|-5948 [8038 |.7400 [1.35! [1.244 [1.681 130 
491-5971 |-8021 |.7445 [1.343 [1-247 [1-674 [0 

500.5995 |.8004 7499 [1-335 [1-249 1.658 [lo | 
37] 0[-6018 [.79.0 [-7535 [1-347 [1-252 [1.662 | © 53 
| 10]-6041 [-7969 [+7581 [1.319 [1.255 [1.655 [50 
200.6064 |-7951 [|-7627 [1,311 [1.258 [1.649 [40 
3o|,6083 |.7933 [+7673 | 1-303 [1-260 [1.643 [30 
40|.6111 |.-7916 [-7719 [1-295 [1-263 [1.636 [zo 
col.6134 1.7898 [.7766 [1.287 11.266 [1.630 flo 
"33 ol-6157 [7880 |.7813 [1.280 1.209 11.624 | o |52 
10.6179 [|-7862 |.7860 [1.272 [1-272 [1.618 [co | 
| 200.6202 |.7844 |.7907 [1.265 [1-375 [1.612 [40 
300.6225 7820 |-7954 [1-257 [1-278 1.606 30 
400.6248 7808 . 80 [1.249 [1.281 [1.600 [20 
50|-6270 [7900 . 8090 [1.242 [1.284 [1.595 1 
35 91-6293 7771 8098 [1.235 [1-287 589 | o [51 
101.6316 |.7753 [-8146 [1-227 [1-290 [1.553 j5o | 
300.6338 [47735 |-8195 [1.220 [1-293 [1.578 40 
300.6361 |-7716 |-8243 [1.213 [1-296 [1.572 [30 
400.6383 |-7093 [8292 [1.206 [1.299 [1.567 zo 
gol .6405 |-7079 [8341 (19 [1.302 [1 561i io 
4. 90.6428 [7000 38391 [1.192 [1.305 [1.556 | o 50 
410.6450 [-7642 |-8441 [1.185 [1.309 [1.550 50 
20 6472 7623 8491 1-178 1312 1 545 40 
30 6494 7604 8541 1.171 1315 1.540 30 
40.6516 7585 [859 [1,164 [1.3'8 [1.534 20 
50 6539 +7566 1.8642 [1.157 [1.322 [1.529 [lo 
— — — — — — 
41 9.6560 7547 |-8693 [1150132515240 [49 
I | 1o[.$582 [7528 [8744 [1.143 [1-328 [1.519 [50 
| | 20|-6604 [+7509 [-8/95 [1.137 [1-332,]1-514 [40 
| | 30.6620 |.7489 |-8847 [1.130 [1-335 [1-509 [30] 
49-6648 [-7479 8899 [1-124 [1-339 | 1-504 [20 
i 50 6670 . 6670 l. 8951 1117 1.342 [1.499 [10 | _ 
41 60|.60g1 7431 [-y004 [1-111 1.346 [1.494 _o [48 | 
Coſine. Sine. Co-Ta Tang. Co-ſec.[3ecant, 
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VNMoatural. Sines, 7 angents, and Secants. 
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Cofines. 


Tang. Per. 


A * 


D. 


9.5597 
10.67 13 
20.6734 


7431 
7412 
7392 
7373 
73353 
223 


9046 
9057 

9020 
9163 
9217 
9271 


1111 
1.104 


1.098 | : 


1.091 


1.085 [i. 
1.079 [I. 


7313 
7294 
1 
7254 
7234 
7213 


9325 


1-9380 


9434 
9490 
9545 
9601 


11.072 


1.066 
1.060 
1.054 
1.048 
1.041 


1.494 
1.490 
1.485 
1.480 
1-475 
1.471 
1.466 
1.462 
1-457 
1.453 
1.448 
1.444 


bo 


30 


lo 


40 


420 


44 


7193 


7 [7173 


7153 
7132 
7112 


: 7092 


71 . 07 


957 
29723 
9770 
9827 
9884 


1. ooo 


2942 | 1.006 


1.035 
1.029 


1.023 
1.018 
1.012 


1.439 
1-435 
1.431 
1.427 
1.422 
1.418 


. 


ſo 
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ADVERTISEMENTS. 


The follo wing Maps, Ac. publiſhed by the Anthor, are fold by Mr. © 


1. A May of the Country Eleven Miles round BRIsT oH; 
made from an actual Survey, by B. DONN. Price Ten Shil- 


lings and 


Sixpence, in Sheets ; or Sixteen Shillings and Six- 
pence, fitted up on Canvaſs, with Rollers, and coloured. 


2. APLan of the City of BxysToL, by B. DONN. Price 
One Shilling and Sixpence. bh : 
„„ The AuTwor's Map of the County of Devon (which 


Obtained the Premium of One Hundred Pounds of the Society. 


pr ARTS, Cc. ) is fold at EXETER, 


94 J 


dhe following BOOKS, wwritten by B. DONN, are fold 35 
- LAW, in Ave-Maria-Late, and J. JOHNSON, bs 
. Paul” s-ChHurcn-YarD, LONDON. 


b Wks on 1 An1THMETIC, Vulgar and Decimal ; con- 
taining not only the practical Rules, ; an alſo the Reaſons and 
Demonſtrations of them. Price Six Shillings, bound. 

2. Thy AccounTarT; containing Eſſays on Book- keeping 
by Double Entry; illuſtrated in Five Sets of Books; wiz. 
I. A Wholeſale Trade. II. Foreign or Merchants Accounts. 
III. Retail Shop-keeper. IV. Stewards Accounts. V. Wi/t- 
Indi: Factorage. Price Four Shillings, bound. 
3. The GeomeTRICIAan; containing Effays on Logarithms, 
Geometry, and Trigonometry, Price Six Shillings, bound. 

»- Thz BIT IsHn MARINEE's AssLSsT ANT; containing 40 
Tables, adapted to the ſeveral Purpoſes of FPrigonometry and 
Navigation. To which are prefixed, An FEssav on LOoGA- 
KITHMs, and NAVIGATION EPITOMIZED. Price 6s, | 

5. An Eritowe of Natural and Experimental Philoſophy, 
including Geography, with the Uſe of the Grares (being an 
Abridgement of his Lectures on theſe Subjects). Price TWẽ ́ 
Shillings and Sixpence, ſtitched. | 

6. An ESA on CiRCULATING or InyixITe Dncrnals. 2 
Price 1s. in Sheets, Printed of a proper Size to be bound up 
with the Hays on Arithmetic or Book- Keeping. 
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Mr. DONN has al publiſhed the following 1 NSTRUMENTS, F 
which are ſold by Mr. jJounson ; alſo by Mr. Sa VER, Print- 1 
Seller, in Flect- ſtreet, aud Mr. Wine, Mathematical- Inſiru- : 
mont - Taker, in the Strand. 4 
1. The Variation and Tide ingrument improved. Price | 

Two Shillings. | 


2. The Lunar and Tide Inſtrument. Price Two Shillings. 4 
. The Panorganon, for ſolving the uſual Problems of the 
Terreſtrial Globe. Price Six Shillings, coloured. 
The improved Analemma, for ſolving the Problems of the 
Celeſtial Globe. Price Three Shillings and Sixpence. 
The Uſe of theſe four Infiruments is publiſhed, and may be had 
with the Inj|ruments. Price Sixpence. 
5. The Nautical Pocket-Piece. Price Sixpence, 
6. The Navigation-Scale improved, (Price Five Shillings,) 
with the Pamphlet of its Uſe, 


This laft Inflrument is fold by Megrs. Avans, Hrarh and 
WING, Lixcoun, MarTin, NAIRXE, WATKINS, and WHlTs» 
FORD, Maihemati cal. J efirunent-Makerys 
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Note, The numeral Letters denote the Eays; 
thus, thoſe Articles, which have I. prefixed, are 
in Eſay I. or Efſay on Logarithms: II. Are in 
that on Geometry: III. In the laſt, or Eay on 
Trigonometry, 


— 


A Art. 


ALERT. what CAltimelria, Ca” — JI, 166 


Angle, rectilineal, what | — . 
— right, What kꝛ⸗wñ P — I. 17 
— obtuſe, what — —— — II. 15 

acute, what | NE On 
Arithmetical Complement of a Logarithm, what 1. 
Axioms, geometrical — — Ih 4. 
B | 
Baſe of a Triangle, what — — III. "29 
Binomial Logarithm, what — — — 1I. 20 
C 


Characteriſtic of Logarithms, what — — — I. 18 


Chord (y020n, a String) | — — — III. 5 


Characters, geometrical — —— 11. 

Compaſſes, how to chooſe, — — II. 219 
| D 

Decages, what (Fines, ten, 4 vori, an Angle) — II. 268 

Degree, what — — — — II. 217 

Diameter of a Circle, what — — AI. 20 


— I. 


Hiviſion, by Logarithms 39 
Dodlecagon, what (inn, twelve, and varia, an Angle) II. 208 


E 


IN DBE X. 


1 | | 
| Endicagen, what (L, din, eleven, and yu, an Angle) II. 
Enneagon, what (irviay nine, and ua, an Angle) II. 
Evolution, 8 What — — I. 
Exponent of Logarithms, What — I. 


| | F 
Fillewſpip, by Logarithms — __ I, 
8 
m 


Geometry, what (yropereia, from 5, the Earth, and 
li ręor, a Meaſure) — — — 1˖ͤ1̃. 


— — theoretical, what — — II. 
practical, what — — JI, 
plane, what — — — — II. 
ſolid, what — — 2 II. 

Gnoron, relating to Parallelograms, what — II. 

Galden- Rule, by Logarithms — — I. 

Gunter Scale — — — — — . : 

H : 


| " Heptagon, what (in, ſeven, and ya, an Angle) — II. 
Hexagon, What (i, fix, and yu, an Angle) — II. 


Hypethenuſe of a Triangle, what (imerinvos) —— III. 


| . 
Index of Logarithms, what | — — ww [, 
Intoreſt, ſimple, by Logarithms — — I, 


—— compound, by Logarithms — D“ — J. 
Iavolution, by Logarithms — — 1. 5 
Line, in Geometry, What — — TI. 
—— right, what | —— 2 — II. 
Lines, parallel. What nnn, — II. 
Legarithms, what — 1 
— applied to eirculating Dei — I. 

| Longimutry, what (longus, Latin, and ergo, Gr.) 111. 

| „ i, | 
Minute, in Geometry, what —— —— JL, 
Multiplication, by Logarithms — — 1. 


N 


Navigation-Scale — — — Il. 


Art; 
268 
268 
61 
18 


F 


dd. 


.1N D Kk 2 5 


| * =. s Art. 
Obligue Triangles, wat — 1II. 6 
Oblong, what — m—_ ws. ww 1 os 
P arallelogram, what — — II, 


| Ty 97 
Pentagon, what (irre, five, and y, aft Angle) — II. 268 
Perpendicular of a Triangle, what — —— III. 


29 

Point, geometrical, what —— — II. 6 
Palygon, what (wo>dg, many, and 5% ; an Angle) — II. 268 
Poſtulates, geometrical ——— — II. 4 
Proportion, Definition concerning from II. 152 to 176 
Axioms concerning from II. 177 to 186 
Proportional, geometrical mean, what II. 210 
Quadrant, Conſtruction of ß — —— III. 106 

Ps 

Radii of a Circle, what —— —— 1. 18 
EKedtangle, what — — — II. 35 
N bombus, what —— —— II. 36 


Ruler, to proveññ?7“ — — — II. 220 
8 


Scale of Chords, Sines, c. — — I, 


2 
equal Parts — — 1II. 5 
Sector, of a Circle, what — — _ — II. 132 
Segment, of à Circle, what —— — II. 23 
Sine, what | — — II. 4 
Solder, for cementing Steel to Braſs, Qc. — I. 219 
Square, what — — — II. 34 
Super ficies, what — J, 10 
plane, what 7 IE II, 12 

Surface, what — - — — II. 11 
Tangent, what Tangens, Lat.) — — — JI. 7 
Trapexiums, what — | — I. 39 
Triangle, equilateral, what — — — II. 28 
I ſoſceles, what — — — II. 29 
—— Scalene, what — — II. 30 
—— right-angled, what —— — II. 31 
—— obtuſe, what — 11. 36 
| - acute, what — — — — II. 33 
Trigonometry, (r. a Triangle, and iu, to meaſure) III. 1 


V 


Venſed Sine, what (Sinus verſus, Lat.) — — — III. 6 


Y 1 1&4 
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ER RAT A. 
In the on Logarithma, 

In the Title-page, for Wo/fus r. Wolßi. 
P. 26, 1, 10. 6. for 1 1 27 8 | | 
| 5 n the Eſſay on Qiomotry. | 
P. 6. I. 7.6, for and r. a, P. 23. |. 11. in the Margin, add Fig. 8 and 9. 
P. 28. I. 2 4. ſor & rr. r. x, rr. P. 29. 1. 1. 6. ſor IK r. IH; and l. 4. 4 
for IK r, IH ; ſame Page, in the Note, for — . r. — an — m2. P. 30. 
Ls. fox HD r. HDB. PF. 33. I. 9. for DEF r. DEH. P. 34. I. 2. in the 

argin, for 58 r. 92. P. 35. l 11, for BF r. BK. P. 37. J. 11. for AB r, 
AD, P. 42. I. 4. 6. to ſaid Z DBA make a Reference, 147, P. 51. the ® in 
the Note refers to Art, 111. P, 52. I, 16. for DC r. DE. P. LO I, 17. for 
BE r. BC. E. 55. I. 11. far CB r. CF. P. 6, l. 7. for Df r. DF. P. 2. 
"Ba. 1. b, for BC r. BE; and 1, 9- 6, for BD r. BE. P. 63. I. 11. 6, for Bex 
DEr. BCx DC. P. o. J. LL for FG r, FH, P, 81, J. 4J- for other 1. 
otber Ruler. P. $3. I. 2. for AEBG r. / EBG ; ibid. 1, 18, for x0 1 
£2 end ibid. I. 10, 6, for HFK r. HK F. P.86.1.8, for it r. BF, P. go, 

16, for / KBA £DEF r. ZBKA = LDEG. P. gi. I. 9. 3. for 

to it the Diameter AC r. |. to it the Diameter BD. P. 93. l. 15. for GBA 
r. GBE. P. 111. I. 3. for DE*=225 t. DC%==225; and for DC2==325, r. 
rr and for 28) 125 r. 28)215. P. 131. dele ofſo for 7642407 t. 

29.4317. | 
4 V, 7. ; ſignifies to count from the Bottom of the Page, 


4 


wn UN 
DIRECTIONS ro Tz: BINDER. 


9 ———— 


The ſeveral Parts are to be bound in the following Order, 
1. The _-_ Title and Preface, 


2: The Efay on Logarithms. 
3. = —— Geometry. 
4. ——— Trigonometry. 


The Plates which belong to the Eſſay on Geometry are to be 
thus placed. EE 


Plate l. at P eis: II. at P. 34: Hl. at P. 42: IV. at p. 66: 
1 at P. 84: VI. at P. 92: VII. at P. 106: And VIII. at 
120. | 88 0 : ; 
The ſix Plates of Trigonometry may be placed at the End. 
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Courſe of Lectures 
In Experimental Philoſophy: 
By BENJAMIN DMW. 


, —_ 1 


L 1 or MATTER ; wiz. its Diviſibility, Laws 
| of Motion, &c, — Attraction of Coheſion ; or that Qua- 


ty by which the Particles of Matter adhere to each other and 
rm larger Bodies, &c. One Lecture. | 


II. Or tries; or the Science of Viſion, &c. Tas Lefures. 


III. ELECTRIC ITI. The electrical Attraftion and Repul- 
ſion ſhewn, in a Variety of Experiments. — Its Effects on Ani- 
mals, &c. — Of the electrical Shock, Lightning, &c. — To pre- 

derve Ships, &c. Tao Lefures Ec | 


IV. MacnzTisM and GrAviTY; wiz. of the Making 
and Uſe 'of Magnets. — Of the Variation of the Compaſs. — Of 
Gravity. — Laws of falling Bodies, — Pendulums, — Expanſion 
of Metals, — To diſcover rue and fal/e Balances, One Lecture. 


V. Mecuanics ; ſhewing an eaſy Method of computing the 
Powers of all Kinds of Machines, though ever ſo much com- 
pounded, One Lecture. | 


VI. HyprosTaTicCs; or the Equilibrium and Preſſure of 
Fluids in general. One Lecture. 


VII. PxnzuMATICS ; or the Properties of Air, ſhewn by a 
Variety of Experiments on the Air and other Pumps, &c. Two 
Lectures. 8 > 


VIII. Geooraray and AsTRONOMY. The Figure of the 
Earth.—Of Latitudes and Longitudes of Places, &c. —Principal 
Phznomena of the Heavens; illuſtrating and proving the 32 

| | | ons 


100 


and the whole explained in fo clear a Manner, that, by this 
n 


at One Shilling and Si- Pence each Lecture, vis. 


General Heads of a Courſe of LeAuru. 4 
tions of the Earth, Planets, and Comets. — Cauſe of the Seaſons; 
Eclipſes, c. Four Lectures. | | 


The Experiments will be exhibited on a OI AryanaTUs, 
Courſe, Ladies and Gentlemen, without any previous Know- 


ledge of theſe Subjects, may readily underſtand the principal 
Phænomena of Nature, which have been diſcovered by the moſt 


learned Philoſophers, in ſeveral Ages. 


ApMiTTANCE to the aubol Cour ONE GUINEA. 


At Cbriſnas or Mid/ummer Vacation Mr. Dons will go to any 
Town (not more than thirty Miles diſtant from Taunton) for 
twenty Subſcribers certain; to any Place, within fifty Miles, for 
thirty Subſcribers : Greater Diſtance in Proportion. He defires 


about three Months previous Notice. 


Sometimes the following appiT1onat Lecturs are read, 


I. A Lecture on Orrics, containing ſome priſmatic Expe- 
riments, with an Exhibition of Obje&s by the ſolar Microſcope, 


II. Ozeon Gromeray, in which the principal Propoſitions 


are mechanically proved. 


III. One on GroorarynyY, containing the Conſtrution of 
Maps, &c. 4 | 


When the above Courſe is read in the Academy, it is generally 
compriſed in about twenty-ſix Lectures. i 
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